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PREEA€ E. 


4 te present work on Analytic Mechanics or Dynamics is designed 

as a text-book for the students of Scientific Schools and Col- 
leges, who have received training in the elements of Analytic Geome- 
try and the Calculus. 

Dynamics is here used in its true sense as the science of force, 
The tendency among the best and most logical writers of the present 
day appears to be to use this term for the science of Analytic Me- 
chanics, while the branch formerly called Dynamics is now termed | 
Kinetics, 

The treatise is intended especially for beginners in this branch of 
science. It involves the use of Analytic Geometry and the Calculus. 
The analytic method has been chiefly adhered t6, as being better 
adapted to the treatment of the subject, more general in its applica- 
tion and more fruitful in results than the geometric method; and yet 
where a geometric proof seemed preferable it has been introduced. 

The aim has been to make every principle clear and intelligible, 
to develop the different theories with simplicity, and to explain fully 
the meaning and use of the various analytic expressions in whicb the 
principles are embodied. 

The book consists of three parts. Part I, with the exception of a 
preliminary chapter devoted to definitions and fundaniental princi- 
ples, is entirely given to Statics. 

Part II is occupied with Kinematics, and the principles of tis 
important branch of mathematics are so treated that the student may 
enter upon the study of Kinetics with clear notions of motion, veloc- 


ity and accelezation,. Part III treats of the Kinetics of a particle and 
PaChodi 
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iv PREFACE. 


In this arrangement of the work, with the exception of Kine- 
matics, I have followed the plan usually adopted, and made the 
subject of Statics precede that of Kinetics. 

For the attainment of that grasp of principles which it is the 
special aim of the book to impart, numerous examples are given at 
the ends of the chapters. The greater part of them will present no 
serious difficulty to the student, while a few may tax his best 
efforts. 

-In preparing this book I have availed myself of the writings of 
many of the best authors. The chief sources from which I have 
derived assistance are the treatises of Price, Minchin, Todhunter, 
Pratt, Routh, Thomson and Tait, Tait and Steele, Weisbach, Ventu- 
roli, Wilson, Browne, Gregory, Rankine, Boucharlat, Pirie, Lagrange, 
and La Place, while many valuable hints as well as examplcs have been 
obtained from the works of Smith, Wood, Bartlett, Young, Moseley, 
Tate, Magnus, Goodeve, Parkinson, Olmsted, Garnett, Renwick, Bot- 
tomley, Morin, Twisden, Whewell, Galbraith, Ball, Dana, Byrne, the 
Encyclopeedia Britannica, and the Mathematical Visitor. 

I have again to thank my old pupil, Mr. R. W. Prentiss, of the 
Nautical Almanac-Office, and formerly Fellow in Mathematics at the 
Johns Hopkins University, for reading the MS. and for valuable sug- 
gestions. Several others also of my friends have kindly assisted me 
by correcting proof-sheets and verifying copy and formule. 


E. A. B. 
RUTGERS COLLEGE, 


d 
New Brunswick, N. J., June, 1884, § 
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FIRST PRINCIPLES. 


1. Definitions.— Analytic Mechanics or Dynamics is 
the science which treats of the equilibrium and motion 
of bodies under the action of force, It is accordingly 
divided into two parts, Statics.and Hunetics. 


Statics treats of the equilibrium of bodies, and the condi- 
tions governing the forces which produce it. 


Kinetics treats of the motion of bodies, and the laws of 
the forces which produce it. 


The consideration that the properties of motion, velocity, 
and displacement may be treated apart from the particular 
forces producing them and independently of the bodies sub- 
ject to them, has given rise to an auxiliary branch of Dyna- 
mics called Ainematics.* 

“Although Kinematics may not be regarded as properly 
included under Dynamics, yet this branch of science is so 
impertant and useful, and its application to Dynamics so 
immediate, that a portion of this work is devoted to its 
treatment. 


/,  * This name was given by Ampére. 


2 MATTER, INERTIA, BODY, MOTION, ETC. 


Kinematics is the science of pure motion, without refer- 
ence to matter or force. It treats of the properties of 
motion without regard to what is moving or how it is 
moved. It is an extension of pure geometry by introduc- 
ing the idea of time, and the consequent idea of velocity. 


2. Matter— Matter is that which can be perceived by 
the senses, and which can transmit, and be acted upon by 
force. It has extension, resistance, and impenetrability. 

A definition of matter which would satisfy the metaphysician is 
not required for this work. It is sufficient for us to conceive of it as 


capable of receiving and transmitting force; because it is in this 
aspect only that it is of importance in the present treatise. 


3. Inertia.—By Inertia is meant that property of mat- 
ter by which it remains in its state of rest or uniform 
motion in a right line unless acted upon by force. Inertia 
expresses the fact that a body cannot of itself change its 
condition of rest or motion. It follows that if a body 
change its state from rest to motion or from motion to rest, 
or if it change its direction from the natural rectilinear 
path, it must have been influenced by some external cause. 


4. Body, Space, and Time.—4A Body is a portion of 
matter limited in every direction, and is consequently of a 
determinate form and volume. 


A figid Body is one in which the relative positions of 
its particles remain unchanged by the action of forces. 


A Particle is a body indefinitely small in every direction, 
and though retaining its material properties may be treated. 
as a geometric point. 


Space is indefinite extension. Time is any limited por-. 
tion of duration. 


5. Rest and Motion.—A body is at rest when it con- 
stantly occupies the same place in space. A body is in 
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motion when the body or its parts occupy successively dif- 
ferent positions in space. But we cannot judge of the state 
of rest or motion of a body without referring it to the 
positions of other bodies ; and hence rest and motion must 
be considered as necessarily relative. 


If there were anything which we knew to be absolutely fixed in 
space, we might perceive absolute motion by change of place with 
reterence to that object. But as we know of no such thing as abso- 
lute rest, it follows that all motion, as measured by us, must be 
relative ; 7. €., must relate to something which we assume to be fixed. 
Hence the same thing may often be said to be at rest and in motion 
at the same time ; for it may be at rest in regard to one thing, and in 
motion in regard to another. Fer example, the objects on a vessel 
may be at rest with reference to each other and to the vessel, while they 
are in motion with reference to the neighboring shore. Soa man, 
punting his barge up the river, by leaning against a pole which rests 
on the bottom, and walking on the deck, is in motion relative to the 
barge, and in motion, but in a different manner, relative to the cur- 
sent, while he is at rest relative to the earth. 


Motion is uniform when the body passes over equal spaces 
in equal times ; otherwise it is variable. 


6. Velocity.— The velocity of a body is its rate of 
motion. When the velocity is constant, it is measured by 
the space passed over in a unit of time. When it is varia- 
ble, it is measured, at any instant, by the space over which 
the body would pass in a unit of time, were it to move, 
during that unit, with the same velocity that it has at the 
instant considered. 

The speed of a railway train is, in general, variable. If we were to 
say, for example, that it was running at the rate of 30 miles an hour, 
we would not mean that it ran 80 miles during the last hour, nor that 
it would run 30 miles during the next hour. We would mean that, if 


it were to run for an hour with the speed which it now has, at the 
instant considered, it would pass over exactly 50 miles. 


In order to have a uniform unit of velocity, it is custom- 
ary to express it in feet and seconds ; and when velocities 


4 ACCELERATION. ‘ 


are expressed in any other terms, they should be reduced ta’ 
their equivalent value in feet and seconds. The unit 
velocity, therefore, is the velocity with which a body 
describes one foot in one second ; other units may be taken 
where convenience demands, as miles and hours, ete. 

When we speak of the space passed over by a body, we 
mean the path or line which a point in the body or which a 
particle describes. 


7. Formule for Velocity.—lIf s be the space passed 
over by a particle in ¢ units of time, and v the velocity, it is 
plain that, for uniform velocity, we shall have 


S 
I 
THI D 


(1) 


that is, we divide the whole space passed over by the time 
of the motion over that space. 

If the velocity continually changes, equal increments are 
not described in equal times, and the velocity becomes 
a function of the time. But however much the velocity 
changes, it may be regarded as constant during the 
infinitesimal of time d/, in which time the body will 
describe the infinitesimal of space ds. Hence, denoting the 
velocity at any instant by v, we have 


ds 
= AP (2) 


In this case the velocity is the ratio of two infinitesimals. 
These two expressions for the velocity are true whether the 
particle be moving in a right, or in a curyed, line. 


8. Acceleration is the rate of change of velocity. It 
is a velocity increment. If the velocity is increasing, the 
acceleration is considered positive; if decreasing, it is 
negative. 

Acceleration is said to be wniform when the velocity 
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receives equal increments in equal times. Otherwise it is 
variable. 


9. Measure of Acceleration.—Uniform acceleration 
is measured by the actual increase of velocity in a unit of 
time. Variable acceleration is measured, at any instant, by 
the velocity which would be generated in a unit of time, 
were the velocity to increase, during that unit, at the same 
rate as at the instant considered. 

Calling f the acceleration, v the velocity, and ¢ the time, 
we have, when the acceleration is uniform, 


ae (1) 


However variable the acceleration is, it may be regarded 
as constant during the infinitesimal of time dt, in which 
time the increment of velocity will be dv. Hence, denoting 
the acceleration at the time ¢ by f, we have 


dv 

tg (2) 
We also have (Art. 8) 
ya 
=a 
whivh in (2) gives 
dv a DSN ere 

Sip Pe ORE Te (3) 


That is, when the acceleration is variable it is measured, at 
any instant, by the derivative of the velocity regarded as a 
function of the time, or by the second derivative of the 
space regarded as a function of the time. 

From (3) we get, by integration, when / is constant, 


fia OS (4) 


(ie VELOCITY AND ACCELERATION, 


ff = 8; (5) 
and ws =, (6) 


which determine the velocity and space. 


10. Geometric Representation of Velocity and 
Acceleration.—The velocity of a body may be conveni- 
ently represented geometrically in magnitude and direction 
by means of a straight line. Let the line be drawn from 
the point at which the motion is considered, and in the 
direction of motion at that point. With a convenient scale, 
let a length of the line be cut off that shall contain as many 
units of length as there are units in the velocity to be repre- 
sented. The direction of this line will represent the 
direction of the motion, and its length will represent the 
velocity. 

Also an acceleration may be represented geometrically by 
a straight line drawn in the direction of the velocity 
generated, and containing as many units of length as there 
are units of acceleration in the acceleration considered. 
Also, since an acceleration* is measured by the actual 
increase of velocity in the unit of time, the straight line 
which represents an acceleration in magnitude and direc- 
tion will also completely represent the velocity generated in 
the unit of time to which the acceleration corresponds, . 


11. The Mass of a body or particle is the quantity of 
matter which it contains; and is proportional to the 
Volume and Density jointly. The Density may therefore 
be defined as the quantity of matter in a unit of volume. 

Let M be the mass, p the density, and V the volume, of 
a homogeneous body. Then we have 

Mont p, (1) 
if we so take our units that the unit of mass is the mass of 
the unit volume of a body of unit density. 


* Uniform acceleration is here meant. 
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If the density varies from point to point of the body, we 
have, by the above formula, and the notation of the 
Integral Calculus, 


M= fodV=SSfSpdx dy dz, (2) 


where p is supposed to be a known function of a, y, z. 

In England the unit of mass is the imperial standard 
pound ayoirdupois, which is the mass of a certain piece of 
platinum preserved at the standard office in London. On 
the continent of Europe the unit of mass is the gramme, 
This is known as the absolute or kinetic unit of mass. 


12. The Quantity of Motion,* or the Momentum 
of a body moving without rotation is the product of its 
mass and velocity. A double mass, or a double velocity, 
would correspond to a double quantity of motion, and 
so on. 

Hence, if we take as the unit of momentum the mo- 

mentum of the unit of mass moving with the unit of 
velocity, the momentum of a mass M moving with velocity 
vis Mv. 


13. Change of Quantity of Motion, or Change of 
Momentum, is proportional to the mass moving and the 
change of its velocity jointly. If then the mass remains 
constant the change of momentum is measured by the 
product of the mass into the change of velocity ; and the 
rate of change of momentum, or acceleration of momentum, 
is-measured by the product of the mass moving and the 
‘rate of change of velocity, that is, by the product of the 
mass moving and the acceleration (Art. 8). Thus, calling 
M the mass, we have for the measure of the rate of change 
of momentum, 


* This phrase was used by Newton in place of the more modern term ‘‘ Momen- 
tum.” 


8 STATIC MEASURE.,.OF FORCE. 


141 Foree:—force is any cause which changes, or tends 
foighanges a.body’s state of rest or motion. 


A force always tends to produce motion, but may es -pre- 
yented from actually producing it by the counteraction of 
an equal and opposite force. Several forces may so act on 
a body as to neutralize each other. When a body remains 
at rest, though acted on by forces, it is said to be in 
equilibrium; or, in other words, the forces are said to 
produce equilibrium. 

What force is, in its nature, we do not know. Forces 
are known to us only by their effects. In order to measure 
them we must compare the effects which they produce 
under the same circumstances. 


15. Static Measure of Force.—The effect of a force 
depends on: Ist, its magnitude, or intensity ; 2d, its direc- 
tion ; t.é., the direction in which it tends to move the body 
on which it acts ; and 3d, its point of application ; t.e., the 
point at which the force is applied. — 

The effect of a force is pressure, and may be expressed by 
the weight which-will counteract it. Every force, statically 
considered, is a pressure, and hence has magnitude, and 
may be measured. A force may produce motion or not, 
according as the body.on which it acts is or is not free to 
move. For example, take the case of a body resting on a 
table. The same force which produces pressure on the 
table would cause the body to fall toward the earth if the 
table were removed. 

The cause of this pressure or motion is gravity, or the 
force of attraction in the earth. In the first case the attrac- 
tion, of the earth produces a pressure; in the second case it 
produces motion. Now either of these, viz., the pressure 
which the body exerts when at rest, or the quantity of 
motion it acquires in a unit of time, may be taken as a 
means of measuring the magnitude.of the force of attrac- 
tion that the earth exerts on the body. The former. is 
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edlled the static method, and the forces are called static 
Jjorces; the latter is called the kinetic method, and the 
forces are called kinetic forces. Weight is the name gtven 
to the pressure which the attraction of the earth causes a 
body to exert. Hence, since static forces produce pressure, 
we may take, as the unit of force, a pressure of one pound 
(Art. 11). 

Therefore, the magnitude of a force may be measured 
statically by the pressure it will produce upon some body, 
and expressed in pounds. This is called the Static measure 
of force, and its unit, one pound, is called the Gravitation 
unit of force. 


16. Action and Reaction are always equal and 
opposite.— This is a law of nature, and our knowledge of 
it comes from experience. If a force act on a body held by 
a fixed obstacle, the latter will aes an equal and con- 
trary resistance. If the force act on a body free to move, 
motion will ensue ; and, in the act of moving, the inertia 
of the body will oppose an equal and contrary resistance. 
If we press a stone with the hand, the stone presses the 
hand in return. If we strike it, we receive a blow by the 
act of giving one. If we urge it so as to give it motion, we 
lose some of the motion which we should give to our limbs 
by: tbe same effort, if the stone did not impede them. In 
each of these cases there is a reaction of the same kind as 
the action, and equal to it. 


17. Method of Comparing Forces.—'l'wo forces are 
equal when being applied in opposite directions to a 
particle they maintain equilibrium. If we take two equal 
forces, and apply them to a particle in the same direction, 
we obtain a force double of either ; if we unite éhree equal 
forees we obtain a /riple force; and so on. So that, in 
general, to compare or measure forces, we have only. to 
adopt the same method as when we compare or measure 
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any quantities of the same kind; that is, we must take 
some known force as the wnit of force, and then express, in 
numbers, the relation which the other forces bear to this 
measuring unit. For example, if one pound be the unit of 
force (Art. 15), a force of 12 pounds is expressed by 12; 
and so on. 


18. Representation of Forces by Symbols and 
Lines.—If P. Q. R., ete., represent forces, they are numbers 
expressing the number of times which the concrete unit of 
foree is contained in the given forces. 

Forces may be represented geometrically by right lines ; 
and this mode of representation has the advantage of giving 
the direction, magnitude, and point of application of each 
force. Thus, draw a line in the direction of the given 
force; then, having selected a unit of length, such as an 
inch, a foot, etc., measure on this line as many units of 
length as the given force contains units of weight. The 
magnitude of the force is represented by the measured 
length of the line; its direction by the direction in which 
the line is drawn; and its point of application by the point 
from which the line is drawn.* 

Thus, let the force Pact at the point A = 
A, in the direction AB, and let AB Fig. |. 
represent as many units of length as P contains units of 
force; then the force P is represented geometrically by 
the line AB; for the force acts in the direction from A 
to B; its point of application is at A, and its magnitude is 
represented by the length of the line AB. 


19. Measure of Accelerating Forces.—From our 
definition of force (Art. 14), it is clear that, when a single 


* Forces, velocities, and accelerations are directed quantities, and so may be 
represented by a line, in direction and magnitude, and may be compounded in the 
same way as vectors. 

If anything has magnitude and direction, the magnitude and direction taken 
sogether constitute a vector. 
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force acts upon a particle, perfectly free to move, it must 
produce motion ; and hence the force may be represented 
to us by the motion it has produced. But motion is 
measured in terms of velocity (Art. 6), and consequently the 
velocity communicated to, or impressed upon, a particle, in 
a given time, may be taken as a measure of the force. 
That is, if the same particle moves along a right line so 
that its velocity is increased at a constant rate, it will be 
acted upon by a constant force. If a certain constant force, 
acting for a second on a given particle, generate a velocity 
of 32.2 feet per second, a double force, acting for one 
second on the same particle, would generate a velocity of 
64.4 feet per second; a triple force would generate a 
velocity of 96.6 feet per second, and so on. 

lf the rate of increase of the velocity, (7. ¢., the accelera- 
tion), of the particle is not uniform, the force acting on it 
is not uniform, and the magnitude of the force, at any 
point of the particle’s path, is measured by the acceleration 
of the particle at this point. Hence, since one and the 
same particle is capable of moving with all possible accelera- 
tions, all forces may be measured by the velocities they 
generate in the same or equal particles in the same or equal 
times. When forces are so measured they are called 
Accelerating Forces. 


20. Kinetic or Absolute Measure of Force.*—Lot 
n equal particles be placed side by side, and let each of them 
be acted on uniformly for the same time, by the same force. 
Each particle, at the end of this time, will have the same 
velocity. Now if these 7 separate particles are all united so 
as to form a body of 7 times the mass of each particle, and 
if each one of them is still acted on by the same force as 


* Arts. 20, 21, 22, and 25, treat of the Kinetic measure of force, and may be 
omitted till Part III is reached; but it is convenient to present them once for all, 
and, for the sake of reference and comparison, to place them with the Static 
measure of force at the beginuing of the work. 


12. KINETIC OR ABSOLUTE MEASURE OF; FORCE. 


before, this body, at the end of the time considered, will 
have the same velocity that each separate particle had, and 
will be acted on by times the force which generated this 
velocity in the particle. Comparing a single particle, then, 
with the body whose mass is 2 times the mass of this 
particle, we see that, to produce the same velocity in two 
bodies by forces acting on them for the same time, the 
magnitudes of the forces must be proportional to the 
masses on which they act.* Hence, generally, since force 
varies as the velocity when the mass is constant (Art. 19), 
and varies as the mass when the velocity is constant, we 
have, by the ordinary law of proportion, when both are 
changed, force varies as the product of the mass acted upon 
and the velocity gencrated in a given time ; that is, it varies 
as the quantity of motion (Art. 13) it produces in a given 
mass in a given time. If the force be variable, the rate of 
change of velocity is variable (Art. 19), and hence the force 
varies as the product of the mass on which it acts and the 
rate of change of velocity, 7. ¢., it varies as the acceleration 
of the momentum (Art. 13). Therefore, if any force P act 
on amass M, we have 


x Uf; (1) 


or, in the form of an equation 


= kMf, (2) 


ace k is some constant. 

If the unit of force be taken as that force Hic acting 
on the unit of mass for the unit of time, generates the unit 
of velocity, then if we put M equal to unity, t.¢., take the 
unit of mass, and f equal to unity, ¢. ¢, take the unit of 
acceleration, we must have the force producing the accel- 
eration equal to the unit of force, or P equal to unity. 


* Minchin’s Statics, p. 5. 
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Hence & must also be equal to unity, and we have me 
equation, 


= Uf. (3) 


Therefore, the Kinetic or Absolute measure of a force is 
the rate of change or acceleration® of momentum tt produces 
in a unit of time. 

If the force is constant, (3) becomes by (1) of Art. 9, 


P=— (4) 


And if the force is variable, (3) becomes by (3) of Art. 9, 


ds . 
P= Mp (5) 


21. The Absolute or Kinetic Unit of Force.— 
A second, a foot, and a pound being the units of time, space, 
and mass, respectively (Arts. 6 and 11), we are required to 
find the corresponding unit of force that the above equation 
may be true. The unit of force is that force which, acting 
for one second, on the mass of one pound, generates in it a 
velocity of one foot per second. Now, from the results of 
numerous experiments, it has been ascertained that if-a 
body, weighing one pound, fall freely for one second at the 
sea level, it will acquire a velocity of about 32.2 feet per 
second ; t.¢., a force equal to the weight of a pound, if 
acting on the mass of a pound, at the sea level, generates in 
it in one second, if free to move, a velocity of nearly 32.2 
feet per second. It follows, therefore, that a force of 
a of the weight of a pound, if acting on the mass of 
a pound, at the sea level, generates in it in one second, if 
free to move, a velocity of one foot per second ; and hence 


* See Tait and Steele’s Dynamics of 1 Particle, p. 43. 
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the unit of force is = of the weight of a pound, or rather 


less than the weight of half an ounce avoirdupois ; so that 
half an ounce, acting on the mass of a pound for one 
second, will give to it a velocity of one foot per second. 
This is the British absolute kinelic* unit of force. 

In order that Eq. 3 (Art. 20) may be universally true 
when a second, a foot, and a pound are the units of time, 
space, and mass respectively, all forces must be expressed in 
terms of this unit. 


22. Three Ways of Measuring Force.—(1.) If a 
force does not produce motion it is measured by the pres- 
sure it produces, or the number of pounds it will support 
(Art. 15). This is the measure of Static Force, and. its 
unit is the weight of a pound. 


- (2.) If we consider forces as always acting on a unit of 
mass, and suppose that there are no forces acting in the 
opposite direction, then these forces will be measured 
simply by the velocities or accelerations which they generate 
in a given time. This is the measure of Accelerating Force, 
and tts unit is that force which, acting on the unit of mass, 
during the unit of time, generate the unit of velocity ; 
hence (Art. 21), the unit of force is the force which, acting 
on one pound of mass for one second, generates a velocity of 
one foot per second. 


(3.) If forces act on different masses, and produce motion 
in them, and we consider as before that there are no forces 
acting in the opposite direction, then the forces are meas- 
ured by the quantity of motion, or by the acceleration of 
momentum generated ina unit of time (Art. 20). This is 
the measure of Moving Force, and its wnit (Art. 21) is the 
force which, acting on one pound of mass for one second, 
generates a velocity of one foot per second. 


* Introduced by Gauss, 
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It must be understood that when we speak of static, 
accelerating, or moving forces, we do not refer to different 


kinds of force, but only to force as measured in different. 


ways. 


23. Meaning of gy in Dynamics.—The most impor- 
tant case of a constant, or very nearly constant, force is 
gravity at the surface of the earth. The force of gravity is 


so nearly constant for places near the earth’s surface, that 


falling bodies may be taken as examples of motion under a 
constant force. A stone, let fall from rest, moves at first 
very slowly. During the first tenth of a second the velocity 
is very small. In one second the stone has acquired a 
velocity of about 32 feet per second. 

A great number of experiments have been made to ascer- 
tain the exact velocity which a body would acquire in one 
second under the action of gravity, and freed from the 
resistance of the air. The most accurate method is indi- 
rect, by means of the pendulum. The result of pendulum 
experiments made at Leith Fort, by Captain Kater, is, 
that the velocity acquired by a body falling unresisted for 
one second is, at that place, 32.207 feet per second. The 
velocity acquired in one second, or the acceleration (Art. 
8), of a body falling freely in vacuo, is found to vary 


slightly with the latitude, and also with the elevation above’ © 


the sea level. In London it is 32.1889 feet per second. : In 
latitude 45°, near Bordeaux, it is 32.1703 feet per second. 
This acceleration is usually denoted by g; and when we 
say that at any place g is equal to 32, we mean that the 
velocity generated per second in a body falling freely* 
under the action of gravity at that place, is a velocity of 
32 feet per second. ‘The average value of g for the whole 


of Great Britain differs but little from 32.2 ; and hence the | 


numerical value of g for that country is taken to be 32.2. 


* A body is said to be moving freely when it is acted upon by no forces except 
those under consideration. 


a 
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The formula, deduced from observation, and a certain 
theory regarding the figure and density of the earth, which‘ 
may be employed to calculate the most probable value of 
the apparent force of gravity, is 


= G(1 + .005133 sin? A), 


where G@ is the apparent force of gravity on a unit mass at 
the equator, and g the force of gravity in any latitude 4; 
the value of G, in terms of the British absolute unit, being 
32.088. (See Thomson and Tait, p. 226.) 


24, Gravitation Units of Force and Mass.—If in 
(3) of Art. 20, we put for P, the weight W of the body, 
and write g for f since we know the acceleration is g, (3) 
becomes 


W = mg. (1) 
W / 

m= —- (2) 
g : 

and hence " may be taken as the measure of the mass. . 


In gravitation measure forces are measured by the pres- 
sure they will produce, and the unit of force is one pound 
(Art. 15), and the unit of mass is the quantity of matter in 
a body which weighs g pounds at that place where the accel- 
eration of gravity is g. 


This definition gives a unit of mass which is constant at 
the same place, but changes with the locality; 7. ¢., its weight 
changes with the locality while the guantily of matter in it 
remains the same. Thus, the unit of mass would weigh at 
Bordeaux 32.1703 pounds (Art. 23), while at Leith Fort it: 
would weigh 32.207 pounds. Let m be the mass of a body 
which weighs w pounds. The quantity of matter in this 
body remains the same when carried from place to place. 
If it were possible to transport it to another planet its mass’! 


GRAVITATION MEASURE OF FORCE. 17 


would not be altered, but its weight would be. very different, 
Its weight wherever placed would vary directly as the force 
of gravity ; but the acceleration also would vary directly as 
the force of gravity. If placed on the sun, for example, it 
would weigh about 28 times as much as on the surface of 
the earth ; but the acceleration on the sun would also be 
28 times as much as on the surface of the earth ; that is, 
the ratio of the weight to the acceleration, anywhere in 


5; : W : j 
the universe is constant, and hence Fe which is the 
UG 


numerical value of m (Eq. 2), is constant for the same 
mass at all places. 


25. Comparison of Gravitation and Absolute 
Measure.—The pound weight has been long used for the 
measurement of force instead of mass, and is the recognized 
standard of reference. It came into general use because it 
afforded the most ready and simple method of estimating 
forces. The pressure of steam in a boiler is always reck- 
oned in pounds per square inch. The tension of a string is 
estimated in pounds; the force necessary to draw a train of 
cars, or the pressure of water against a lock-gate, is 
expressed in pounds. Such expressions as “a force of 
10 pounds,” or “a pressure of steam equal to 50 pounds on 
the inch,” are of every day occurrence. Therefore this 
method of measuring forces is eminently convenient in 
practice. For this reason, and because it is the one used 
by most engineers and writers of mechanics, we shall adopt 
it in this work, and adhere to the measurement of force by 
pounds, and give all our results in the usual gravitation 
measure. In this measure it is convenient to represent the 


; ay 
mass of a body weighing W pounds by the fraction 7 


(Art. 24), so that (3) of Art. 20 becomes 


W 
P= =f. x) 
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To do so it will only be necessary to assume that the unit 
of mass is the quantity of matter in a body weighing g 
pounds, and changes in weight in the same proportion that 
g changes (Art. 24). 

Of course, the units of mass and force in (3) of Art. 20 
may be eitaer absolute or gravitation units. If absolute, 
the umit of mass is one pound (Art. 11), and the unit of 


force is : pounds (Art. 21). If gravitation, the units are 


g times as great; i.¢., the unit of mass is gy pounds (Art. 
24), and the unit of force is one pound (Art. 15). 

The advantage of the gravitation measure is, it enables us 
to express the force in pounds, and furnishes us with a con- 
stant numerical representative for the same quantity of 
matter; that is to say, a mass represented by 20 on the 
equator would be represented by 20, at the pole or on 
the sun. Hence, in (1), P is the static measure ot 
any moving force [Art. 22, (3)], W is the weight of the 
body in pounds, g the acceleration of gravity (Art. 23), 


+ the mass upon which the force acts [(2) of Art. 24], and 


which is free to move under the action of P, the unit of 
mass being the mass weighing g pounds, and f the 
acceleration which the force P produces in the mass. 


EXAMPLES 


1. Compare the velocities of two points which move 
uniformly, one through 5 feet in half a second, and the 
other through 100 yards in a minute. Ans. As 2 is to 1. 


2. Compare the velocities of two points which move uni- 
formly, one through 720 feet in one minute, and the other 
through 34 yards in three-quarters of a second. 

Ans. As 6 isto %. » 

3. A railway train travels 100 miles in 2 hours; find 
the average velocity in feet per second. Ans. U3. 
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4. One point moves uniformly round the circumference 
of a circle, while another point moves uniformly along 
the diameter ; compare their velocities. 

Ans. As 7 is to 1. 


5. Supposing the earth to be a sphere 25000 miles in 
circumference, and turning round once in a day, deter- 
mine the velocity of a point at the equator. 

Ans. 15274 ft. per sec. 


6. A body has described 50 feet from rest in 2 seconds, 
with uniform acceleration ; find the velocity acquired. 


From (5) of Art. 9 we have 


and from (4) we have ft = 0; 
00; 


7. Find the time it will take the body in the last exam- 
ile to move over the next 150 feet. 


From (5) of Art. 9 we have 
Cie es ete: 


Ans. 2 seconds. 


8. A bedy, moving with uniform acceleration, describes 
63 feet in the fourth second ; find the acceleration. 
Ans. 18. 


9. A body, with uniform acceleration, describes 72 feet 
while its velocity increases from 16 to 20 feet per second ; 
find the whole time of motion, and the acceleration. 

Ans. 20 seconds; 1. 


10. A body, in passing over 9 feet with uniform accelera- 
tion, has its velocity increased from 4 to 5 feet per second ; 
find the whole space described from rest, and the accelera- 
tion. Ans. 25 feet; }. 


20 BXAMP LES. 


11. A body, uniformly accelerated, is found to be moy- 
ing at the end of 10 seconds with a velocity which, if 
continued uniformly, would carry it through 45 miles in 
the next hour ; find the acceleration. Ans. 64. 


12. Find the mass of a straight wire or rod, the density 
of which varies directly as the distance from one end. 


Take the end of the rod as origin; let a = its length ; 
let the distance of any point of it from that end = 2; 
and let » = the area of its transverse section, and & = the 
density at the unit’s distance from the origin. Then 


aV = edz; - and p= ke; 
and (2) of Art. 11 becomes 


a __ koa? 
Male kox dx = ae 


13. Find the mass of a circular plate of uniform thick- 
ness, the density of which varies as the distance from the 
centre. e 

Ans. 3ukha®, where a is the radius, & the density at 
the unit’s distance, and / the thickness. 


14. Find the mass of a sphere, whose density varies 
inversely as the distance from the centre. 
Ans. 2npa*, where p is the density of the outside s/ratum. 


> pA G:S UR ES; To), 


+2. © = > 


Gis Pave Reo 


THE COMPOSITION AND RESOLUTION OF CONCUR- 
RING FORCES—CONDITIONS OF EQUILIBRIUM. ; 


26. Problem of Statics. —The primary conception of 
force is that of a cause of motion (Art. 14). If only one 
force acts on a particle it is clear that the particle cannot 
remain at rest. In statics it is only the tendency which 
forces have to produce motion that is considered. There 
must be at least two forces in statics; and they are con- 
sidered as acting so as to counteract each other’s tendency 
to cause motion, thereby producing a state of equilibrium 
in the bodies to which they are applied. The forces which 
act upon a body may be in equilibrium, and yet motion 
exist; but in such cases the motion is uniform. Hence 
there are two kinds of equilibrium, the one relating to 
bodies at rest, the other relating to bodies in motion. ‘The 
former is sometimes called Static Equilibrium and the lat- 
ter Kinetic (or Dynamic*) Equilibrium. The problem of 
statics is to determine the conditions under which forces act 
when they keep bodies at rest. 


27. Concurring and Conspiring Forces.—Result- 
ant.—When several forces. have a common point of appli- 
cation they are called concurring forces; when they act at 
the same point and along the same right line they are 
called conspiring forces. 

The resultant of two or more forces is that force which 
singly will produce the same effect as the forces them- 
selves when acting together. The individual forces, when 
considered with reference to this resultant, are called 


* Gregory’s Mechanics, p. 14. 
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components. The process of finding the resu;tant of several 
forces is called the composition of forces. 


28. Composition of Conspiring Forces.—Condi. 
tion of Equilibrium.—When two or more conspiring 
forces act in the same direction, it is evident that the 
resultant force is equal to their sum, and acts in the same 
direction. 

When two conspiring forces act in opposite directions 
their resultant force is equal to their difference, and acts in 
the direction of the greater component. 

When several conspiring forces act in different directions 
the resultant of the forces acting in one direction equals 
the sum of these forces, and acts in the same direction ; 
and so of the forces acting in the opposite direction. 
Therefore, the resultant of all the forces is equal to the 
difference of these sums, and acts in the direction of the 
greater sum. Hence, if the forces acting in one direction 
are reckoned positive, and those in the opposite direction 
negative, their resultant is equal to their algebraic sum ; 
its sign determining the direction in which it acts. Thus, 
if P,, P,, Ps, etc, are the conspiring forces, some of 
which may be positive and the others negative, and PR is 
the resultant, we have 


k= P;+ P, + P, + ete. = =P, (1) 


in which = denotes the algebraic sum of the terms similar 
‘to that written immediately after it. 


Cor.—The condition that the forces may be in equilib- 
rium is that their resultant, and therefore their algebraic 
sum, must vanish. Jence, when the forces are in equilib- 
rium we must have & = 0; therefore (1) becomes 


P, +P, + P+ etc. = SP = 0. (2) 


Pe ee ne ee ee ee een 
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29. Composition of Velocities.— Jf a particle be 
moving with two uniform velocities represented in 
mognitude and direction by the two adjacent sides 
of w parallelogram, the resultant velocity will be 
represented in magnitude and direction. by the 
diagonal of the parallelogram, 


Let the particle move with a uniform Cc D 


velocity v, which acting alone will take (ee 
it in one second from A to B, and with , ( 

a uniform velocity v’, which acting hee omen, 
alone will take it in one second from A 4 “pig ° 

to C; at the end of one second the par- 

ticle will be found at D, and AD will represent in magni- 
tude and direction the resultant of the velocities represented 
by AB and AC. 

Suppose the particle to move uniformly along a straight 
tube which starts from AB, and moves uniformly parallel 
to itself with its extremity in AC. When the particle starts 
from A the tube is in the position AB. When the particle 
has moved over any part of AB, the end of the tube has 
moved over the same part of AC, and the particle is on the 


line AD. For example, let AM be the th part of AB, and 


AN be the th part of AC ; while the particle moves from 


A to M, the end A with the tube AB will move from A to 
N, and the particle will be at P, the tube occupying the 
position NLL, and PM being parallel and equal to AN. P 
can be proved to be on the diagonal AD as follows : 


AB, AC 


AM : MP 
VV VL) 


AB: AC (= BD); 


therefore P lies on the diagonal AD. Also since | 
Mer A Ds) ab? AD; 


/ 
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the resultant velocity is uniform. Hence, the diagonal AD 
represents in magnitude and direction the resultant of the 
velocities represented by AB and AC. 

This proposition is known as the Parallelogram of 
Velocities. 


30. Composition of Forces.—From the Paraillelo- 
gram of Velocities the Parallelogram of Forces follows 
immediately. Since two simultaneous velocities, AB and 
AC, of a particle, result in a single velocity, AD, and since 
these three velocities may be regarded as the measures of 
three separate forces all acting for the same time (Art. 19), 
it follows that the effect produced on a particle by the com- 
bined action, for the same time, of two forces may be pro- 
duced by the action, for the same time, of a single force, 
which is therefore called the resultant of the other two 
forces; and these forces are represented in magnitude and 
direction by AB, AC, and AD. (See Minchin, p. 7, also 
Garnett’s Dynamics, p. 10.) 

Hence if two concurring forces be represented in magni- 
tude and direction by the adjacent sides of a. parallelogram, 
their resultant will be represented in magnitude and direction 
by the diagonal of the parallelogram. Care must be taken 
in constructing the parallelogram of forces that the com- 
ponents both act fram the angle of the parallelogram from 
which the diagonal is drawn. 


This proposition has been proved in various ways. It was enun- 
ciated in its present form by Sir Isaac Newton, and by Varignon, the 
celebrated mathematician, in the year 1687, probably independent of 
each other. Since that time various proofs of it have been given by 
different mathematicians. One work gives a discussion, more or less 
complete; of 45 other proofs. A noted analytic proof:is given by 
M. Poisson. (See Price’s Cal., Vol. III, p. 19). Some authors object 
to proving the parallelogram of forces by means of the parallelogram 
of velocities. (See Gregory’s Mechanics; p. 14.) The student who 
wants other proofs is referred to Duchayla’s proof as found in Tod- 
hunter’s Statics. p. 7, and-in Galbraith’s Mechanics, p. 7, and in many 
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other works ; or to Laplace’s proof. (See Mécanique Celeste, Liv. I, 
chap. 1.) 


If @ be the angle between the sides of the parallelogram, 
AB and AC (Fig. 2), and P and Q represent the two com- 
ponent forces acting at A, and A represent the resultant, 
AD, we have from trigonometry, 


R= P? + W@ + 2PQ cos 6 (1) 


an equation which gives the magnitude of the resultant of 
two forces in terms of the magnitudes of the two forces and 
the angle between their directions, the forces being repre- - 
sented by two lines, both drawn from the point at which 
they act. 


Cor.—If 6 = 90°, and « and B be the angles which the . 
direction of R makes with the directions of P and QY, we 
have from (1) 


R= P+ @. (2) 

Also cosa = >, 
(3) 

COs G1 R 


from which the magnitude and direction of the resultant 
are determined. 


31. Triangle of Forces.—/f three coneurring 
forces be represented in magnitude and direction 
by the sides of a triangle, taken in order, they will 
be in equilibrium. 


Let ABC be the triangle whose 
sides, taken in order, represent in 
magnitude and direction three forces 
applied at. the point A. Complete 5 Figg 
2 


A 8B 


26 TRIANGLE OF FORCES. 


the parallelogram ABCD. Then the forces, AB and BC, 
applied at A, are expressed by AB and AD (since AD is 
equal and parallel to BC). But the resultant of AB and 
AD is AG, acting in the direction AC. Therefore the three 
forces represented by AB, BC, and CA, are equivalent to 
two forces, AC and CA, the former acting from A towards 
C and the latter from C towards A, which, being equal and 
opposite, will clearly balance each other. Therefore the 
three forces represented by AB, BC, and CA, acting at the 
point A, will be in equilibrium. 

It should be observed that though BC represents the 
magnitude and direction of the component, it is not in the 
line of its action, because the three forces act at the 
point A. 

The converse of this is also true ; viz., If three concurring 
forces are in equilibrium, they may be represented in mag- 
nitude and direction by the sides of a triangle, drawn 
parallel respectively to the directions of the forces. 

Thus, if AB and BC represent two forces in magnitude 
and direction, AC will represent the resultant, and hence to 
produce equilibrium the resultant foree AC must be opposed 
by an equal and opposite foree CA. Therefore, the three 
forces in equilibrium will be represented by AB, BO, and 
CA. 


Cor.—When three concurring forces are in equilibrium, 
each is equal and directly opposite to the resultant of the 
other two. 


32. Relations between Three Concurring Forces 
in Equilibrium.—Since the sides of a plane triangle are 
as the sines of the opposite angles, we have (Fig. 3) 


AB: BC (or AD): AC :: sin ACB: sin BAC: sin ABO 
:: sin-DAC: sin BAC: sin BAD. 


Hence, calling P,Q, and R, the forces represented by AB, 
AD, and AC, and denoting the angles between the direc- 
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tions of the forces P and Q, Q and R, and R and P, by 


(ae a /\ 
PQ, QR, and RP, respectively, we have 
ae! ee ale ee ee 7 


Lie sah nt See (1) 
snQk sinRP sin PQ 
Therefore, when three concurring forces are in equilibrium 
they are respectively in the same proportion as the sines of 
the angles included between the directions of the other two. 


33. The Polygon of Forces.—lf any number of 
concurring forces be represented in magnitude and 
direction by the sides of w closed polygon taken in 
order, they will be in equilibrium. 


Let the forces be represented in 
magnitude and direction by the lines 
Pee Al, AP, AP AP,.. Take 
AB to represent AP,, through B draw 
BC equal and parallel to AP, ; the 
resultant of the forces AB and BC, or 
AP, and AP; is represented by AC 
(Art. 31). Of course the force, BC, 
acts at A and is parallel to BC. Again through C draw CD 
equal and parallel to AP,, the resultant of AC and CD, or 
AP,, AP,, and AP, is AD, Also through D draw DE 
equal and parallel to AP,, the resultant of AD and DH, or 
AP,, AP,, AP;, and AP, is AE. Now if AE is equal and 
opposite to AP, the system is in equilibrium (Art. 18). 
Hence the forces represented by AB, BC, CD, DE, EA 
will be in equilibrium. 


E 
Fig.4 


Cor. 1.—Any ‘one side of the polygon represents in 
- magnitude and direction the resultant of all the forces 
represented by the remaining sides. 

Cor. 2.—If the lines representing the forces do not form 
a closed polygon the forces are not in equilibrium ; ?a thig 
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case the last side, AE, taken from A to E, or that which is 
required to close up the polygon, represents in magnitude 
and direction the resultant of the system. 


34. Parallelopiped of Forces.—// three conceur- 
ring forces, not in the same plane, are represented 
in magnitude and direction by the three edges of 
aw parallelopiped, then the resultant will be repre- 
sented in magnitude and direction by the diag- 
onal; conversely, tf the diagonal of a paraltel- 
opiped represents a force, tt is equivalent to three 
forces represented by the edges of the parallel- 
optiped. | 

Let the three edges AB, AO, AD of the 09 
parallelopiped represent the three forces, 
applied at A. ‘Then the resultant of the 
forces AB and AC is AH, the diagonal of 
the face ABCE; and the resultant of the 
forces AE and AD is AF, the diagonal of 
the parallelogram ADFE. Hence AF represents the 
resultant of the three forces AB, AC, and AD. 

Conversely, the force, AF, is equivalent to the three 
components AB, AC, and AD. 

Let P, @, S represent the three forces AB, AC, AD; R, 
the resultant; «, G, y, the angles which the direction of R 
makes with the directions of P, Q, S, and suppose the 
forces to act at right angles with each other. ‘Then siuce 


AP = ABE EAG 18D 


> 


B Fig.5 


we have R= P+ G+ 8; (4) 
also, COS @ == = 
Q 
cos 3 = R (2) 
S 


008 y= 


ee 
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from which the magnitude and direction of the resultant 
are determined. 


BaCA MP LES: 


1. Three forces of 5 lbs., 3 Ibs., and 2 Ibs., respectively, 
act upon a point in the same direction, and two other forces 
of 8 lbs. and 9 Ibs. act in the opposite direction. What 
single force will keep the point at rest ? Ans. 7% lbs. 


2. Two forces of 54 lbs. and 34 Ibs, applied at a point, 
urge it in one direction; and a force of 2 lbs., applied at 
the same point, urges it in the opposite direction. What 
additional force is necessary to preserve equilibrium ? 

Ans. 7% lbs. 


3. If a force of 13 lbs. be represented by a line of 64 
inches, what line will represent a force of 74 lbs.? 
Ans. 3% inches. 


4. Two forces whose magnitudes are as 3 to 4, acting on 
a point at right angles to each other, produce a resultant of 
20 Ibs.; required the component forces. 
Ans. 12 \bs. and 16 lbs. 


5. Let ABC be a triangle, and D the middle point of 
the side BC. If the three forces represented in magnitude 
and direction by AB, AC, and AD, act upon the point A; 
find the direction and magnitude of the resultant. 

Ans. The direction is in the line AD, and the magni- 
tude is represented by 3AD. 


os When 2 = Y and 6 = 60°, find #. 
Ans. R= P V3. 


7. When P = Q and 0 = 135°, find R._ 
je = PV a 1/9, 


Woewhen B= 0 and o= 120% find R. 
ADS, 1 SIE. 


7 
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4 


0 
9. If P = Q, show that their resultant R = 2P cos ry 


10. 1f P = 8, and Q = 10) ande:= 60°; find= fh, 
Ans. R = 261. 


“Vif P = 144, 2 = 145, -and2 6,90. and. o. 
Ans. Q =a 
12. Two forces of 4 Ibs. and 3 1/2 lbs. act at an angle of 
45°, and a third force of »/42 Ibs. acts at right angles to 
their plane at the same point ; find their resultant. 
Ans, 10 lbs. 


35. Resolution of Forces.— By the resolution of forces 
is meant the process of finding the components of given forces. 
We have seen (Art. 30) that two concurring forces, P and 
Q = AB and AQ, (Fig. 2) are equivalent to a single force 
R= AD;; it is evident then that the single force, R, acting 
along AD, can be replaced by the two forces, P and Q, 
represented in magnitude and direction by two adjacent 
sides of a parallelogram, of which AD is the diagonal. 

Since an infinite number of parallelograms, of each of 
which AD is the diagonal, can be constructed, it follows 
that a single force, /, can be resolved into two other forces 
in an infinite number of ways. 

Also, each of the forces AB, AC, may be resolved into 
two others, in a way similar to that by which AD was 
resolved into two; and so on to any extent. Hence, a single 
force may be resolved into any number of forces, whose 
combined action is equivalent to the original force. 


: ¥| P 
Cor.—The most convenient compo- nN 


nents into which a force can be resolved 

are those whose directions are at right 

angles to each other. Thus, let OX 0 x 
and OY be any two lines at right Fie tees 
angles to each other, and P any force acting at O in the 
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plane XOY. Then completing the rectangle OMPN we 
find the components of ? along the axes OX and OY to be 
OM and ON, which denote by XY and ¥. Then we have 
clearly 
X= P cos a, 
Foz +P ain. e- 


(1) 


where @ is the angle which the direction of P makes with 
OX. These components X and Y are called the rect- 
angular components. The rectangular component of a 
force, P, along a right line is P x cosine of angle between 
line and direction of P. 

In strictness, when we speak of the component of a given 
force along a certain line, it is necessary to mention the 
other line along which the other component acts. In this 
work, unless otherwise expressed, the component of a force 
along any line will be understood to be its rectangular 
component ; v.e., the resolution will be made along this line 
and the line perpendicular to it. 


36. To find the Magnitude and Direction of the 
Resultant of any number of Concurring Forces in 
‘one Plane.—When there are several concurring forces, the 
condition of their equilibrium may be expressed as in 
Art. 33, Cors. 1 and 2. * But in practice we obtain mnch 
simpler results by using the principle of the Resolution of 
Forces (Art. 35), than those given by the principle of 
Composition of Forces. 

Let O be the point at which all 
the forces act. Through O draw the 
rectangular axes YY’, YY'. Let 
P,, P., P;, ete. be the forces and 
1) Gg, &, etc., be the angles which 
their directions make with the axis 
of z. 

Now resolve each force into its two 
components along the, axes of z and y. Then the com- 
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- ponents along the axis of w (#components) are (Art. 
35, Cor.), P, cos @,, P, cos a, Ps cos ag, etc., and those 
- along the axis of y are P, sin «@,, P, sin a,, Ps sin 3, 
etc.; and therefore if X and Y denote the algebraic sum of 
the a-components and y-components respectively, we have 


X = P, cos a,+P, cos ag+P, cos «, + ete. (1) 
= =P cos «, 
Y=P, sne«,+P, sin a,+P, sin a, +ete. | 
; (2) 
=a Pesine er, 
Let @ be the resultant of all the forces acting at O, and 6 


the angle which it makes with the axis of 2; then resolving 
FR into its z- and y-components, we have 


R cos 0 = X =P cos oe (3) 
Rain Oi Y= SPesinte: 
R= X*Y?: tan = S (4) 


which determines the magnitude and direction of the 
resultant. 


Scu.—Regarding OX and OY as positive and OX! and 
OY? as negative as in Anal. Geom., we see that Oz,, Oy,, 
Oy, are positive, and Oz,, Ox,, Oy, are negative. The 
forces may always be considered as positive, and hence the 
signs of the components in (1) and (2) will be the same as 
those of the trigonometric functions. Thus, since «, is 
> 90° and < 180° its sine is positive and cosine is negative; 
since &, is > 180° and < 270° both its sine and cosine are 
negative. 


37. The Conditions of Equilibrium for any number 
of Concurring Forces in one Plane.—For the equilibrium 
of the forces we must have R=0. Hence (4) of Art. 36 
becomes 
- X24 727=0, (1 
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Now (1) cannot be satisfied so long as XY and ¥ are real 
quantities unless Y = 0, Y = 0; therefore, 


4 =P cose =Qand Y = =P sin « = 0. (2) 


Hence these are the two necessary and sufficient conditions 
for the equilibrium of the forces; that is, the algebraic sum 
of the rectangular components of the forces, alony each of 
two right lines at right angles to each other, in the plane of 
the forces, is equal to zero. As the conditions of equilibrium 
must be independent of the system of co-ordinate axes, it 
follows that, if any number of concurring forces in one 
plane are in equilibrium, the algebraic sum of the rectan- 
gular components of the forces along every right line in their 
plane ts zero. 


EXAMPLES. 


1. Given four equal concurring forces whose directions 
are inclined to the axis of z at angles of 15°, 75°, 135°, 
and 225° ; determine the magnitude and direction of their 
resultant. 

Let each force be equal to P; then 


X = P cos 15° + P-cos 75° + P cos 135° +’ P cos 225° 


$ 
= Pp? S a 
Y = Psin'15° + Psin 75° + P 6in' 135° + P sin 225° 
= P (3). 
) R= Pb —23)?- 
33 


(i.e. —— 
gt _ 2 


2. Given two equal concurring forces, P, whose direc- 
tions are inclined to the axis of x at angles of 30° and 315°; 
find their resultant. Ans. B= )0:592P. 

Q* 
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3. Given three concurring forces of 4, 5, and 6 Ibs., 
whose directions are inclined to the axis of x at angles ot 
0°, 60°, and 135° respectively ; find their resultant. 


Ans. B= NOFA 6 a 


4, Given three equal concurring forces, P, whose direc- 
tions are inclined to the axis of w at angles of 30°, 60°, and 
165° ; find their resultant. Ans. l= l6iek: 


5. Given three concurring forces, 100, 50, and 200 lbs., 
whose directions are inclined to the axis of x at angles of 
0°, 60°, and 180°; find the magnitude and direction of 
their resultant. Ans. R = 86:6 lbs.; 6 =, 1507. 


38. To find the Magnitude and Direction of the 
Resultant of any number of Concurring Forces in 
Space.—Let P,, P,, Ps, etc., be the forces, and the 
whole be referred to a system of rectangular co-ordinates. 
Let «,, By, y;, be the angles which the direction of P, 
makes with three rectangular axes drawn through the point 
of application ; let «, 63, y2, be the angles which the direc- 
tion of P, makes with the same axes; «3, B35, Y3, the 
angles which P,; makes with the same axes, etc. Resolve 
these forces along the co-ordinate axes (Art. 35) ; the com- 
ponents of P, along the axes are P, cos a,, P, cos B,, P, 
cos y,;. Resolve each of the other forces in the same way, 
and let Y, Y, Z, be the algebraic sums of the components 
of the forces along the axes of a, y, and z, respectively ; 
then we have ’ 


X = P, cosa, + P, cosa, + Ps, cos a, + ete. 
Sl COR ee. 
Y = P, cos 8, +P, cos B, + P, cos GB, + ete. 
== ECOsuOs : (1) 
Z4= P, cosy, + P, cosy, + Ps cos yz + ete. 
= &P cosy, 
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Let R be the resultant of all the forces; and let the 
angles which its direction makes with the three axes be a, 
6, ¢; then as the resolved parts of R along the three co-or- 
dinate axes are equal to the sum of the resolved parts of 
the several components along the same axes, we have 


Reosa= X, Resb=¥, Rosc=Z. (2) 
Squaring, and adding, we get 
= XP EY? + 2? (3) 


r 


I 
) 
Re (t 


Z 
Re 


cos 6 = cos ¢ = 


x 
cosa = 5; 
which determines the magnitude of the resultant of any 
system of forces in space and the angles its direction makes 
with three rectangular axes. 


39. The Conditions of Equilibrium for any num- 
ber of Concurring Forces in Space.—If the forces are 
in equilibrium, 2 — 0; therefore (3) of Art. 38 becomes 


Af Ve 74). 


But as every square is essentially positive, this cannot be 
unless Y = 0, Y = 0, Z =.0; and therefore 


me eos € ==.0. =2F Cos Os, 2 2d cos. ys Op (0) 


and these are the conditions among the forces that they 
may be in equilibrium ; that is, the sum of the components 
of the forces along each of the three co-ordinate axes is 
equal to zero. 


40. Tension of a String.—By the tension of a string 
is meant the pull along its fibres which, at any point, tends 
to stretch or break the string. In the application of the 
preceding principles the string or cord is often used as a 
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means of communicating force. A string is said to be per- 
fectly flexible when any force, however small, which is 
applied otherwise than along the direction of the string, 
will change its form. In this work the string will be 
regarded as perfectly flexible, inextensible, and without 
weight. 

If such a string be kept in equilibrium by two forces, 
one at each end, it is clear that these forces must be equal 
and act in opposite directions, so that the string assumes 
the form of a straight line in the direction of the forces. 
\n this case the ¢ension of the string is the same through. 
out, and is measured by the force applied at one end; and 
if it passes over a smooth peg, or over any number of 
smooth surfaces, its tension is the same at all of its points. 
If the string should be knotted at any of its points to other 
strings, we must regard its continuity as broken, and the 
tension, in this case, will not be the same in the two por- 
tions which start from the knot. 


EXAM PLE-Si, 


1. A and B (Fig. 8) are two fixed 
points in a horizontal line; at A is 
fastened a string of length 6, with a 
smooth ring at its other extremity, C, 
through which passes another string with 
one end fastened at B, the other end of Fig.8 
which is attached to a given weight W; it is required to 
determine the position of C. 

Before setting about the solution of statical problems of 
this kind, the student will clear the ground before him, and 
greatly simplify his labor by asking himself the following 
questions: (1) What lines are there in the figure whose 
lengths are already given? (2) What forces are there 
whose magnitudes are already given, and what are the 
forces whose magnitudes are yet unknown? (3) What 
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variable lines or angles in the figure would, if they were 
known, determine the required pgsition of C ? 

Now in this problem, (1) the linear magnitudes which 
are given are the lines AB and AC. (2) The forces acting 
at the point C to keep it at rest are the weight W, a ten- 
sion in the string CB, and another tension in the string 
CA. Of these W is given, and so is the tension in 
CB, which must also be equal to W, since the ring is 
smooth and the tension therefore of WCB is the same 
throughout and of course equal to W. But as yet there is 
nothing determined about the magnitude of the tension in 
CA. And (3) the angle of inclination of the string CA to 
the horizon would, if known, at once determine the posi- 
tion of C. For if this angle is known, we can draw AC of 
the given length; then joining C to B, the position of the 
system is completely known. 

het AB = 4_ AG — 6, CAB = 0,, CBA = 6, and-the 
tension of the string AC = 7. Then, for the equilibrium 
of the point C under the action of the three forces, W, W, 
and 7, we apply (2) of Art. 37, and resolve the forces 
horizontally and vertically; and equate those acting towards 
the right-hand to those acting towards the left ; and those 
acting upwards to those acting downwards. Then the 
horizontal and vertical forces are respectively 


W cos ¢ = T'cos 0; 
W sin @ + 7'sin 6 = W. 
Eliminating 7’ we haye 


cos 6 = sin (0 + @); 


20+ 6 = 90°. (1) 
Also, from trigonometry we have 
sin (6+ %) _ @, (2) 


sin b’ 
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from (1) and (2) 6 and @ may be found ; and therefore 7" 
may be found; and thus all the circumstances of the 
problem are determined. . 


2. One end of a string is attached to 
a fixed point, A, (Fig. 9); the string, after 
passing over a smooth peg, B, sustains a 
given weight, P, at its other extremity, 
and to a given point, C,in the string is 
snotted a given weight, W. Find the posi- Fig.9 
tion of equilibrium. 

The entire length of the string, ACBP, is of no conse- 
quence, since it is clear that, once equilibrium is estab- 
lished, P might be suspended from a point at any distance 
whatever from B. The forces acting at the point, C, are 
the given weight, W, the tension in the string, CB, which, 
since the peg is smooth, is P, and the tension in, the string 
CA, which isunknown. 

Let AB =, AC => 06> OAD = 0>CBA\= @andmene 
tension of the string, AC = 7. Then for the equilibrium 
of the point C, we have (Art. 32), 


iP cos 0 
W— sn +6): e) 


also, from the geometry of the figure, we have 


bsin (9+ ¢) = asin @. (2) 
From (1) and (2) we get 
Lee 
W asin @’ 
; bW 
or sin @ = ap °® 6; 


VaeP? — BW? cos 6 


“2. CSO = a 
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Expanding sin (6 + @) in (2), and substituting in it these 
values of sin @ and cos ¢, and reducing, we have the 
equation 

Pa + W? (a + 6) ia 


a Oe 2 ree 
ates 2abWe 8 9 + aay 


= 0, 


' from which 6 may be found. (See Minchin’s Statics, ~ 
p. 29.) 


3. If, in the last example, the weight, W, instead of 
being knotted to the string at C, is suspended from a 
smooth ring which is at liberty to slide along the string, 


_ ACB, find the position of equilibrium. 
W 


Ans. sin 0 = oP’ 

41. Equilibrium of Concurring Forces on a 
Smooth Plane.—lf a particle be kept at rest on a smooth 
surface, plane or curved, by the action of any number of 
forces applied to it, the resultant of these forces must be in. 
the direction of the normal to the surface at the point 
where the particle is situated, and must be equivalent to 
the pressure which the surface sustains. For, if the 
resultant had any other direction it could be resolved into 
two components, one in the direction of the normal and the 
other in the direction of a tangent; the first of these would 
be opposed by the reaction of the surface; the second being 
unopposed, would cause the particle to move. Hence, we 
may dispense with the plane altogether, and regard its 
normal reaction as one of the forces by which the particle 
is kept at rest. Therefore if the particle on which the 
statical forces act be on a smooth plane surface, the case 1s 
the same as that treated in Art. 39, viz., equilibrium of a 
particle acted upon by any number of forces; and in writ- 
ing down the equations of equilibrium, we merely have to 
include the normal reaction of the plane among all the 
others. 
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EXAMPLES. 


1. A heavy particle is placed ona 
smooth inclined plane, AB, (Fig. 10), 
and is sustained by a force, P, which 
acts along AB in the vertical plane 
which is at right angles to AB; find 
P, and also the pressure on the in- 
clined plane. 

The only effect of the inclined plane is to produce a 
normal reaction, #, on the particle. Hence if we intro- 
duce this force, we may imagine the plane removed. 

Let W be the weight of the particle, and « the inclina- 
tion of the plane to the horizon. 

Resolving the forces along, and perpendicular to AB, 
since the lines along which forces may be resolved are 
arbitrary (Art. 37), we have successively, 


Fig.10 


P—W sine =O)" or “Pay eine 
and R—Wesa=0, or R= Weosa. 


If, for example, the weight of the particle is 4 oz., and 
the inclination of the plane 30°, there will be a normal 
pressure of 24/3 oz. on the plane, and the force, P, will 
be 2 oz. 


2. In the previous example, if P act horizontally, find 
its magnitude, and also that of R. 


Resolving along AB and perpendicular to it, we have 
successively, 


Pcse—Wsne=0, or P= Wtane’ 


and Psine+ Wcosa—R=0,-.°. yaad 


COS «& 
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3. If the particle is sustained by a force, P, making a 
given angle, @, with the inclined plane, find the magnitude 
of this force, and of the pressure on the plane, all the forces 
acting in the same yertical plane. 

Resolving along and perpendicular to the plane succes- 
sively, we have 


Pcos?@— Wsine = 0, 
and kR+Psiné@— Weose« = 0, 
from which we obtain 


Pe Vege ye 
cos @ cos 8 


Rem.—The advantage of a judicious selection of direc- 
tions for the resolution of the forces is evident. By resoly- 
ing at right angles to one of the unknown forces, we 
obtain an equation free from that force; whereas if the 
directions are selected at random, all of the forces will 
enter each equation, which will make the solution less 
simple. 

The student will observe that these values of P and fv 
could have been obtained at once, without resolution, by 
Art. 32. 


42. Conditions of Equilibrium for any number of 
Concurring Forces when the particle on which they 
act is Constrained to Remain on a Given Smooth 
Surface.—If a particle be kept at rest on a smooth sur- 
face by the action of any number of forces applied to it, 
the resultant of these forces must be in the direction of the 
normal to the surface at the point where the particle is 
situated, and must be equivalent to the pressure which the 
surface sustains (Art. 41). Hence since the resultant is in 
the direction of the normal, and is destroyed by the reac- 
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tion of the surface, we may regard this reaction as an 
additional force directly opposed to the normal force. 

Let WV be the normal reaction of the surface, and «, 6, y, 
the angles which NV makes with the co-ordinate axes of 2, 
y, and 2, respectively. Let Y, Y, Z, be the sum of the 
components of all the other forces resolved parallel to the 
three axes respectively. The reaction WV may be considered 
a new force, which, with the other forces, keeps the parti- 
cle in equilibrium, Therefore, resolving V parallel to the 
three axes, we have (Art. 39), 


Y + Ncos 6B = 0, 
Z+Necosy = 0. 


X+ Neose = 0, 
We 


Let wu = f(x, y, z) = 0, be the equation of the given 
surface, and 2, y, z the co-ordinates of the particle to 
which the forces are applied. We have (Anal. Geom., 
Art. 175), 


I 


COS. —— abel 
Va? + 62 +1 
cosiGz—= us D) 
Vato Me 
cos y = = = 
Varz+ 6% +1 


where a’ and 0’ are the tangents of the angles which the 
projections of the normal, NV, on the co-ordinate planes xz 
and yz make with the axis of z Since the normal is per- 
pendicular to the plane tangent to the surface at (2, y, z), 
the projections of the normal are perpendicular to the 
traces of the plane. Therefore (Anal. Geom., Art. 27%, 
Cor. 1), we have 

1+ aa’ = 0, (3) 


and 1+ 00’ = 0; (4) 
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dy’ 


dy 
a= 1? 


Fea ie 


(Calculus, Art. 56a.) Substituting in (3) and (4), we haye 


in which 
= ae, de 
— dz’ a= dz’ 
dx 
1 + oot 
dy 
and 1+ bey 
from which 
du 
df ds _ 
Hee dee du 
dz 
du, 
dy dz dy 
and | oF = du 
dz 


dz’ 


oe 
dy’ ; 
Gea? 
(Cal. Art. 87) = a’, (5) 
= 9’, (6) 


Substituting these values of a’ and 6’ in (2) and multiply- 


ing both terms of the fraction 


cos @ = 


by S we have 


du 
dz 


cos 8B = 


af y+ 


(y+ (sy 
du 
dy 


cos y = - 


ee 


a/ (ay 


AY 
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which give the values of the direction cosines of the normal 
at (x, ¥, 2) 

Putting the denominator equal to Q, for shortness, and 
substituting in (1) and transposing, we have 


N du 
emt an 4) Fc (8) 
N du 
Y=-—--;-:-—, 9 
Q dy . 
"NN du 3 


Eliminating V between these three equations, we obtain 
the two independent equations, 


== Darrel 


which express the conditions that must exist among the 
applied forces and their directions in order that their 
resultant may be normal to the surface, 7. e., that there may 
be equilibrium. If these two equations are not satisfied, 
equilibrium on the surface cannot exist. Hence the point 
on a given surface, at which a given particle under the 
action of given forces will rest in equilibrium, is the point 
at which equations (11) are satisfied. 


Cor. 1.—Squaring equations (8), (9), (10) and adding, we 


get 
(i (iy) (ei Gy) a 


Oe ahs e @ 


X24 724 Z2= N? 


ot IN ey AY Sa (12) 
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which is the value of the normal resistance of the surface 
and is precisely the same as the resultant of the acting 
forces, as it clearly should be ; but this resistance must act 
in the direction opposite to that of the resultant. 


Cor. 2.—Multiplying (8), (9), (10) by dz, dy, dz, respec- 
tively, and adding, and remembering that the total differ- 
ential of w = 0 is zero, we get 


Xdz + Ydy + Zdz = 0, (13) 


which is an equation of condition for equilibrium. If (13) 
cannot be satisfied at any point of the surface, equilibrium 
is impossible. 

Cor. 3.—If the forces all act in one plane, the surface 
becomes a plane curve; let this curve be in the plane zy, 
then z = 0; therefore (11) and (13) become 


De ‘¢ 


du ada’ sae 
dz dy 
and Xdz + Ydy =: 0, (15) 


in which (14) or (15) may be used according as the equation 
of the curve is given as an implicit or explicit function. 


EXAMPLES. 


1. A particle is placed on the surface of an ellipsoid, and 
is acted on by attracting forces which vary directly as the 
distance of the particle from the principal planes* of sec- 
tion ; it is required to determine the position of equilibrium. 

_ Let the equation of the ellipsoid be 


BE 2 8 
u=f(%y2)=5+54+5-1=0; 


* Planes of xy, y2, 20. 


Y 
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_ du _ %& du _ ry du _ 2 
% dee Ge dy ea a ee 


and let the z-, y-, and zcomponents of the forces be 
respectively, 


X=—u,4, Y= —4uU,y, Z= —Us2 5 
then (11) will give 
Use? = Ugo? =e 5 
which may be put in the form 


Uy _ Us Uz Uy tUg + Uz 


az” bo fe pene +o2 


If these conditions are fulfilled, the particle will rest at all 
points of the surface. 


2. Again, take the same surface, and let the forces vary 
inversely as the distances of the point from the principal 
planes; it is required to determine the position of equili- 
brium. 


Here eee jee Las 
x y z 
therefore (11) becomes 
uP Yy? Vig 
C7 Cae 1 1 


Ui Ug Ug y ew 


by putting w for vw, + w, + Us, 


ce o(G) va oat axel 
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which in (12) gives 


Brees 


3. A particle is placed inside a smooth sphere on the con- 
cave surface, and is acted on by gravity and by a repulsive 
force which varies inversely as the square of the distance 
from the lowest point of the sphere; find the position of 
equilibrium of the particle. 

Let the lowest point of the sphere be taken for the origin 
of co-ordinates, and let the axis of z be vertical, and posi- 
tive upwards; then the equation of the sphere, whose 
radius is @, is 

C+y+ 2? — raz = 0. 


Let W = the weight of the particle, and r = the distance 
of it from the lowest point; then 


P= 4 +P = 202. 
Also, let the repulsive force at the unit’s distance = wu ; 


then at the distance 7 it will be 
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Let N = the normal pressure of the curve; then (8) and 
(10) give 


U (gua 


from which we have 


tO, ee uk ; 
~ Qat pw’ 


igs ——s 


=a 


whence the position of the particle is known for a given 
weight, and for a given value of w. (See Price’s Anal. 
Mechanics, Vol. I, p. 39.) 


4. Two weights, P and Q, are fastened to the ends of a 
string, (Fig. 11), which passes over a pulley, 0; and Q 
hangs freely when P rests on a plane curve, AP, in a 
vertical plane ; it is required to find the position of equili- 
brittm when the curve is given. 

The forces which act on P are (1) the 
tension of the string in the line OP, which 
is equal to the weight of Q, (2) the weight 
of P acting vertically downwards, (3) the 
normal reaction of the curve PR. 

Let O be the origin of co-ordinates, and 
the axis of 2 vertical and positive down- 
wards. LevOU="7. MP =4.0P ar 


POM = 0, OA =a. Then, Fig:lt 
dy 
X = P— Qcosd — Rae 
Y= REO re ee 


We” 
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therefore from (15) we have 


(P — Q cos 6) dx — Q sin Ody = 0, 


or Pdz — Q sae — (hh 
But since gP yt == 7, 
we haye zdx+ydy =rdr; 
Pdx — Qdr = 0; (1) 


which is the condition that must be satisfied by P, Q, and 
the equation of the curve. 


5. Required the equation of the curve, on all points of 
which P will rest. 
Integrating (1) of Ex. 4, we have 


Pe ORC, (1) 


But since P is to rest at all points of the curve, this equa- 
tion must be satisfied when P is at A, from which we get 


% = 7 = a; therefore (1) becomes 
Pa — Qa = 0; 
which in (1) gives 
(1 — 0) a 
(Mee eee. 
1 — 0 cos 0 


which is the equation of a conic section, of which the focus 
is at the pole 0; and is an ellipse, parabola, or hyperbola, 
according as P <, =, or > Q. 

3 
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EXAMPLES. 


1. Two forces of 10 and 20 lbs. act on @ particle at an 
angle of 60°; find the resultant. Ans. 26.5 lbs. 


« 


2. The resultant of two forces is 10 lbs.; one of the 
forces is 8 lbs., and the other is inclined to the resultant at 
an angle of 36°. Find it, and also find the angle between 
the two forces. (There are two solutions, this being the 
ambiguous case in the solution of a triangle.) 

Ans. Force is 2.66 lbs., or 13.52 Ibs. Angle is 47° 17’ 
05”, or 132° 42’ 55", 


3. A point is kept at rest by forces of 6,8; 14° The: 
Find the angle between the forces 6 and 8. 
Ans: Ti eae 


4. The directions of two forces acting at a point are 
inclined to each other (1) at an angle of 60°, (2) at an 
angle of 120°, and the respective resultants are as 
/7 : “33 compare the magnitude of the forces. 

AUST rate 


5. Three posts are placed in the ground so as to form an 
equilateral triangle, and an elastic string is stretched round 
them, the tension of which is 6 lbs.; find the pressure on 


each post. Ans. 6/3. 


6. The angle between two unknown forces is 37°, and 
their resultant divides this angle into 31° and 6°; find the 
ratio of the component forces. - Ans. 4.927: 1. 


7. If two equal rafters support a weight, W, at their 
upper ends, required the compression on each. Let the 
length of. each rafter be a, and the horizontal distance 
between their lower ends be 0. aw 


Ans. ———S SSS 
V/ 402 — B 
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8. Three forces act at a point, and include angles of 
90° and 45°. The first two forces are each equal to 2P, 
and the resultant of them all is /10P; find the third 


force. Ans. P V2. 


9. Find the magnitude, A, and direction, 6, of the 
resultant of the three forces, P,; = 30 lbs., P, = 10 lbs., 
P, = 50 lbs., the angle included between P, and P, 
being 56°, and between P, and P, 104°. (It is generally 
convenient to take the action line of one of the forces for 
the axis of z.) 


Let the axis of x coincide with the direction of P,; then 
(Art. 36), we have 


pa 7216; Y =2 75.105, R= 78.335, 0 = 13° Bh 


10. Three forces of 10 lbs. each act at the same point ; 
the second makes an angle of 30° with the first, and the 
third makes an angle of 60° with the second; find the 
magnitude of the resultant. Ans. 24 lbs., nearly. 


11. If three forces of 99, 100, and 101 units respectively, 
act on a point at angles of 120°; find the magnitude of 
their resultant, and its inclination to the force of 100. 


Ans. V3; 90°. 


12. A block of 800 Ibs. is so situated that it receives 
from the water a pressure of 400 lbs. in a south direction, 
and a pressure from the wind of 100 lbs. in a westerly 
direction ; required the magnitude of the resultant pres- 
sure, and its direction with the vertical. 

Ans. 900 Ibs.; 27° 16’. 


13. A weight of 40 lbs. is supported by two strings, one 
of which makes an angle of 30° with the vertical, the other 
45°; find the tension in each string. 


Ans. 20 (V6 — V2); 40 (W3— 1). 
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14. Two forces, P and P’, acting along the diagonals of 
a parallelogram, keep it at rest in such a position that one 
of its sides is horizontal; show that 


P seca’ = P' seca = W cosec (@ + @’), 


where W is the weight of the parallelogram, and « and «& 
the angles between the diagonals and the horizontal side. 


15. Two persons pull a heavy weight by ropes inclined 
to the horizon at angles of 60° and 30° with forces of 
160 lbs. and 200 Ibs. The angle between the two vertical 
planes of the ropes is 30°; find the single horizontal force 
that weuld produce the same effect. Ans. 245.8 lbs. 


16. In order to raise vertically a heavy weight by means 
of a rope passing over a fixed pulley, three workmen pull at 
the end of the rope with forces of 40 lbs. 50 Ibs., and 
100 lbs.; the directions of these forces being inclined to 
the horizon at an angle of 60°. What is the magnitude of 
the resultant force which tends directly to raise the weight ? 

Ans. 164.54 lbs. 


17. Three persons pull a heavy weight by cords inclined 
to the horizon at an angle of 60°, with forces of 100, 120, 
and 140 Ibs. The three vertical planes of the cords are 
inclined to each other at angles of 30°; find the single 
horizontal force that would produce the same effect. 


Ans. 10145 + 72 4/3 Ibs. 


18. 'T'wo forces, P and Q, acting respectively parallel. to 
the base and length of an inclined plane, will each singly 
sustain on it a particle of weight, W; to determine the 
weight of W. 

Let « = inclination of the plane to the horizon; then 
resolving in each case along the plane, so that the normal 


pressures may not enter into the equations (See Rem., Ex. 3, 
Art. 41), we have 
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Pessea@=Wsne; Q= Weine; 


19. A cord whose length is 27, is fastened at A and B, in 
the same horizontal line, at a distance from each other 
equal to 24; and a smooth ring upon the cord sustains a 
weight II’; find the tension of the cord. 


As, Us 


20. A heavy particle, whose weight is W, is sustained on 
a smooth inclined plane by three forces applied to it, each 


equal to g 3 one acts vertically upward, another horizon- 


a 


tally, and the third along the plane; find the in¢lination, 
a, of the plane. 


Ans. tan 


a 
2 on 
21. A body whose weight is 10 lbs. is supported on a 
smooth inclined plane by a force of 2 lbs. acting along the 
plane, and a horizontal force of 5 lbs. Find the inclination 
of the plane. Ans. sin 3. 


22, A body is sustained on a smooth inclined plane (in- 
clination «) by a force, P, acting along the plane, and a 
horizontal force, Y. When the inclination is halved, and 
the forces, P and Q, each halved, the body is still observed 
to rest; find the ratio of P to Q. ere, EL us anes ta 

Q 4 

23. Two weights, P and Q, (Fig. 12), rest 
on a smooth double-inclined plane, and are 
attached to the extremities of a string 
which passes over a smooth peg, O, ut a 
point vertically over the intersection of the 
planes, the peg and the weights being in a 
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vertical plane. Find the position of equilibrium, if / = the 
length of the string and A = CO. 
Ans. The position of equilibrium is given by the equa- 
tions 
sne  ,sn£B 
cos 8 cos 
cosa  cosB_ 1 
sin 0 ' sng Ah 
24. Two weights, “P and Q, connected by a string, 
length 7, rest on the convex side of a smooth vertical 
circle, radius a. Find the position of equilibrium, and 
show that the heavier weight will be higher up on the 
circle than the lighter, the radius of the circle drawn to P 
making an angle @ with the vertical diameter. 


Ans. P sin 6 = Q sin i. — 6). 


25. Two weights, P and Q, connected directly by a 
string of given length, rest on the convey side of a smooth 
vertical circle, the string forming a chord of the circle ; 
find the position of equilibrium. 


Ans. If 2a is the angle subtended at the centre of the 
circle by the string, the inclination, 0, of the string to the 
vertical is given by the equation 


i eta 
cot 6 = 
P+Q 


26. Two weights, P and Q, (Fig. 13), 
rest on the concave side of a parabola 
whose axis is horizontal, and are con- 
nected by a string, length J, which 
passes over a smooth peg at the focus, F. 
Find the position of equilibrium. 

Ans. Let 6 = the angle which FP 


tan a. 
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makes with the axis, and 4m = the latus rectum of the 
parabola, then 
6 P Vi — 2m 


2 Vm (+ 


27. A particle is placed on the convex side of a smooth 
ellipse, and is acted upon by two forces, / and F”", towards 
the foci, and a force, #’, towards the centre. Find the 
position of equilibrium. 


ee f —_— where 7 = the distance of the par- 
V1l—n* 
ticle from the centre of the ellipse ; 0 = semi-minor axis, 
and » = saree ds 
ie 


28. Let the curve, (Fig. 11), be a circle in which the 
origin and pulley are at a distance, a, above the centre of 
the circle; to determine the position of equilibrium. 


eee 
Ais i p 
29. Let the curve, (Fig. 11), be a hyperbola in which the 
origin and pulley are at the centre, O, the transverse axis 
being vertical ; to determine the position of equilibrium. 
7 bE 


] 1(P2— _ RQ2)t 


Ans. & = 


30. A particle, P, is acted upon by two forces towards 
two fixed points, S and H, these forces being ap and ap 


respectively ; prove that P will rest at all points inside a 
smooth tube in the form of a curve whose equation is SP. 
PH = k?, k being a constant. 


31. Two weights, P and Q, connected by a string, rest 
on the convex side of a smooth cycloid. Find the position 
of equilibrium. 
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Ans. If] = the length of the string, and a = radius of 
generating circle, the position of equilibrium is defined by 
the equation 

Q l 


a tae Pa Ore: 


where @ is the angle between the vertical and the radius to 
the point on the generating circle which corresponds to P. 


32. Two weights, P and Q, rest on the convex side of a 
smooth vertical circle, and are connected by a string which 
passes over a smooth peg vertically over the centre of the 
circle ; find the position of equilibrium. 

Ans. Let h = the distance between the peg, B, and the 
centre of the circle; 0 and @ = the angles made with the 
vertical by the radii to P and Q, respectively ; @ and B = 
the angles made with the tangents to the circle at P and 
Q by the portions PB and QB of the string; 7 = length 
of the string ; then 

sn 9 sing 

cosa ~ cos B’ 
sin @ sing 
fei cen! 
cose@ cos 


h cos (6 + «) = a cosa, 


h cos (6 + 6B) = acos 8B, 


Cora Pai Rol Is. 


COMPOSITION AND RESOLUTION OF FORCES ACTING 
ON A RIGID BODY. ‘ 


43. A Rigid Body.—In the last chapter we considered 
the action of forces which have a common point of applica- 
tion. We shall now consider the action of forces which are 
apphed at different points of a rigid body. 

AL rigid body is one in which the particles retain invari- 
able positions with respect to one another, so that no 
external force can alter them. Now, as a matter of fact, 
there is no such thing in nature as a body that is perfectly 
rigid ; every body yields more or less to the forces which 
act on it. If, then, in any case, the body is altered or com- 
pressed appreciably, we shall suppose that it has assumed 
its figure of equilibrium, and then consider the points of 
application of the forces as a system of invariable form, 
The term Jody in this work means rigid body. 


44. Transmissibility of Force.—When a force acts 
at a definite point of a body and along a definite line, the 
effect of the force will be unchanged at whatever point of 
its direction we suppose it applied, provided this point be 
either one of the points of the body, or be invariably con- 
nected with the body. This principle is called the trans- 
snissibility of a force to any point im its line of action. 

Now two equal forces acting on a particle in the same 
line and in opposite directions neutralize each other (Art. 
16); so by this principle two equal forces acting in the 
same line and in opposite directions at any points of a 
rigid body in that line neutralize each other. Hence it is 
clear that when many forces are acting on a rigid body, 
any two, which are equal and have the same line of action 
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and act in opposite directions, may be omitted, and also 
that two equal forces along the same line of action and in 
opposite directions, may be introduced without changing 
the circumstances of the system. 


45. Resultant of Two Parallel 
Forces.*—(1) Let P and Q, (Fig. 
14), be the two parallel forces acting 
at the points A and B, in the same 
direction, on a rigid body. It is re- 
quired to find the resultant of P 
and Q. 

At A and B introduce two equal 
and opposite forces, #. The introduction of these forces 
will not disturb the action of P and Q (Art. 44). Pand #’ 
at A are equivalent to a single force, R, and Q and F at B 
are equivalent to a single force, S. Then let R and S be 
supposed to act at O, the point of intersection of their lines 
of action. At this point let them be resolved into their 
components, P, F, and Q, /, respectively. The two forces, 
F’, at O, neutralize each other, while the components, P 
and Q, act in the line OG, parallel to their lines of action 
at A and B. Hence the magnitude of the resultant is 
P+ Q, (Art. 28). To find the point, G, in which its line 
of action cuts AB, let the extremities of P and R (acting at 
A) be joined, and complete the parallelogram. ‘Then the 
triangle PAR is evidently similar to GOA ; therefore, 


Fig.14 


de EL arl OL GOs 
FiacGk aie Be 
therefore, by division, 
yO 
07 GA (1) 


* Minchin’s Statics, p. 85. 
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(2) When the forces act in opposite directions.—At A and 
B, (Fig 15), apply two equal and opposite forces F, as 
before, and let 2, the resultant of P & 
and F, and S, the resultant of @ and .4 7G 
F, be transferred to O, their point of O28 
intersection. If at O the forces, R 
and S, are decomposed into their 
original components, the two forces, 
Ff, destroy each other, the force, P, Feat 
will act in the direction GO parallel to the direction of 
P and Q,and the force Q will act in the direction OG. 
Hence the resultant is a force = P — Q, acting in the line 
GO. To find the point G, we have, from the similar 
triangles, PAR and OGA, 


Fo. F 


P_ ao. @_ Go. 
i Al GE? 

Pie SAGE 

Qa, Ae (2) 


Hence the resultant of two parallel forces, acting in the 
same or opposite directions, at the extremities of a rigid 
right line, is parallel to the components, equal to their 
algebraic sum, and divides the line or the line produced, 
into two segments which are inversely as the forces. 


In both cases we have the equation 
Poy ORs x GB. (3) 
Hence the following theorem: 


Tf from a point on the resultant of two parallel forces a 
right line be drawn meeting the forces, whether perpendicu- 
larly or not, the products obtained by multiplying each force 
by its distance from the resultant, measured along the arh- 
trary line, are equal. 


Scu.—The point G possesses this remarkable property ; 
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that, however P and Q are turned about their points of 
application, A and B, their directions remaining parallel, 
G, determined as above, remains fixed. This point is in 
consequence called the centre of the parallel forces, P 
and Q. 


46. Moment of a Force.—7he moment of a force with 
respect to a point is the product of the force and the perpen- 
dicular let fall on its line of action from the point. The 
moment of a force measures its tendency to produce rota- 
tion about a fixed point or fixed: axis. 
Thus let a force, P, (Fig. 16), act on ° 
a rigid body in the plane of the paper, 


P 


p 
and let an axis perpendicular to this : 
plane pass through the body at any 
point, O. It is clear that the effect of Fig. 


the force will be to turn the body round this axis (the axis 
being supposed to be fixed), and the turning effect will 
depend on the magnitude of the force, P, and the perpen- 
dicular distance, p, of P from O. If P passes through O, 
it is evident that no rotation of the body round O can take 
place, whatever be the magnitude of P; while if P 
vanishes, no rotation will take place however great p may 
be. Hence, the measure of the power of the force to 
produce rotation may be represented by the product 


y eeay ie 


and this product has received the special name of Moment. 

The unit of force being a pound and the unit of length a 
foot, the unit of moment will evidently be a foot-pound. 

The point O is called the origin of moments, and may or 
may not be chosen to coincide with the origin of co- 
ordinates. The solution of problems is often greatly sim- 
plified by a proper selection of the origin of moments. .The 
perpendicular from the origin of moments to the action line 
of the force is called the arm of the force. 
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47. Signs of Moments.—A force may tend to turn a 
body about a point or about an axis, in either of two direc- 
tions; if one be regarded as positive the other must be 
negative ; and hence we distinguish between positive and 
negative moments. For the sake of uniformity the moment 
of a force is said to be negative when it tends to turn a body 
from left to right, 7. e. in the direction in which the hands 
of a clock move; and positive when it tends to turn the 
body from right to left, or opposite the direction in which 
the hands of a clock move. 


48. Geometric Representation of the Moment of 
a Force with respect to a Point.—Let the hne AB 
(Fig. 16), represent the force, P, in magnitude and direc- 
tion, and p the perpendicular OC; then the moment of P 
with respect to O is AB xp (Art. 46). But this is double 
the area of the triangle AOB. Hence, the moment of a force 
with respect to a point is geometrically represented by double 
the area of the triangle whose base is the line representing 
the force in magnitude and direction, and whose vertex is 
the given pornt. ; 


49. Case of Two Equal and Opposite Parallel 
Forces.—If the forces, P and Q, in Art. 45, (Fig. 15) are 
equal, the equation 


Pic Oh 05668 


gives GA = GB, which is true only when G is at infinity 
on AB; also the resultant, P—Q, is equal to zero. Such a 
system is called a Couple. 


A Couple consists of two equal and opposite parallel forces 
acting on a rigid body at a finite distance from each other. 


We shall investigate the laws of the composition and 
resolution of couples, since to these the composition and 


62 MOMENT OF A COUPLE. 


resolution of forces of every kind acting on a rigid body 
may be reduced. 


50. Moment of a Couple.—Let O 
(Fig. 17) be any point in the plane of the 
couple; let fall the perpendiculars Oa 
and O8 on the action lines of the forces 
P. Then if O is inside the lines of action 
of the forces, both forces tend to produce 
rotation round O in the same direction, and therefore the 
sum of their moments is equal to 


Fig. 17 


P (Oa + 06), or P x ab 


Tf the point chosen is O’, the sum of the moments is 
evidently 


P (0'a — 0'b), or P x ab, 


which is the same as before. Hence the moment of the 
couple with respect to all points im its plane is constant. 

The Arm of a couple is the perpendicular distance 
between the two forces of the couple. 

The Moment of a couple is the product of the arm and 
on? of the forces. 

The Axis of a couple is a right line drawn from any 
chosen point perpendicular to the plane of the couple, and 
of such length as to represent the magnitude of the mo- 
ment, and in such direction as to indicate the direction in 
‘which the couple tends to turn. 

As the motion, in Statics is only virtwal, and not actual, 
the direction of the axis is fixed, but not the position of it; 
it may be any line perpendicular to the plane of the couple, 
and may be drawn as follows; imagine a watch placed in 
the plane in which several couples act. Then let the axes 
of those couples which tend to produce rotation in the 
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direction of the motion of the hands be drawn downward 
through the back of the watch, and the axes of those which 
tend to produce the contrary rotation be drawn upward 
through the face of the watch. Thus each couple is com- 
pletely represented by its axis, which is drawn upward or 
downward according as the moment of the couple is posi- 
tive or negative; and couples are to be resolved and 
compounded by the same geometric constructions performed 
with reference to their axes as forces or velocities, with 
reference to the lines which directly represent them. 

We shall now give three propositions showing that the 
effect of a couple is not altered when certain changes are 
made with respect to the couple. 


§1. The Effect of a Couple ona Rigid Body is not 
altered tf the arm be turned through any angle 
about one extremity in the plane of the Couple. 


Let the plane of the paper be the va 
plane of the couple, AB the arm of 
the original couple, AB’ its new posi- 
tion, and P, P, the forces. At A 
and B’ respectively introduce two 
forces each equal to P, with their 
action lines perpendicular to the arm 
AB’, and opposite in direction to 
each other. The effect of the given 
couple is, of course, unaltered by the introduction of these 
forces. Let BAB’ = 26; then the resultant of P acting at 
B, and of P acting at B’, whose lines of action meet at Q, 
is 2P sin 6, acting along the bisector AQ; and the result- 
ant of P acting at A perpendicular to AB and of P per- 
pendicular to AB’, is 2P sin 0, acting along the bisector 
A@ in a direction opposite to the former resultant. Hence 
these two resultants neutralize each other; and there 
remains the couple whose arm is AB’, and whose forces are 
P, P. Hence the effect of the couple is not altered. 


Fig.18 


x 
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52. The Effect of a Couple on a Rigid Body ts 
‘not altered if we transfer the Couple to any other 
Parallel Plane, the Arm remaining parallel to 
itself. 


Let AB be the arm, and P, P, the At 
forces of the given couple; let A’B’ eu 5 JY 
be the new position of the arm par- A 
allel to AB. At A’ and B’ apply two : ye : 
equal and opposite forces each equal 1 fe ee 
i P, acting perpendicular to A’B’, Hf Se 
and in a plane parallel to the plane of Fig.19 


the original couple. ‘This will not alter the effect of the 
given couple. Join AB’, A’B, bisecting each other at O; 
then P at A and P at B’, acting in parallel lines, and in 
the same direction, are equivalent to 2P acting at O; also 
P at B and P at A’, acting in parallel lines and in the 
same direction, are equivalent to 2P acting at O. At O 
therefore these two resultants, being equal and opposite, 
neutralize each other; and there remains the couple whose 
arm is A’B’, and whose forces are each P, acting in the 
same directions as those of the original couple. Hence the 
effect of the couple is not altered. 


53. The Kjfect of a Cowple on a Rigid Body is 
not altered if we replace it by another Couple of 
which the Moment is the same; the Plane remain- 
ing the same and the Arms being in the same 
straight line and having a 
common extrenrity. 

Let AB be the arm, and P, P, the 
forces of the given couple, and sup- 4 
pose P= Q+#. Produce AB to C Fig.20 
s0 that P=Q4R 

ABS AOS: Oo P= Oem (1) 
and therefore AB Stab, 3 Oita ss (2) 


P=Q4+R 
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at C introduce opposite forces each equal to Q and parallel 
to P ; this will not alter the effect of the couple. 

Now #& at A and Q at C will balance Q+ R at B from 
(2) and (Art. 45); hence there remain the forces, Q, Q, 
acting on the arm, AC, which form a couple whose moment 
is equal.to that of P, P, with arm, AB, since by (1) we 
have 

Pe i Ox AAU: 


Hence the effect of the couple is not altered. 


RemM.—From the last three articles it appears that we 
may change a couple into another couple of equal moment, 
and transfer it to any position, either in its own plane or 
in a plane parallel to its own, without altering the effect of 
the couple. The couple must remain unchanged so far as 
concerns the direction of rotation which its forces would 
tend to give the arm, 7.¢., the axis of the couple may be 
removed parallel to itself, to any position within the body 
acted on by the couple, while the direction of the axis from 
the plane of the couple is unaltered (Art. 50). 


54. 4 Force and a Couple acting in the same 
Plane on a Rigid Body are equivalent to w Single 
Force. 


Let the force be F'and the couple (P, a), that is, P is 
the magnitude of each force in the couple whose arm is a. 
Then (Art. 53) the couple (P, a) = the couple (4, A) 
Let this latter couple be moved till one of its forces acts in 
the same line as the given force, /, but in the opposite 


direction. The given force, /, will then be destroyed, and 
there will remain a force, 7’, acting in the same direction 


as the given one and at a perpendicular distance from it 


Fone nde. 


hIBDadby afk 


Sea 


GE 
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Cor.—A force and a couple acting on a rigid body cannot 
produce equilibrium. A couple can be in equilibrium only 
with an equivalent couple. Equivalent couples are those 
whose moments are equal.* 

The resultant of several couples is one which will produce 
the same effect singly as the component couples. 


55. To find the Resultant of any number of 
Couples acting on a Body, the Planes of the 
Couples being parallel to each other. 


Let P, Q, R, ete. be the forces, and a, 0, c, etc., their 
arms respectively. Suppose all the couples transferred to 
the same plane (Art. 52); next, let them all be transferred so 
as to have their arms in the same straight line, and one 
extremity common (Art. 51); lastly, Jet them be replaced - 
by other couples having the same arm (Art. 53). Let « be 
the common arm, and P,, Q,, R,, etc. the new forces, 
so that 


P0:=. Pa, > Oye = O0,) an —shewetes 
a b Cc 
then Bes = P-, 0, — Q-> sf —— Re etc., 
, a b C ; 
1. €., the new forces are PS Qe. Ro ete., acting on the 
common arm « Hence their resultant will be a couple of 


which each force equals 


a Bele 
Pi+@_+ kh + ete, 


and the arm = «, or the moment equals 
Pa + Qb + Re + ete. 


If one of the couples, as Q, act in a direction opposite ia 


* The moments of equivalent couples may have like or unlike signs 
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the other couples its sign will be negative, and the force at 
each extremity of the arm of the resultant couple will be 


a b Cc 
| Sica Wee Reet 


Hence the moment of the resultant couple is equal to the 
algebraic sum of the moments of the component couples. 


56. To Find the Resultant of two Couples not 
acting tn the same Plane.* 


Let the planes of the couples be 
inclined to each other at an 
angle y; Jet the couples be trans- 
ferred in their planes so as to 
have the same arm lying along 
the line of intersection of the two 
planes ; and let the forces of the 
couples thus transferred be P and Y. Let AB be the com- 
monarm. Let /? be the resultant of the forces P and Q at 
A acting in the direction AR; and of P and @ at B acting 
in the direction BR. Then since P and Qat A are parallel 
to P and Q at B respectively, therefore R at A is parallel 
to R at B. Hence the two couples are equivalent to the 
single couple #, F, acting on the arm AB; and since 
PAQ = y, we have 


R= P?+ Q + 2PQ cos y (Art. 30). (1) 


Draw Aa, Bd perpendicular to the planes of the couples 
P, P, and Q, Q, respectively, and proportional in length to 
their moments. 

Draw Ac perpendicular to the plane of F, R, and in the 
same proportion to Aa, Bd, that the moment of the couple, 
R, R, is to those of P, P, and Q, Q, respectively. Then 
Aa, Ab, Ac, may be taken as the axes of P, P; Q, Q; and 


* Todhunter’s Statics, p. 42. Also Pratt’s Mechanics, p. 25. 
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R, R, respectively (Art. 50). Now the three straight lines, 
Aa, Ac, Ab, make the same angles witb each other that 
AP, AR, AQ make with each other; also they are in the 
same proportion in which 


ABP, AB > 2, AB-.0. are. 
or in which Py he eOare. 


But F is the resultant of P and Q; therefore Ac is the 
diagonal of the parallelogram on Aa, Ad (Art. 30). 


Hence if two straight lines, having a common extremity, 
represent the axes of two couples, that diagonal of the 
parallelogram described on these straight lines as adjacent 
sides which passes through their common extremity repre- 
sents the axis of the resultant couple. 


‘Cor.—Since R- AB is the axis or moment of the results 
ant couple, we have from (1) 


R?. AB’ = P?. AB’ + Q@. AB’+2P- AB. Q- AB- cosy. (2) 


If Z and & represent the axes or moments of the com- 
ponent couples and G, that of the resultant couple, (2) 
becomes 


G? = I? + M?+4+2L-M cosy. (3) 


Secu. 1—If L, M, N, are the axes of three component 
couples which act in planes at right angles to one another, 
and G the axis of the resultant couple, it may easily be 
shown that 


@= P+ M4 Ne (4) 


If a, uw, v be the angles which the axis of the resultant 
makes with those of the components, we have 


r 


ees co ee = 
ae Yee sp=a cos v= 7 


Ge 
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Sox. 2.—Hence, conversely any couple may be replaced 
by three couples acting in planes at right angles to one 
another; their moments being G cos A, @ cos pu, G cos v; 
where @ is the moment of the given couple, and A, , v the 
angles its axis makes with the axes of the three couples. 

Thus the composition and resolution of couples follow 
laws similar to those which apply to forces, the axis of the 
couple corresponding to the direction of the force, and the 
noment of the conple to the magnitude of the force. 


57. Varignon’s Theorem of Moments.—7he mo- 
ment of the resultant of two component forces 
with respect to any point in their plane is equal 
to the algebraic sum of the moments of the two 
components with respect to the same point. 


Let AP and AQ represent two com- 
ponent forces; complete the parallelo- 
gram and draw the diagonal, 4R, 
represeuting the resultant force. Let 
O be the origin of moments (Art. 46). 
Join OA, OP, OQ, OR, and draw PC 
and QB parallel to OA, and let p = the perpendicular let 
fall from O to AR. 

Now the moment of AP about O is the product of fP 
and the perpendicular let fall on it from O (Art. 46), which 
is double the area of the triangle, AOP (Art. 48). But 
the area of the triangle, AOP, = the area of the triangle, 
AOG, since these triangles have the same base, 40, and 
are between the same parallels, AO and CP. Hence the 
moment of AP about 0 =the moment of AC about 
O= AC-p. Also the moment of AQ about O is double 
the area of the triangle, 40Q, = double the area of the 
triangle, 4 OB, since the two triangles have the same base, 
AO, and are between the same parallels, 40 and QB. 
Hence the moment of AQ about O = the moment of .1B 


Fig.22 


70 VARIGNON’S THEOREM OF MOMENTS. 


about O = AB-». Therefore the sum of the moments of 
AP and AQ about O = the sum of the moments of AC 
and AB about O = (AC+ AB)p, = (AB + BR) yp, 
(since 40 = BR from the equal triangles 4PC and QBR) 
= AR-p = the moment of the resultant. 

If the origin of moments fall de¢ween AP and AQ, the 
forces will tend to produce rotation in opposite directions, 
and hence their moments will have contrary signs (Art. 
47). In this case the moment of the resultant = the dif- 
ference of the moments of the components, as the student 
will find no difficulty in showing. Hence in either case 
the moment of the resultant is equal to the algebraic sum 
of the moments of the components. 


Cor. 1.—If there are any number of component forces, 
‘we may compound them in order, taking any two of them 
fast, then finding the resultant of these two and a third, 
aad so on; and it follows that the sum of their moments 
(with their proper signs), is equal to the moment of the 
resultant. 


Cor. 2.—If the origi: of moments be on the line of 
action of the resultant, » = 0, and therefore the moment 
of the resultant = 0; hence the sum of the moments of 
the components is equal to zero. In this case the moments 
of the forces in one direction balance those in the opposite 
direction; 7. e., the forces that tend to produce rotation in 
one direction are counteracted by the forces that tend to 
produce rotation in the opposite direction, and there is no 
tendency to rotation. 


Cor. 3.—If all the forces are in equilibrium the resultant 
f = 0, and therefore the moment of R = 0; hence the 
sum of the moments of the components is equal to zero, 
and there is no tendency to motion either of translation or 
rotation. 
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Cor. 4.—Therefore when the moment of the resultant 
= 0, we conclude either that the resultant = 0 (Cor. 3), 
or that it passes through the point taken as the origin of 
moments (Cor. 2). 


58. Varignon’s Theorem of Moments for Parallel 
Forces.—TJhe swm of the moments of two parallel 
jorces about any point is equal to the moment of 
their resultant about the point. 


Let P and Q be two parallel forces R 
acting at A and B, and A their result- 5 : 
ant acting at G, and let O be the point 
about which moments are to be taken. . 

Then (Art. 45) we have é Se 


iP ge By =O. BG, 
. P(OG — OA) = Q(OB — OG), 
ee PO) OG-—= FP X-OA OS OB: 
moe ft UG == Px Oar Ox OBS 


that is, the sum of the moments = the moment of the 
resultant. 


Cor.—It follows that the algebraic sum of the moments 
of any number of parallel forces in one plane, with respect 
to a point in their plane, is equal to the moment of their 
resultant with respect to the point. 


59. Centre of Parallel Forces—7o find the mag- 
nitude, direction, and point of application of the 
resultant of any number of parallel forces acting 
on a rigid body in one plane. 
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het P,> PsP, ete., denote the 
forces, M,, M,, M3, etc., their points 
of application. Take any point in 
the plane of the forces as origin and 
draw the rectangular axes OY, OY. 
Let: (z,; 41), (22, Ye), ete., be-the : 
points of application, W,, M,, ete. Fig.28 

Join M,M,; and take the point Mon M,M,, so that 


M,M ee wal 
if, PP (1) 


then the resultant of P, and P, is P, + P,, and it acts 
through I parallel to me (Art. 45). 

Draw M,a, Mb, M,c parte and M,e perpendicular to 
_the axis of y. Then we have 


MM _ Md _ Mb—-y, 
M,M, Mee Y¥2- 4 


P 
Ae Mb ead YU a cies (Yo —41)3 


Piyi t+ Poy 
ote aaa ; 
Fume (2 


which gives the ordinate of the point of application of the 
resultant of P, and P,. 

Now since the resultant of P, and P,, which is 
P, + P,, acts at M, the resultant of P, + P, at M, and 
P, at My, is Py) + Py + Ps at yg, and substituting in (2) 
tel Gob Ma, ant Ys ie Vane Py Y1, and yy cee 
Heely, we haye 


(P, + P,) Mb eas PsYt tPoyotP sys. 


(gas = 
gh d ies TERY ee +P; P,+P,+P; ; (3) 
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and this process may be extended to any number of paralle! 
forces. Let & denote the resultant force and 7 the ordi- 
nate of the point of application ; then we have 


R= P,+P,4+P; + ete. =P. 


Piss + Poe + P3¥3 + ete. _ =Py 
P, +P, + Ps; + ete. =P 


7= 


Similarly, if © be the abscissa of the point of application of 
the resultant, we have 


The values of Z, 7 are independent of the angles which 
the directions of the forces make with the axes. Hence 
if these directions be turned about the points of application 
of the forces, their parallelism being preserved, the point of 
application of the resultant will not moye. For this reason 
the puint (2%, 7) is called the centre of parallel forces. We 
shall hereafter have many applications in which its position 
is of great importance. 


Sou. 1.—The moment of a force with respect to a plane 
is the product of the force into the perpendicular distance 
of its point of application from the plane. Thus, ?,7, is 
the moment of the force P,, in reference to the plane 
through OX perpendicular to OY. This must be carefully 
distinguished from the moment of a force with respect to 
a point. Hence the equations for determining the position 
of the centre of parallel forces show that the sum of the 
moments of the parallel forces with respect to any plane, is 
ae to the moment of their resultant. 

Scn. 2.—The inoment of a force with respect to any line 
is the product of the component of the force perpendicular 

4 
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to the line into the shortest distance between the line and 
the line of action of the force. 


60. Conditions of Equilibrium of a Rigid Body 
acted on by Parallel Forces in one Plane.—Let 
P.,, P,, Ps, ete:, denote the forees.. Take 
any point in the plane of the forces as 
origin, and draw rectangular axes, OY, 
OY, the latter parallel to the forces. Let 
A be the point where OX meets the direc- 
tion of ‘P,, and let OAr= 27: 

Apply at O two opposing forces, each : 
equal and parallel to P,; this will not disturb the equili- 
brium. Then P, at 4 is replaced by P, at O along OY, 
and a couple whose moment is P,- OA, 7. ¢, P,2,. The 
remaining forces, P,, P;, etc., may be treated in like man- 
ner. We thus obtain a set of forces, -P,, P,, Ps, etc., 
acting at O along OY, and a set of couples, P,z,, P,2,, 
Px, etc., in the plane of the forces tending to turn the 
body from the axis of x to the axis of y. These forces are 
equivalent to a single resultant force P, + P,+ P,+ ete., 
and the couples are equivalent to a single resultant couple, 
P,*, + Pyt, + P 3a, + etc. (Art. 55). 

Hence denoting the resultant force by R, and the moment 
of the resultant couple by G, we have 


B= Pa PCE Pete nee 
Go Pah ttt 50g Ore 


that is, a system of parallel forces can be reduced to a 
single force and a couple, which (Art. 54, Cor.) cannot 
produce equilibrium. Hence, for equilibrium, the force 
and the couple must vanish ; or 


=IP= 0, and -SP2= 0, 
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Hence the conditions of equilibrium of a system of par- 
allel forces acting on a rigid body in one plane are : 


The sum of the forces must = 0. 


The sum of the moments of the forces about every point in 
their plane must = 0, 


61. Conditions of Equilibrium of a Rigid Body 
acted on by Forces in any direction in one Plane. — 
Let P,, Py, P;, ete, be the forces acting at the points 
(1. Y1)> (Cas Yo)» (Ws Ys), .etc., in the 
plane zy. Resolve the force P, into two 
components, Y,, Y,, parallel to OX 
and OY respectively. Let the direc- 
tion of Y, meet OX at M, and the 
direction of XY, meet OY at WV. Apply 
at O two opposing forces each equal and parallel to X,, 
and also two opposing forces each equal and parallel to Y,. 
Hence Y, at A,, or MM, is equivalent to Y, at O, anda 
couple whose moment is Y, - OM; and X, at A,, or N, is 
equivalent to XY, at O, and a couple whose moment is 
a ON. 

Hence Y, is replaced by Y, at O, and the couple Y,2, ; 
and X, is replaced by XY, at O, and the couple X,y, (Art. 
47). Therefore the force P, may be replaced by the com- 
ponents Y,, VY, acting at O, and the couple whose 
moment is 


Yy2, — X14; 


and which equals the moment of P, about O (Art. 57). 

By a similar resolution of all the forces we shall have 
them replaced by the forces (X,, Y,), (X3, Ys), etc., 
acting at O along the axes, and the couples 


Vn%_ —X2Y2, V3t3 — X3Yz, ete. 


Adding together the couples or moments of P,, P,, ete, 
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and denoting by G the moment of the resultant couple, we 
get the total moment Z 


G = 3 (Ya—Xy). 


If the sum of the components of the forces along OX is 
denoted by =X, ard the sum of the components along OY 
by SY, the resultant of the forces acting at O is given by 
the equation 


Re = (2X) 4 (2Y)% 


If «a be the angle which & makes with the axis of X, we 
alayve 


E008 o = 2X, oh sina 2s 


>a S 
oo.) alia sr 
Therefore, any system of forces acting in any direction 
in one plane on a rigid body may be reduced to a single 
force, R, and a single couple whose moment is G, which 
(Art. 54, Cor.) cannot produce equilibrium. Hence for 
equilibrium we must have R= 0, and G = 0, which 
requires that 


Se 0), a a, 
x(¥a— Xy) = 0. 


Hence the conditions of equilibrium for a system of 
forces acting in any direction in one platie on a rigid body 
are : 


The sum of the components of the forces parallel to each of 
two rectangular axes must = 0. 

The sum of the moments of the LE ces ee every Poe in 
their plane must = 0. . 
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Cor.—Conversely, if the forces are in equilibrium the 
sum of the components of the forces parallel to any direc- 
tion will = 0, and also the sum of the moments of the 
forces about any point will = 0. 


62. Condition of Equilibrium of a Body under the 
Action of Three Forces in one Plane.—// three 
forces matntain a body in equilibrium, their 
directions must meet tn a point, or be parallel. 


Suppose the directions of two of the forces, P and Q, to 
meet at a point, and take moments round this point; then 
the moment of each of these two forces = 0; therefore the 
moment of the third force 722 = 0 (Art. 61, Cor.), which 
requires either that 7? = 0, or that it pass through the 
point of intersection of P and Q. If & is not = 0, it must 
pass through this point. Hence if any two of the forces 
meet, the third must pass through their point of intersec- 
tion, and keep it at rest, and each force must be equal and 
opposite to the resultant of the other two. If the angles 
between them in pairs be p, g, 7, the forces must satisfy the 
conditions 


Pee Bee sin p sear g=. ein Pe (Art yB2). 


If two of the forces are parallel, the third must be 
parallel to them, and equal and directly opposed to their 
resultant. 


Eo ACM PE Bs. 


1. Suppose six parallel forces proportional to the numbers 
1, 2, 3, 4, 5, 6 to act at points (—2, —1), (—1, 0), (0, 1), 
(1, 2), (2, 3), (3, 4) ; find the resultant, R, and the centre 
of parallel forces. 

By Art. 59 we have 


et Be ar 1 eS 21s 
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SP2 = —2—24+4+4+10+4+18 = 28; 
SPy = —143484154+% = 49, 
—  SPe 98) Se ees ee 
top gas pion 


2. At the three vertices of a triangle parallel forces are 
applied which are proportional respectively to the opposite 
sides of the triangle; find the centre of these forces. 

Let(z,, 41), (%o» Yo)» (%g, Y3) be the vertices, and let a, 
6, c be the sides opposite to them; then 


ptt +a, +683 | 7= AY + OY, +0Ys | 
at+bte ’ at+tbte 
3. If two parallel forces, P and Q, act in the same direc- 
tion at A and B, (Fig. 14), and make an angle, 0, with 
AB, find the moment: of each about the point of applica- 
tion of their resultant. 
The moment of P with respect to G is 


P.AG sin 6 (Art. 46). 


But from (1) of Art. 45, we have 


SF ia 
a Ae 
Pe Aa 

AG = pg: AB, 


which in P- AG sin @ gives 


P ‘ 
P oe AB sin 0, 


for the moment of P which also equals the moment of Q 
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4. Two parallel forces, acting in the same direction, 
have their magnitudes 5 and 13, and their points of applica- 
tion, 4 and B, 6 feet apart. Find the magnitude of their 
resultant, and the point of application, @. 

Ans. fe =18, AG = 4), BE = 14. 


5. On a straight rod, A, there are suspended 5 weights 
of 5, 15, 7, 6, and 9 pounds respectively at the points A, B, 
Perea) Ab = s ject, bY =. 6 fect. DE = 5 feet, 
HF = 4 feet. Find the magnitude of the resultant, and 
the distance of its point of application, G, from JA. 

Ans. R = 42 pounds. AG = 83 feet. 


6. A heavy uniform beam, AB, rests 
in a vertical plane, with one end, A, on a 
smooth horizontal plane and the other 
end, B, against a smooth vertical wall ; 
the end, A, is prevented from sliding by 
a horizontal string of given length fas- 
tened to the end of the beam and to the wall; determine 
the tension of the string and the pressures against the 
horizontal plane and the wall. 

Let 2a = the length of the beam, and let W be its weight, 
which as the beam is uniform, we may suppose to act at its 
middle point, G. Let #& be the vertical pressure of the 
horizontal plane against the beam; and #’ the horizontal 
pressure of the vertical wall, and 7’ the tension of the hor- 
izontal string, AC; let BAC = «, a known angle, since 
the lengths of the beam and the string are given. Then 
(Art. 61), we have 


for horizontal forces, 7 = RF’; 
for vertical forces, W = R; 


for moments about A (Art. 47), 22’ asin « = Wa cos «; 


Pp ge fig T= coe 
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@ Aheavy beam, AB = a + J, rests 
on two given smooth planes which are 
inclined at angles, « and 6, to the 
horizon; required the angle @ which 
the beam makes with the horizontal 
plane, and the pressures on the 
planes. 

‘Let aand b be the segments, AG and BG, of the beam, 
made by its centre of gravity, G; let R and R' be the 
pressures on the planes, AC and BC, the lines of action of 
which are perpendicular to the planes since they are smooth, 
and let W be the weight of the beam. Then we have 


W 
Fig.28 


for horizontal forces, R sin « = RP’ sin B; (1) 
for vertical forces, R cose + KR’ cosB = W; (2) 
for moments about G, Ra cos («+ 4)= RS cos (B—84). (3) 
Dividing (3) by (1), we have 
acot « —atan 0 = dcot B 4- db tan 6; 


a cot «¢—bcotB 


therefore, canis — —, 
a+b 
and from (1) and (2) we have 

oe esis nd BP W sin « 


~~ sin (@ + B)? fois sin (@ +B) 

Otherwise thus: since the beam is in equilibrium under 
the action of only three forces, they must meet in a point O, 
(Art. 62), and therefore we obtain immediately from the 
geometry of the figure, 


Fi 8 BO 
W sin(«+B)’? *" ~ sin (@ + B)’ 
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; : a 
) sin « é 04 
me ss : era Aan 


Wo sin(eé +B) 7° ~ sin (@ + 8) 


Also since the angles, GOA and GOB, are equal to « and 8, 


respectively, and BGO = = — 6, we have 


(a + 6) cot BEO = a cot GOA — bd cot GOB; 


a cot ¢ — b cot B 


herefore tan 0 = 
’ a+b 
Han tb tan : : ; 
Hence, if = = i the beam will rest in a horizontal 
b tan 2 
position. 


8. A heavy uniform beam, AB, rests with ¢ 
one end, A, against a smooth vertical wall, 
and the other end, B, is fastened by a string, 


BC, of given length to a point, C, in the , R 
wall; the beam and the string are in a vertical A 
plane; it is required to determine the pressure ae 


against the wall, the tension of the string,and — © Fig.29 
the position of the beam and the string. 


Let AG = CB "a- AG ss a. BC = 6, 


weight of beam = W, tension of string = 7, pressure of 
wall = fk, 
BAH = @, | BCA = @, 


Then we have 
for horizontal forces, R = T’sin $3 (1) 
for vertical forces, Wee T cos @ (2) 
for moments about A, Wasin 0 = 7-AD = Tr sin #; (3) 
a. asin: 0. @ tan >; (4) 
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and by the geometry of the figure 


6 sin@. 


2) aie (6—9) | 
2a” sing (6) 


Solving (4), (5), and (6), we get 


30 AE Ae 
os = 3 | PSA : 


ga — {| 160 — oF 
Seu Sad 3 ; 


from which f& and Z become known. (Price’s Anal. 
Mech’s., Vol. I, p. 69). 

To determine all the unknown quantities many problems in Statics 
require equations to be formed by geometric relations as well as static 


relations. Thus (1), (2), (8) are static equations, and (5) is a geometric 
equation. 


9. A uniform heavy beam, AB = 2a, 
rests with one end, A, against the inter- 
nal surface of a smooth hemispherical 
bowl, radius = r, while it is supported 
at some point in its length by the edge 
of the bowl; find the position of equili- 
brium. 

The beam is kept in equilibrium by three forces, viz., the 
reaction, R, at A perpendicular to the surface of contact, 
(Art. 42) and therefore perpendicular to the bowl, the 
reaction, R’, at C which, for the same reason, is perpen- 
dicular to the beam, and the weight W acting at G. 
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Let 6 = the inclination of the beam to the horizon 
= <ACD. The solution will be most readily effected by 
resolving the forces along the beam and taking moments 
about C, by which we shall obtain equations free from the 
unknown reaction, R’. Then we have 


for forces along AB, 2 cos 0 = Wsin 6, (1) 


for moments about C, 
RF - 2r cos 6 sin 6 = W (2r cos 6 — @) cos 6. (2) 


From (1) we have 
Rk = W tan 0, 
which in (2) gives, after reducing, 
2r sin? 6 — 2r cos? 6 + acosdé=0, 


or, 4r cos? @ —acos @ — &r = 0, (3) 


at 32 + a 
8r 


cos 6 = 


Otherwise thus: since the beam is in ecailibrium under 
the action of only three forces, they must gieet in a point 
O (Art. 62). Draw the three forces 40, 00, GO, which 
keep the beam in equilibrium. Let the line, GG, meet the 
semicircle, DAC, in the point, Q. Then AG ‘sa horizontal 
line. Also 


<QAG = <DCA = @, 
therefore <ORO = 20: 
Hence AQ = AO cos 26, 


and also AQ = AG cos 6; 


84 EXAMPLES. 
therefore 2r cos 20 = a cos 4, 
or 4r cos’ 6 — a cos 6 — 2r = 0, 


which is the same as (3) obtained by the other method. 
The student may prove that the reaction, R’, at © 
, Oo 
tly oe 

10. Find the position of equilibrium of 
a uniform heavy beam, one end of which 
rests against a smooth vertical plane, and 
the other against the internal surface of a 
smooth spherical bowl. 

The beam is in equilibrium under the 
action of three forces, the weight, W, 
acting at G, the reaction, J?, at A, perpen- 
dicular to the surface and hence passing through the centre, 
C, and the reaction, R’, of the vertical plane perpendicular 
to itself and bence horizontal. 

Let the length of the beam, AB, = 2a, r = the radius 
of the sphere, d = CD, the distance of the centre of the 
sphere from the vertical wall, W = the weight of the beam ; 
and let 6 = the required inclination of the beam to the 
horizon, and @ = the inclination of the radius AC to the 
horizon. Then we have 


for vertical forces, R sin 6 = W; (1) 
for moments about B, R- 2a sin (¢—8) = W-a cos 6; (2) 
Dividing (2) by (1) we have 


2 sin (@ — 9) 


: == C080. 
sin @ ey 


or tan. @ = 2 tan 6. (3) 
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Then we have, from the geometry of the figure, the 
horizontal distance from A to the wall = the horizontal 
projection of AC + CD, that is, 


2a cos 9 = r cos ¢ + d. (4) 


From (3) and (4) a value of @ can be obtained, and hence 
the position of equilibrium. 

Otherwise thus: since the beam is in equilibrium under 
the action of only three forces they must meet in a point, O. 
Geometry then gives us 


2 cot OGB = cot AOG — cot GOB = cot AQG, 
or 2 tan 6 = tan 4, 
which is the same as (3). 


63. Centre of Parallel Forces in Different Planes. 
—To find the magnitude, direction, and point of 
application of the resultant of any number of 
parallel forces acting on w rigid body. 


The theorem of Art. 59 is evidently true also in the case 
in which neither the parallel forces nor their fixed points of 
application lie in the same plane, hence, calling z the third 
co-ordinate of the point of application of the resultant, we 
have for the distance of the centre of parallel forces from 
the planes yz, zx, and zy, 


YI 2p =Py =Pz 
SP BP = Spi 


Hence (Art. 59, Sch.) the equations for determining the 
position of the centre of parallel forces show that the sum 
- of the moments of the parallel forces with respect to any 
plane is equal to the moment of their resultant. 
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64. Conditions of Equilibrium of a System of 
Parallel Forces Acting upon a Rigid Body in 
Space.—Let P,, Pz, P3, etc., denote the forces, and let 
them be referred to three rectangular axes, 
OX, OY, OZ; the last parallel to the 
forces ; let (%1, 1, 21), (Ze, Yo» %e), ete., 
be the points of application of the forces, 
PP ,, ete. - Let the, direchon lot 7; 
meet the plane, zy, at M,. 

Draw M,N, perpendicular to the axis 
of « meeting it at N,. Apply at O, and also at N,, two 
opposing forces each equal and parallel to P,. Then the 
force P, at M, is replaced by 


(1) P, at O along OZ; 
(2) a couple formed of P, at M, and P, at N, ; 
(3) a couple formed of P, at NV, and P, at 0. 


The moment of the first couple is P,y,, and this couple 
may be transferred to the plane yz, which is parallel to its 
original plane, without altering its effect (Art. 52). The 
moment of the second couple is P,x,, and the couple is in 
the plane zz. 


Replacing each force in this manner, the whole system 
will be equivalent to a force 


P,+P,+P,+¢ete., or &P at O along OZ, 
together with the couple 
Piy,+P2y.+P3y3 +etc., or &Py, in the plane yz, 
and the couple 
P,2#,+P,27,+P,2,+ etc, or &Pz in the plane zz. 


The first couple tends to turn the body from the axis of y 
to that of z round the axis of a, and the second couple 
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tends to turn the body from the axis of x to that of z 
round the axis of y. It is customary to consider those 
couples as positive which tend to turn the body in the 
direction indicated by the natural order of the letters, 7. ¢., 
positive from a to y, round the z-axis; from y to z round 
the a-axis; and from z to 2 round the y-axis; and 
wegative in the contrary direction. 

Hence the moment of the first couple is + Py, and 
therefore OX is its axis (Art. 50); and the moment of 
the second couple is —Z Pz, and therefore OY" is its axis. 
The resultant of these two couples is a single couple whose 
axis is found (Art. 56) by drawing OL (in the positive 
direction of the axis of z) = =Py, and OM (in the nega- 
tive direction of the axis of y) = =Px, and completing the 
parallelogram OLGM. If OG, the diagonal, is denoted by 
G, we have 


and B= SP; 


RF being the resultant force. 


Now since this single force, 2, and this single couple, G, 
cannot produce equilibrium (Art. 54, Cor.), we must have 
R = 0, and G = 0, and @ cannot be = 0 unless Pz = 0 
and Py = 0; the conditions therefore of equilibrium are 


ce —10, 
Py = 0.222 Py 10. 


Hence, the conditions of equilibrium of parallel forces in 
space are: 


The sum of the forces must = 0. 


The sum of the moments of the forces with respect to 
every plane parallel to them must = 0. 
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- 65. Conditions of Equilibrium of a System of 
Forces acting in any Direction ona Rigid Body in 
Space.—Let P,, P,; Ps, etc., denote the forces, and let 
them be referred to three rectangular axes, OX, OY, OZ; 
let (%145 Y1s 21) (Vos Yos Ze), ete, be the points of ‘applica- 
tion of P,, P,,-ete. 

Let A, be the point of application of 
P,; resolve P, into components -X,, 
Y,, Z,, parallel to the co-ordinate axes. 
Let the direction of 7, meet the plane 
ay at M,, and draw M,N, perpendicu- 
lar to OX. Apply at VN, and also at O 
two opposing forces each equal and par- 
allel to Z;. Hence Z, at A, or M, is equivalent to Z, at 
O, and two couples of which the former has its moment = 
Z, x N,M, = Z,y,, and may be supposed to act in the 
plane yz, and the latter has its moment = Z, x ON, = 
— Z,x, and acts in the plane za. 

Hence Z, is replaced by Z, at O, a couple Z,y, in the 
plane yz, and a couple — 2,2, (Art. 64) in the plane za. 
Similarly Y, may be replaced by Y, at O, a couple Y,z, 
in the plane zz, and a couple — Y,y, in the plane zy. 
And Y, may be replaced by VY, at O, a couple Y,x, in the 
plane zy, and a couple — Y,z, in the plane yz. Therefore 
the force P, may be replaced by Y,, Y,, Z,, acting at 0, 
and three couples, of which the moments are, (Art. 56), 


M 
Fig.33 


Z4,yY, — Y¥ 2, m the plane yz, around the axis of 2, 
X42, — Z,a, in the plane za, around the axis of y, 


V,2, — X,y,1im the plane zy, around the axis of z. 


By a similar resolution of all the forces we shall have 
them replaced by the forces 


acting at O along the axes, and the couples 
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x (Zy — Yz) = L, suppose, in the plane yz, 
= (Xz — Zr) = M, suppose, in the plane zz, 
x (Ya — Xy) = N, suppose, in the plane xy. 
Let # be the resultant of the forces which act at O; a, 


6, c, the angles its direction makes with the axes; then 
(Art. 38), 


“© 


R= (2X)? + (VY)? 4+ (22), 


bas ape a) 


cos & = =—, cos 0b = =, cosc = ==. 
Vivee Ihe 1é 


Let G be the moment of the couple which is the result- 
ant of the three couples, L, M, NV; 4, u, v, the angles its 
axis makes with the co-ordinate axes ; then (Art. 56, Sch.), 


G@ = JP + M?+ WN, 
ee ee cos v = — 
OR EAR? CORES eee SOK Pre 


Therefore any system of forces acting in any direction on 
a rigid body in space may always be reduced to a single 
force, P, and a single couple, G, and cannot therefore pro- 
duce equilibrium (Art. 54, Cor.). Hence for equilibrium 
we must have 2? = 0 and G = 0; therefore 


(ZXY + (OVP + (2Z)P = 0, 
and ie EN (3 
These lead to the six conditions, 
xY¥=—0, =Y¥=0; 27=—0, 
SZ — Ya =v, 2 (xe — Ze) = 4, 
x (Ya — Xy) = 0. 
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EXAMPLES. 


1. If the weights, 1, 2, 3, 4, 5 lbs., act. perpendicularly 
to a straight line at the respective distances of 1, 2, 3, 4, 
5 feet from one extremity, find the resultant, and the dis- 
tance of its point of application from the first extremity. 

Ans. K = 15 lbs., « = 38 feet. 


2. Four weights of 4, —7, 8, —3 lbs., act perpendicularly 
to a straight line at the points A, B, C, D, so that AB = 
5 feet, BC = 4 feet, CD = 2 feet; find the resultant and 
its point of application, G. 

Ans. R = 2 |bs., AG = 2 feet. 


3. Two parallel forces of 23 and 42 lbs., act at the points 
A and B, 14 inches apart; find GB to three places of 
decimals. Ans. 4 954 ins. 


4, Two weights of 3 cwts. 2 qrs. 15 lbs., and 1 ewt. 3 qrs. 
25 lbs. are supported at the points A and B of a straight 
line, the length AB = 3 feet 7 inches; find AG to three 
places of decimals of feet. Ans. 1.268 ft. 


5. A bar of iron 15 inches long, weighing 12 lbs., and of 
uniform thickness, has a weight of 10 lbs. suspended from 
one extremity ; at what point must the bar be supported 
that it may just balance. 


The weight of the bar acts at its centre. 


Ans. 47; in. from the weight. 


6. A bar of uniform thickness weighs 10 lbs. and is 
5 feet long ; weights of 9 lbs. and 5 lbs. are suspended from 
its extremities ; on what point will it balance ? 
Ans. 5 in. from the centre of the bar. 


7. A beam 30 feet long balances itself on a point at one- 
third of its length from the thicker end ; but when a weight 
of 10 lbs. is suspended from the smaller end, the prop must 
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be moved two feet towards it, in order to maintain the 
equilibrium. Find the weight of the beam. Ans. 90 lbs. 


8. A uniform bar, 4 feet long, weighs 10 lbs., and weights 
of 30 lbs. and 40 lbs. are appended to its two extremities ; 
where must the fulerum* be placed to produce equilibrium ? 

Ans. 3 in. from the centre of the bar. 


9. A bar of iron, of uniform thickness, 10 ft. long, and’ 
weighing 14 cwt., is supported at its extremities in a hori- 
zontal position, and carries a weight of 4 cwt. suspended 
from a point distant 3 ft. from one extremity. Find ‘the 
pressures on the points of support. 

Ans. 3.55 ewt., and 1.95 cwt. 


10. A bar, each foot in length of which weighs 7 lbs., 
rests upon a fulcrum distant 3 feet from one extremity ; 
what must be its length, that a weight of 714 lbs. sus- 
pended from that extremity may just be balanced by 
20 lbs. suspended from the other ? Ans. 9 ft. 


11. Five equal parallel forces act at 5 angles of a regular 
hexagon, whose diagonal is a; find the point of application 
of their resultant. 

Ans. On the diagonal passing through the sixth angle, at 
a distance from it of 2a. 


12. A body, P, suspended from one end of a lever with- 
out weight, is balanced by a weight of 1 lb. at the other 
end of the lever; and when the fulcrum is removed 
through half the length of the lever it requires 10 lbs. to 
balance P ; find the weight of P. Ans. 5 lbs. or 2 lbs. 


13. A carriage wheel, whose weight is W and radius 7, 
rests upon a level road; show that the force, /, necessary 
to draw the wheel over an obstacle, of height /, is 
V 2rh — Pe 


Ei fach 


* The support on which it rests. 
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14. A beam of uniform thickness, 5 feet long, weighing 
10 lbs., is supported on two props at the ends of the beam ; 
find where a weight of 30 lbs. must be placed, so that the 
pressures on the two props may be 15 Ibs. and 26 lbs. 

Ans. 10 ins. from the centre. 


15. Forces of 3, 4, 5, 6 lbs. act at distances of 3 ins. 
4 ins., 5 ins. 6 ins., from the end of arod ; at what distance 
from the same end does the resultant act ? 

Ans. 4% inches. 


16. Four vertical forces of 4, 6, 7, 9 lbs. act at the four 
corners of a square; find the point of application of the 
resultant. Ans. +; of middle line from one of the sides. 


17. A flat board 12 ins. square is suspended in a hori- 
zontal position by strings attached to its four corners, A, 
B, C, D, and a weight equal to the weight of the board is 
laid upon it at a point 3 ins. distant from the side AB and 
4 ins. from AD; find the relative tensions in the four 
strings. : Ans. As$: 4:4: 4 


2 ate 
18. A rod, AB, moves freely about the end, B, as on a 
hinge. Its weight, W, acts at its middle point, and it is 
kept horizontal by a string, AC, that makes an angle of 45° 
with it. Find the tension in the string. “Tie W 


a/2 


“ 


19. A rod 10 inches long can turn freely about one of 
its ends; a weight of 4 lbs. is slung to a point 3 ins. from 
this end, and the rod is held by a string attached to its free 
end and inclined to it at an angle of 120°; find the 
tension in the string when the rod is horizontal. 

Ans. 4 3 Ibs. 

20. Two forces of 3 Ibs. and 4 lbs. act at the extremities 
of a straight lever 12 ins. long, and inclined to it at angles 
of 120° and 135° respectively ; find the position of the 


fulcrum. Ans. (8 — 34/6) X 9.6 ins. from one end. 
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21, Find the true weight of a body which is found to 
weigh 8 ozs. and 9 ozs. when placed in each of the scale- 
pans of a false balance. Ans. 6 1/2 ozs 


22. A beam 3 ft. long, the weight of which is 10 lbs., 
and acts at its middle point, rests on a rail, with 4 Ibs, hang- 
ing from one end and 13 lbs. from the other; find the point 
at which the beam is supported ; and if the weights at the 
two ends change places, what weight must be added to the 
lighter to preserve equilibrium ? 

Ans. 12 ins. from one end; 27 lbs. 

23. Two forces of 4 lbs. and 8 lbs. act at the ends of a 
bar 18 ins. long and make angles of 120° and 90° with it; 
find the point in the bar at which the resultant acts. 


Ans. 3% (4 — V3) ins. from the 4 Ibs. end. 


24. A weight of 24 lbs. is suspended by two flexible 
strings, one of which is horizontal, and the other is inclined 
at an angle of 30° to the vertical. What is the tension in 
each string ? Ans. 8 V3 Ibs.; 16 V3 Ibs. 


25. A pole 12 ft. long, weighing 25 lbs. rests with one 
end against the foot of a wall, and from a point 2 ft. from 
the other end a cord runs horizontally to a point in the 
wall 8 ft. from the ground ; find the tension of the cord and 
the pressure of the lower end of the pole. 

Ans. 11.25 lbs.; 27.4 lbs. 


26. A body weighing 6 lbs. is placed on a smooth plane 
which is inclined at 30° to the horizon ; find the two direc- 
tions in which a force equal to the body may act to produce 
equilibrium. Also find what is the pressure on the plane 
in each case. 

Ans. A force at 60° with the plane, or vertically upwards ; 
R = 6 V3, or 0. 

27. A rod, AB, 5 ft. long, without weight, is hung from 
a point, C, by two strings which are attached to its ends 


a 
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and to the point; the string, AO, is 3 ft., and BC is 4 ft. in 
length, and a weight of 2 Ibs. is hung from A, and a weight 
of 3 lbs. from B; find the tensions of the strings. 

Ans. V5 lbs.; 2/5 lbs. 


28. Find the height of a cylinder, which can just rest on 
an inclined plane, the angle of which is 60°, the diameter 
of the cylinder being 6 ins. and its weight acting at the 
middle point of its axis. Ans. 3.46 ins. 

29. Two equal weights, P, Q, are connected by a string 
which passes over two smooth pegs, A, B, situated in a 
horizontal line, and supports a weight, W, which hangs 
from a smooth ring through which the string passes; find 
the position of equilibrium. 

Ans. The depth of the ring below the line 


30. The resultant of two forces, P, Q, acting at an angle, 
0, is = (2m + 1) VP? + @; when they act at an angle, 


. — 6, it is = (Qm —1) VP? + @; show that tan 0 = 


31. A uniform heavy beam, AB = 2a, S 
rests on a smooth peg, P, and against a 
smooth vertical wall, AD; the horizontal 
distance of the peg from the wall being 
h; find the inclination, 0, of the beam to 
the vertical, and the pressures, 2 and JS, on the wall and peg. 


/ at — it 
Eee 


Fig.34 


Ans. 0 = sin7! (")’; See w(5)’; aa 6 


32. Two equal smooth cylinders rest in contact on twa 
smooth planes inclined at angles, « and 8, to the horizon; 
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find the inclination, 6, to the horizon of the line joining 
their centres. Ans. tan 0 = }(cot «& — cot B). 


33. A beam, 5 ft. long, weighing 5 lbs. rests on a ver- 
tical prop, CD = 24 ft.; the lower end, A, is on a hori- 
zontal plane, and is prevented from sliding by a string, 
AD = 34 ft.; find the tension of the string. 

Ans. T = 3§ lbs. 


34. A uniform beam, AB, is placed with one end, A, 
inside a smooth hemispherical bowl, with a point, P, rest- 
ing on the edge of the bowl. If AB = 3 times the radius 
etind PAs Ans, AR = 1838 er: 


35. A body, weight W, is suspended by a cord, length J, 
from the point A, in a horizontal plane, and is thrust out 
of its vertical position by a rod without weight, acting at 
another point, B, in the horizontal plane, such that 
AB = d, and making the angle, 6, with the plane; find 
the tension, 7, of the cord. 1 


Anse a WV 7d cot 6. 


36. Two heavy uniform bars, AB and 
CD, movable in a yertical plane about 
their extremities, A, D, which rest on a 
horizontal plane and are prevented from 
sliding on it; find their position of 
equilibrium when leaning against each Fig.35 
other. 

Let the bars rest against each other at B, and let 
tee @, AB = bh /0OD ac, BD = a, W ands, = the 
weights of AB and CD, respectively acting at their middle 
points; then we have 


28W (e+ P—P)=cW, (e+ e—-—P) P42), 


which is an equation of the fifth degree, and hence always 
has one real root, the value of which may be determined 
when numbers are put for a, 0, and c. 
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37, A parabolic eurve is 
placed in a vertical plane with 
its axis vertical and vertex 
downwards, and inside of it, 
and against a peg in the focus, 
and against the concave arc, a 
smooth uniform and heavy — 
beam rests ; required the Sear 
tion of equilibrium. 

Let PB be the beam, of 
length 7, and of weight W, w 
resting on the peg at the focus, Fig.36 
E let AF = g and AFP >= 9, Ge ge see (2. 


38. Find the form of the curve in a vertical plane such 
that a heavy bar resting on its concave side and on a peg at 
a given point, say the origin, may be at rest in all 
positions. 

Ans. r = 41+ k sec 6, in which 7 = the length of the 
bar, 4 an arbitrary constant, and @ the inclination of the 
bar to the vertical. It is the equation of the conchoid of 
Nicomedes. 


_ 39. A rod whose centre of gravity is not its middle point 
is hung from a smooth peg by means of a string attached 
to its extremities ; find the position of equilibrium. 

Ans. There are two positions in which the rod hangs 
vertically, and there is a third thus defined :—Let /’ be the 
extremity of the rod remote from the centre of gravity, & 

the distance of the centre of gravity from the middle point 
of the rod, 2a the length of the string, and 2c the length of 
the rod; then measure on the string a length /’P Ree i 


equal to a(t + *), ana place the point P over the peg. 


This will define a third position of equilibrium. 
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40. A smooth hemisphere is fixed on a horizontal plane, 
with its convex side turned upwards and its base lying in 
the plane. A heavy uniform beam, AB, rests against the 
hemisphere, its extremity A being just out of contact with 
the horizontal plane. Supposing that A is attached toa 
rope which, passing over a smooth pulley placed vertically 
over the centre of the hemisphere, sustains a weight, find 
the position of equilibrium of the beam, and the requisite 
magnitude of the suspended weight. 

Ans. Let W be the weight of the beam, 2a its length, P 
the suspended weight, r the radius of the hemisphere, 4 
the height of the pulley above the plane, 6 and @ the 
inclinations of the beam and rope to the horizon; then the 
position of equilibrium is defined by the equations. 


r cosec 6 = h cot 4, (1) 
r cosec? 6 = a (tan @ + cot 6), (2) 


which give the single equation for 6, 


r (r — asin 9 cos 6) = ah sin? 6. (3) 
: sin 6 
Also Je — VV cos (@ — 6) 
_yé sin? 0 vides hP sin? 0 (4) 


41. If, in the last example, the position and magnitude 
of the beam be given, find the locus of the pulley. 

Ans. A right line joining A to the point of intersection 
of the reaction of the hemisphere and W. 


42. If, in the same example, the extremity, A, of the 
beam rest against the plane, state how the nature of the 
problem is modified, and find the position of equilibrium. 

Ans. The suspended weight must be given, instead of 
being a result of calculation. Equation (1) still holds; but 

5 
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not.(2) ; and the position of equilibrium is defined by the 
equation 
Pi? cos’ 6 = War sin? 9. 


43. If the fixed hemisphere be replaced by a fixed sphere 
or cylinder resting on the plane, and the extremity of the 
beam rest on the ground, find the position of equilibrium. 

Ans. If h denote the vertical height of the pulley above 
the point of contact of the sphere or cylinder with the 
plane, we have 


ip cot 5 = h cot 9, 


Pr (1 + cot : cot 9) cos 6 = Wa cos @. 


44, One end, A, of a heavy uniform beam rests against a 
smooth horizontal plane, and the other end, B, rests against 
a smooth inclined plane ; a rope attached to B passes over 
a smooth pulley situated in the inclined plane, and sustains 
a given weight; find the position of equilibrium. 

Let @ be the inclination of the beam to the horizon, « the 
inclination of the inclined plane, W the weight of the beam, 
and P the suspended weight ; then the-position of equili- 
brium is defined by the equation 


cos 9(Wsin « —2P) = 0. (1) 
Hence we draw two conclusions :— 
(a) If the given quantities satisfy the equation W sin « 
— 2P = 0, the beam will rest in all positions. 


(>) There is one position of equilibrium, namely, that in 
which the beam is vertical. 


This position requires that both planes be conceived as 
prolonged through their line of intersection. 


45. A uniform beam, AB, movable in a vertical plane 
about a smooth horizontal axis fixed at one extremity, A, is 
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attached by means of a rope BC, whose weight is negligible, 
to a fixed point C in the horizontal line through A, such 
that AB = AC; find the pressure on the axis. 

Ans. If 6 = <CAB, W = weight of- beam, the re- 
action is 


ww 4 sin? 5 oF coe? 5 


CG HA PACE Re ave 
CENTRE OF GRAVITY* (CENTRE OF MASS) 


66. Centre of Gravity.—Gravity is the name given te 
the force of attraction which the earth exerts on all bodies ; 
the effects of this force are twofold, (1) statical in virtue of 
which all bodies exert pressure, and (2) kinetical in virtue 
of which bodies if unsupported, will fall to the ground 
(Art. 15). The force of gravity varies slightly from place 
to place on the earth’s surface (Art. 23); but at each place 
it is a force exerted upon every body and upon every 
particle of the body in directions that are normal to the 
earth’s surface, and which therefore converge towards the 
earth’s centre; but as this centre is very distant compared 
with the distance between the particles of any body of 
ordinary magnitude, ‘the convergence is so small that the 
lines in which the force of gravity acts are sensibly parallel: 

The centre of gravity of a body ws the point of application 
of the resultant of all the forces of gravity which act upon 
every particle of the body; and since these forces are 
practically parallel, the problem of finding its position may 
be treated in the same way as that of finding the centre of a 
system of parallel forces (Arts. 45, 59, 63). The centre of 
gravity may also be defined as the point at which the whole 
weight of a body acts. If the body be supported at. this 
point it will rest in any position whatever. 

The weight of a body is the resultant of all the forces of 
gravity which act upon every particle of it, and is equal in 
magnitude and directly opposite to the force which will just 
support the body. Since the centre of gravity is here 


* Called also Centre of Mass and Centre of Inertia ; and the term Centroid has 
lately come into use to designate it, 
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regarded as the centre of parallel forces, it is more truly 
conceived of as the “centre of mass;” yet in deference to 
usage we shall call the point the “centre of gravity.” 


67. Planes of Symmetry.— Axes of Symmetry.—If 
a homogeneous body be symmetrical with reference to any 
plane, the centre of gravity is in that plane. 

If two or more such planes of symmetry intersect in 
one line, or axis of symmetry, the centre of gravity is in 
that axis. 

If three or more planes of symmetry intersect each other 
in a point, that point is the centre of gravity. 

By observing these principles of the symmetry of the 
figure there are many cases where the centre of gravity is 
known at once; thus, the centre of gravity of a straight 
line js its middle point. The centre of gravity of a circle 
or of its circumference, or of a sphere or of its surface, is its 
centre. The centre of gravity of a parallelogram or of its 
perimeter is the point in which the diagonals intersect. 
The centre of gravity of a cylinder or of its surface is the - 
middle of its axis; and in a similar manner we shall 
frequently conclude from the symmetry of the figure, that 
the centre of gravity of a body is in a particular line which 
can be at once determined. 

When we speak of the centre of gravity of a line, we 
are really considering a material line of the same density 
and thickness throughout, whose section is infinitesimal ; 
and when we consider the centre of gravity of any surface, 
we are really considering the surface as a thin uniform 
lamina, the thickness of which, being uniform, can be 
neglected. 


68. Body Suspended from a Point.— When a body is 
suspended from a point about which it can turn freeiy, tt 
will rest with its centre of gravity in the vertical line passing 
through the point of suspension. For, if the point of sus- 
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pension and the centre of gravity are not in a vertical line, 
the weight acting vertically downwards at the centre of 
gravity and the reaction of the point of suspension vertically 
upwards form a statical couple and hence there will be 
rotation. : 


69. Body Supported on a Surface.— When a body is 
placed on a surfice wt will stand or fall according as the 
vertical line through the centre of gravity falls within or 
without the base. For if it falls within the base the reaction 
of the surface upward and the action of the weight down. 
ward will be in the same vertical line, and so there will be 
equilibrium. But if it falls without the base the reaction 
of the surface upward and the action of the weight down- 
ward form a statical couple and hence the body will rotate 
and fall. 


70. Different Kinds of Equilibrium.—According to 
the proposition just proved (Art. 69) a body ought to rest 
upon a single point without falling, provided that its centre 
of gravity is placed in the vertical line through the point 
which forms its base. And, in fact, a body so situated 
would be, mathematically speaking, in a position of equili- 
brium, though practically the equilibriun: would not sub- 
sist. The body would be moved from its position by the 
least force, and if left to itself it would depart further from 
it, and never return to that position again. This kind of 
equilibrium, and that which is practically possible, are 
distinguished by the names of wnstable and sfable. Thus 
an egg on either end is in a position of unstable equilibrium, 
but when resting on its side it is in a position of stable 
equilibrium. The distinction may be defined generally as 
follows: 


When the body is in such a position that if slightly dis- 
placed it tends to return to its original position, the equili- 
brium is stable. When it tends to move further away from 
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its original position, its equilibrium is unstable. When it 
remains in its new position, its equilibrium is neutral. A 
sphere or cylindrical roller, resting on a horizontal surface, 
is in neutral equilibrium. In stable equilibrium the'centre 
of gravity occupies the lowest possible position; and in 
unstable it occupies the highest position. 

We shall first give a few elementary examples. 


71. Given the Centres of Gravity of two Masses, 
M, and M,, to find the Centre of Gravity of the two 
Masses as one System.—Let g,, denote the centre of 
gravity of the mass W/,, and g, the centre of gravity of the 
mass M,. Join g; g, and divide it at the point, G, so that 
Gg, _ MM, 
Oy, Ml,’ 
masses as one system (Art. 45). 


then G is the centre of gravity of the two 


72. Given the Centre of Gravity of a Body of 
Mass, WM, and also the Centre of Gravity of a part 
of the Body of Mass, mm, to find the Centre of 
Gravity of the remainder.—Let ( denote the centre of 
gravity of the mass, /, and g, the centre of gravity of the 
mass, m,. Join Gg, and produce it through G to gp, so that 
Ggo _ my 
Gg, M—m,’ 
remainder (Art. 45). 


73. Centre of Gravity of a Triangular Figure of 
Uniform Thickness and Density.—Let ABC be the 
triangle; bisect BC in D, and join AD; 
draw any line dde parallel to BC ; then it 
is evident that this line will be bisected by 
AD in d, and will therefore have its centre 
of gravity at d; similarly every line in the 
triangle parallel to BC will have its centre 
of gravity in AD, and therefore the centre of gravity of the 
triangle must be somewhere in AD. 


then g, is the centre of gravity of the 


Fig.37 
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- In like manner the centre of gravity must lie on the line 
BE which joins B to the middle point of AC. It is there- 
fore at the intersection, G, of AD and BE. 

Join DE, which will be parallel to AB; then the riangles, 
ABG, DEG, are similar; therefore 


AG: sABye BCptes 
GDos -DEeuvl) Caer 


or GD = 4AG = FAD. 


Hence, to find the centre of gravity of a triangle, bisect any 
side, join the point of bisection with the opposite angle, the 
centre of gravity lies one third the way up this bisection. 


Cor. 1.—If three equal particles be placed at the vertices 
of the triangle ABC their centre of gravity will coincide 
with that of the triangle. 

For, the centre of gravity of the two equal particles at B 
and © is the middle point of BC, and the centre of gravity 
of the three les on the line joiming this point to A. 
Similarly, it lies on the line joining B to the middle of AC. 
Therefore, ete. 


Cor. 2.—The centre of gravity of any plane polygon may 
be found by dividing it into triangles, finding the centre of 
gravity of each triangle, and then by Art. 59 deducing the 
centre of gravity of the whole figure. 


Cor. 3.—Let the co-ordinates of A, referred to any axes, 
be 21, ¥1, #,; those of B, 2, Ys, 2,3 and those of C, w,, 
Y3) 23; then (Art. 59), the co-ordinates, a, y, 2, of the centre 
of gravity of three equal particles placed at A, B, OC, respec- 
wey: are 


ros Ly + %, + 23 | Se eee 
— 3 ’ yY — 3 > 


ga 


why th 2g tt 23 2 
i iiesies 
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which are also the co-ordinates of the centre of gravity of 
the triangle ABC (Cor. 1). 


7%. Centre of Gravity of a Triangular Pyramid of 
Uniform Density.—Let D-ABC be a triangular pyramid; 
bisect AC at E; join BE, DE; take EF a 
= 4EB, then F is the centre of gravity of 
ABC (Art. 73). Join FD; draw ad, bc, ca 
parallel to AB, BC, CA respectively, and 
let DF meet the plane, adc, at f; join bf ® 
and produce it to meet DE at e. Then 
since in the triangle ADC, ae is parallel 
to AC, and DE bisects AC, e is the middle point of ac; also 


Fig.38 c 


of Dine. 

BED bam ie ; 
but EF = 43BR, 
therefore Of == A40f 5 


therefore f is the centre of gravity of the triangle abe (Art. 
73). Now if we suppose the pyramid to be divided by 
planes parallel to ABC into an indefinitely great number of 
triangular lamine, each of these laminz has its centre of 
gray ityin DF. Hence the centre of gravity of the pyramid 
isin DF. 

Again, take EH = 4ED; join HB cutting DF at, G. 
Then, as before the centre of the pyramid must be on BH. 
It is therefore at the intersection, G, of the lines DI 
and BH. ; 

Join FH; then FH is parallel to DB. Also, EF = 4HB, 
therefore FH = = 4DB;; and in the similar triangles, FGH 
and BGD, we have 

FG. Ho) 
0) Dag DRG ae 


therefore FG = DG = 4DF. 
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Hence, the centre of gravity of the pyramid is one-fourth 
of the way up the line joining the centre of gravity of the 
base with the vertex. (Todhunter’s Statics, p. 108. Also 
Pratt’s Mechanics, p. 53.) 


Cor. 1.—The centre of gravity of four equal particles 
placed at the vertices of the pyramid coincides with the 
centre of gravity of the pyramid. 


Cor. 2.— Let (24; Ys 21) be one of the vertices; (%, Yo, 2) 
a second vertex, and so on; let («, y, 2) be the centre of 
gravity of the pyramid ; then (Art. 59) 


8&1 


= f(x, +2, + % + %), 


=4(y%1 + Ye + Ys + Ya), 


< 


= 4 (4, + 2 + 2% + 2%). 


Cor. 3.—The perpendicular distance of the centre of 
gravity of a triangular pyramid from the base is equal to } 
of the height of the pyramid. 


75. Centre of Gravity of a Cone of Uniform 
Density having any Plane Base.—Consider a pyramid 
whose base is a polygon of any number of sides. Divide 
the base into triangles; join the vertex of the pyramid with 
the vertices of all the triangles; then we may consider the 
pyramid as composed of a number of triangular pyramids. 
Now the centre of gravity of each of these triangular 
pyramids lies in a plane whose distance from the base is 
one-fourth of the height of the pyramid (Art. 74, Cor. 8); 
therefore the centre of gravity of the whole pyramid lies in 
this plane, 7.¢., its perpendicular distance from the base is 
one-fourth of the height of the pyramid. 

Again, if we suppose the pyramid to be divided into an 
indefinitely great number of lamine, as in Art. 74, each of 
these lamin has its centre of gravity on the right line 


CENTRE OF GRAVITY. 107: 


joining the vertex to the centre of gravity of the base; and 
hence the centre of gravity of the whole pyramid lies on 
this line, and hence it must be one-fourth the way up this 
line. There is no limit to the number of sides of the poly- 
gon which forms the base of the pyramid, and hence they 
may form a continuous curve. 

Therefore, the centre of gravity of a cone whose base is 
any plane curve whatever is found by joining the centre of 
gravity of the base to the vertex, and taking a point one- 
fourth of the way up this line. 


76. Centre of Gravity of the Frustum of a Pyra- 
mid.—Let ABO-abe (Fig. 38) be the frustum, formed by 
the removal of the pyramid, D-adc, from the whole pyramid, 
D-ABC; let 2, and H be the perpendicular heights of these 
pyramids, respectively; let m and M denote their masses; 
and let z,, 2), 2 denote the perpendicular distances of the 
centres of gravity of the pyramids D—ABC, and D-adc, and 
the frustum, from the base; then we have (Art. 59, Sch. 1) 


Mz, =2z(M—m) + m2; 


- Mz, —mz, 
oF rs rare @) 
H 
But cd aay ©, 


hy 


ty = (H—h,) + 2 = H— My. 


Also, the masses of the pyramids are to each other as their 
volumes* by (1) of Art. 10, and therefore as the cubes of 


their heights. Hence (1) becomes 


* If the bodies are homogeneous, the volumes or the weights are proportional to 
(ne masses, and may be substituted for them. : : 
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tH! — (H — $h,) h,? 
Hh, 


= 


Ht — 4ihy? + Bly! 
H® — ih, 


H—hy H? + 2Hhy + 3h yy 
4 H? + Hh, + hy 


Instead of the heights we may use any two corresponding 
lines in the lower and upper bases, to which the heights are 
proportional, as for example AB and ab. Denoting these 
lines by a@ and 0, and the altitude of the frustum by h, (2) 
becomes 
: h @ + 2ab + 36? 
ae e+a+e (3) 


This is true of a frustum of a pyramid on any base, a 
and 4 being homologous sides of the two ends, and hence it 
is true of the frustum of a cone standing on any plane base. 


EXAMPLES. 


_ 1. Find the centre of gravity of a trapezoid in terms of 
the lengths of the two parallel sides, a and 6, and of the 
line, 2, joing their middle points. 


Take moments with reference to the longer parallel side. 


Ans. On the line bisecting the parallel sides and at a 
distance from its lower end = bavi 
3 a+b 
2. If out of any cone a similar cone is cut so that their 
axes are in the same line and their bases in the same plane, 
find the height of the centre of gravity of the remainder 
above the base. 


Take moments with reference to the base. 
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— A's 
Ans. }- = = where /, is the height of the original 


cone, and h’, the height of that which is cut out of it. 


If out of any cone another cone is cut having thé 
same base and their axes in the same line, find the height 
of the centre of gravity of the remainder above the base. 

Ans. $(h +h,), where hf and h, are the respective 
heights of the original cone and the one that is cut out 
of it. 


4. If out of any right cylinder a cone is cut of the same 

base and height, find the centre of gravity of the remainder. 
Ans. 8ths of the height above the base. 

77. Investigations Involving Integration. — ‘I'he 
general formulz for the co-ordinates of the centre of gravity 
vary according as we consider a material line, an area or 
thin lamina, or a solid ; and assume different forms accord: 
ing to the manner in which the matter is supposed to be 
divided into infinitesimal elements. 

In either case the principle is the same; the quantity of 
matter is divided into an infinite eevee of infinitesimal 
elements, the mass of the element being dm; multiplying 
the element by its co-ordinate, z, for example, we get 
«-dm, which is the moment of the element* with respect to 
the plane yz (Art. 63); and /a-dm is the sum of the 
moments of all the elements with respect to the plane yz, 
and which corresponds to =Pz of Art. 63. Also, /dm is 
the sum of the masses of all the elements which correspond 
to XP of the same Article. Hence, dividing the former by 
the latter we have 


* The moment of the force acting on element dyn is strictly dm.g-x, but since 
the constant g appears in both terms of expression for co-ordinates of centre of 
gravity, it may be omitted and it becomes more conyenient to speak of the moment 
of the edement, meaning by it the product of the mass of the element dm. and its 
arm, 7. The moment of an element measures its effect in determining the poetion 
of the centre of gravity. 
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-  fa-din 
aS Jdm (1) 
Similarly pen - — (2) 
_ Sfa-dm, ; 
=> ~ fam 3 (3) 


the limits of integration being determined by the form of 
the body ; the sign, ,/’, is used as a general symbol] of sum- 
mation, to be replaced by the symbols of single, double, or 
triple integration, according as dm denotes the mass of an 
elementary length or surface or solid. Hence, the co-or- 
dinate of the centre of gravity referred to any plane is equal 
to the sum of the moments of the elements of the mass 
referred to the same plane divided by the sum of the elements, 
or the whole mass. Jf the body has a plane of symmetry 
(Art. 67), we may take it to be the plane zy, and only (1) 
and (2) are necessary. If it has an axis of symmetry we 
may take it to be the axis of 2, and only (1) is necessary. 


78. Centre of Gravity of the Arc of a Curve.—lIf 
the body whose centre of gravity we want is a material line 
in the form of the arc of any curve, dm denotes the mass of 
an elementary length of the curve. 

Let ds = the length of an element of the curve; let 
k = the area of a normal section of the curve at the nouns 
(x, y, 2), and let p = the density of the matter at this 
point. Then (Art. 11), we have dm = kpds, which is the 
mass of the element ; multiplying this mass by its co-or- 
dinate, 2, for example, we have the: moment of the element, 
(kpads), with respect to the plane, yz. 

Hence, substituting for dm in (1), (2), (3), of Art. 77, 
the linear element, pds, we obtain, for the position of the 
centre of gravity of a body in the form of any curve, the 
equations . 
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._ JSkpaxds 
> Thee” (1) 
___ fhoyds | 
YS Sida’ (2) 
_ Skpzds 
fee (3) 


The quantities & and p must be given as functions of the 
position of the point (z, y, z) before the integrations can 
be performed. 

If the curve is of double curvature all three equations 
are required. If it is a plane curve, we may take it to be 
in the plane zy, and (1) and (2) are sufficient to determine 
the centre of gravity, since z = 0. If the curve has an axis 
of symmetry, the axis of 2 may be made to coincide with 
it, and (1) is sufficient. 


EXAMPLES. 


1. To find the centre of gravity of a circular arc of uni- 
form thickness and density. 

Let BC be the arc, A its middle point, y| Fig.39 
and O the centre of the circle. Then as 
the are is symmetrical with respect to OA 
its centre of gravity must lie on this line. 
Take the origin at O, and OA as axis of a. 
Then, since & and p are constant, (1) be- 
comes 


Sads , 


fis? (1) 


a 


a being the co-ordinate of any point, P, in the are. Let 0 
be the angle POA, and a the radius of the circle, and let 
a = the angle BOA. Then 


ie = . EXAMPLES. 
x = acos 8, 


and ds = ado. 


fea cos 6 dé J cos 6 de 3 
=z is _ {ane 
ft “a do Ap do “ 


Hence ao =e 


Therefore, the distance of the centre of gravity of the are of 
a circle from the centre is the product of the radius and the 
chord of the are divided by the length of the are. 


_Cor.—The distance of the ceutre of gravity of a semi- 
circle from the centre is ae. 
"2. Find the centre of gravity of the quadrant, AD, (Fig. 


39), referred to the co-ordinate axes OX, OY. 
The equation of the circle is 


Ba ee 


Cds a 
e y > 
yds = adz, 
and d= Os 


which in (1) and (2), after canceling & and p, give 


rer 


deepens 8 Aes Sa a an 
—— SDs so ye 
0 V/ ae eset: xv 3 a 0 t 


= 
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| Sf, a lz], + oh 


re ea oe EC 
——— [ sin-1= | 


3. Find the centre of gravity of the are of a cycloid. 

Take the origin at the starting point of the cycloid, and 
let the base be taken as the axis of 2. The equation of 
the curve is 


2 = avers! v_ (2ay — y?)* ; 


dx dy ds 


yi Ray Ray? 


it is evident that the centre of gravity will be in the axis of 
the cycloid; therefore z = ma; and as & and p are constant, 
(2) becomes 


Cor.—For the arc of a semi-cycloid, we get 
G = $0, y == 4a. 


4, Find the centre of gravity of a circular are of uniform 
section, the density varying as the length of the are from 
one extremity. 

Let AB (Fig. 39), be the arc; let be the density at the 
units distance from A, then ps will be the density at the 
distance s from A; let OA be the axis of z, and « the 
ZAOB. Then, putting ws for p, and a cos 0, a sin 6, a dé, 
and a6, for x, y, ds, and s, in (1) and (2), 
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J k+ "00+ a cos +a dé J°6 cos 0 a9 


ae 


@sine +cosa—l1 
= 2a — eh Sale 


[wad - ado 


ae 


Jk uab-asin6-ad9 — f“osinado 
0 


pe ee ee 
[ke - Had add 0 d0 


sin @ — a cose 
oe 


= 2a 


Cor.—For a quadrant we get 


- 4a =. §'8¢ 
= 3 (7 — 2), i ae 


5. Find the centre of gravity of one-half ot a loop of a 
lemniscate whose equation is r? = a? cos 20, 7 being the 
length of the half-loop. 


H adr eg era ae. t 
ai =a? sin 20 a cos 20? 
oy Joon eee ote 
21 2°] 


6. Find the centre of gravity of a straight rod, the den- 
sity of which varies as the mth power of the distance of 
each point from one end. 


Take the origin at this end, suppose the axis of « to coincide with 
the axis of the rod, and let 7 = the length of the rod. 


Ans. 2 = 


3 
~- 
ale 
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7. Find the centre of gravity of the arc of a semi-car- 
dioid, its equation being 


r = a(1 + cos 6), 


Ans. The co-ordinates of the centre of gravity referred 
to the axis of the curve and a perpendicular through the 
cusp, as axes of x and y, are 


f= 7 Ad. 


79. Centre of Gravity of a Plane ot 
Area.—Let ABCD be an area bounded A | 
by the ordinates, AC and BD, the curve ol 
AB whose equation is given, and the axis 
of z; it is required to find the centre of Fig.40 
gravity of this area, the lamina (Art. 67) 
being supposed of uniform thickness and density. We 
divide the area into an infinite number of infinitesimal 
elements (Art. 77). Suppose this to be done by drawing 
ordinates to the curve. Let PM and QN be two consecu- 
tive ordinates, let (7, y) be the point, P, and let g be the 
centre of gravity of the trapezoid, MPQN, whose breadth is 
dz and whose parallel sides are y and y + dy. The area of 
this trapezoid is y dz, (Cal., Art. 184). 

Let p be the density and & the thickness of the lamina. 
Then (Art. 11) we have dm = kpy dz, which is the mass 
of the element MPQN; multiplying this mass by its co-or- 
dinate, z, for example, we have the moment of the element 
(kp ay dx), with respect to OY, and multiplying by the 
other co-ordinate, $y, we have the moment with respect to 
OX. Hence, substituting for dm in (1) and (2) of Art. 77, 
the surface element, kpy dz, and remembering that & and p 
are constants, we obtain, for the position of the centre of 
gravity of a body in the form of a plane area, the equations, 
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if LY OX igns ephthe Sees Ae a 


the integrations extending over the whole area CABD. 


Bee AGMEP DES. 


1. Find the centre of gravity of the area of a semi-parab. 
ola whose equation is y? = pz. 

Let a = the axis, and 4 the extreme ordinate, then we 
have from (1) 


3 —s 3 i} 3 
fh V 2p 2® dx yk a? dx 
0 0 
ie a = = a 
de / 2p a* dx si a dx 
0 0 


° 
a 3 


2. Find the centre of gravity of the area of an elliptic 
quadrant whose equation is 


uid Waa 
y= - Ve — we 
[oy de ie (a2 — x)» xdz 
Here # = = at ; 
ah 
Joye afi (a? — 28) de 
ae) 
es ey 
2 * 6 
ON A aR ee 
7. a wena a ye > 
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ne DEE 
e° oa a 


Hence for the centre of gravity of the area of a circular 
quadrant we have 


_ 4a 
A 


3. Find the centre of gravity of the area of a semi- 
eycloid. 

Take the axis of the curve as axis of 2, and a tangent at 
the highest point as axis of y; then the equation is (Anal. 
Geom., Art. 157), 


y = avers*= + + /2ax — 2°; 


where a is the radius of the generating circle. From (1) we 


have 
Aa 2 es 
dh ay ax pe fag 


i = — 


"y dz [ ye — a x ay" 


2a 
_ [ye ‘fi w (2ax — 22)* dx F ma (2a)? — tna’ 
[ye — Sf (2ax — 22)? af are 


since when « = 0 and 2a, y = 0 and 7a. 


ee a = qa. 
Also, 
2a 
2 of 2 — 2 vd ie 
a vie Y Wk ene Sy y 
Y= 2 "Ra 3a? 
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[ ye—2 i Y (Qax — #°)* ax" 


a 3ra? 


ang 
| yx—2a di (2ax—a?)* vers am WL (2ax—ax*) axl" 


37a? 


9, 


Det ae 2 Py) GONE ee 
[ ye 2am + 2x 2a f (2a2 x*)® vers = de |" 


37a" 
8a2 —s 28 a 
nas oe 5 r2q3 — —— 
= 37a? 37a” 


. a ee 
OO HS 3r ($7 $), 
which the student can verify by assuming 
verst~ = @, 
a 


(See Todhunter’s Statics, p. 118.) 


80. Polar Elements of a Plane 
Area.—Let AB be the are of a curve, 
and let it be required to find the centre of 
gravity of the area bounded by the arc 
AB and the extreme radii-vectors, OA 
and OB, drawn from the pole, O, to the 
extremities of the are. 

Divide the area into infinitesimal triangles, such as POQ, 
included between two consecutive radii-vectors, OP and | 
OQ. Let (7, 6) be the point, P, then the area of the 
element, POQ = 47° d6 (Cal., Art. 191); and if the thick- 
ness and density of the lamina are uniform, the centre of 
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gravity of this elementary triangle will be on a straight line 
drawn from O to the middle of PQ, and at a distance of 
two-thirds of this straight line from O (Art. 73). Hence 
the co-ordinates of the centre of gravity, g, of POQ, are 
OM and Mg, or, 


$rcos@, and rsin 4 
Hence, (Art. 77), 
Ser cos9-4rdo  , frecos6do. 


Ro gf htds 7 terfitdd ia eae 
-_ fgrsin6-47°d0 _ , fresin6dd6. 2 
Aes S43? do he Mr dO (2) 


the integrations extending over the whole area, AOB. 


EXAMPLE, 


Find the centre of gravity of the area of a loop of Ber- 
nouilli’s Lemniscate whose equation is r? = @ cos 20. 

As the axis of the loop is symmetrical with respect to 
the axis of z, y = 0, and the abscissa of the centre of 
gravity of the whole loop is evidently the same as that. of 
the half-loop above the axis. Substituting in (1) for 7 its 
value a cos® 20, we have 


T 


4 ie cos? 20 cos 6 d@ 
0 


ik “COS 26 dé 
Jo 


= 4a de — 2 sin? 6)? d sin 8, 
0 


= 0 


sin @ 


2 


Pat sin 0 = , then 
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| : 4a 7 : sei: 
Bae $ ct, ye F OD e k 
z= sf cos odo = Se 35 (Cal., Art. ey 


ois Oia ea 


81. Double Integration—Polar Formulz.— When 
the density of the Jamina varies from point to point, it maly 
be necessary to divide it into elements of the second order 
instead of rectangular or triangular elements of the first 
order (Arts. 79 and 80). 

Suppose that the density of the lamina AOB (Fig. 41), 
is not uniform. If we divide it into triangular elements, 
POQ, the element of mass will be no longer proportional to 
the element of area, POQ = 47° d@; nor will the centre of 
gravity of the triangle, POQ, be 37 distant from O. 

Let a series of circles be described with O as a centre, 
the distance between any two successive circles being dr. 
These circles will divide the triangle, POQ, into an infinite 
number of rectangular elements, abcd = rd0dr. If & is 
the thickness and p is the density of the lamina at this ele- 
ment, the element of mass will be dm = kpr ddr; and 
the co-ordinates of its centre of gravity will be r cos 6 and 
7 sin 6. Hence, from (1) and (2) of Art. 77, we have 


she pr cos 6 rdé dr Sf fkov%008 0 d6 dr 
J f ker a0 ar eed SJ ker doar “2 


his = bee ue do ee a 
af. | kor d0 dr 


In each of these integrals the values of & and p are to be 
substituted in terms of 7 and 6, and the integrations taken 
between proper limits. 


— 
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EXAMPLE. 


Find the centre of gravity of the area of a cardioid in 
which the density at a point increases directly as its distance 
from the cusp. 

Let « =the density at the unit’s distance from the 
cusp, then p = pr, is the density at the distance r from 
the cusp. 

As the axis of the curve is an axis of symmetry (Art. 67), 
y = 0, and the abscissa of the whole curve is the same as 
for the half above the axis ; then (1) becomes 


iT ir 
J af 7? cos 0d6 dr 
z 0 0 
ee cus iv 
J doar 
O70 


sf r! cos 6 dO 
0 


Ss Sees 
4 


ys "3 d0 


by performing the r-integration. 


? 


The equation of the curve is 


0 
r = a(1 + cos 6) = 2a cos? 5 


area 
Substituting this value for r, and putting 5 = , we have 


TT 


[os @ (2 cos? ¢ — 1) do 
0 


we cos® @ dp 


x = 3a 


wy 


— 210. 
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82. Double Integration.—_Rectangular Formule.— 
Let a series of consecutive straight lines be drawn parallel 
to the axes of x and y respectively, dividing the area, ABCD, 
(Fig. 40), into an infinite number of rectangular elements 
of the second order. Then the area of each element, as 
abcd, = dx dy; and if & and p are the thickness and density 
of the lamina at this element, the element of mass will be 
dm = kp dz dy; and the co-ordinates of its centre of gravity 
will be a and y. Hence from (1) and (2) of Art. 77, we 
have 


2 —__-____;} (1) 


=o (2) 


the integrations being taken between proper limits. 


EXAMPLE 


Find the centre of gravity of the area of a cycloid the 
density of which varies as the nth power of the distance 
from the base. 

Take the base as the axis of # and the starting point as 
the origin. Then the equation of the curve is 


20 vers14 — (ay — ¥*)*; 
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Let p = uy” = density at the distance y from the base. 


It is evident that the centre of gravity will be in the axis of 
the cycloid ; therefore 2 = 7a; and as & is constant (2) 


becomes 
27a 
n+1 q ad. 
A etyes 
I= wra py aud 
nm ie! 
ah yn dy dea 


he ae 


Q7a 
a yet dz 
0 
he Tee dy 
_n+1 Vay — ¥ 
~n + 9 2a deat Le 
J, V/ 2ay — 


» By enka: Be 
_#t!1 2n tea 0 Yo V2ay — 9 
~~ 55 2 n+ See Oe en ’ 
ae V ray — 


a iy ri an + 5 
Tie se ET Oe 7 Te 


83. Centre of Gravity of a Surface of Revolu- 
tion.—Let a surface be generated by the revolution of the 
curve, AB (Fig. 40), round the axis of 2 Then the 
elementary arc, PQ, (= ds), generates an element of the 
surface whose area = 27y ds (Cal., Art. 193). If & is the 
thickness and p the density of the lamina or shell in this 
elementary zone, the element of mass will be dm = rkpy ds. - 
Also the centre of gravity of this zone is in the axis of x at 
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the point M whose abscissa is z and ordinate 0. Hence (1) 
of Art. 77 becomes, after cancelling 27, 


21 (1) 


the integrations being taken between proper limits. 


EXAMPLES. 


1, Find the centre of gravity of the surface formed by 
the revolution of a semi-cycloid round its base. 
The equation of the eonganne curve is 


“% = avers — V/2ay — ¥*3 


e da i dy Tse 
"Yeap ye 2am 
or as — via IES 
/2a— y y 


which in (1) gives, after cancelling ~/2a kp, 
foe xy dy i 
V2 Oyen y 
bo y y dy 4 if a. : 
0 /2a—y 
2. Find the centre of gravity of the surface formed by 
the revolution of a semi-cycloid round its axis. 


“It is clear that the centre of gravity lies on the axis ot 
the curve; hence 7 = 0. 


eas 
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The equation of the generating curve is 


ee a vers = + V2ax — a 


Here dy = 1/ ae dit, 


ds = /2ax da, 


which in (1) gives 


_ §na (2a)t — ae (2a)* 
" Qna (2a)? — 4 (2a)® 


3. Find the centre of gravity of the surface formed by 
the revolution of the semi-cycloid round the axis of y in the 
last example, 7. ¢., round the tangent to the curve at the 
highest point. 

- a 
See = 1b (157 — 8). 
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84. Centre of Gravity of Any Curved Surface.— 
Let there be a shell having any given curved surface. for 
one of its boundaries; and let & = the thickness, p = the. 


density, and ds = the area of an element of the surface at 
the point (2, y, z); then (1) of Art. 83 becomes 


Je kp ds e 


and similar expressions for y and z. 
Substituting the value of ds (Cal., Art. 201) and cancel- 
ling & and p, we have 


| 1 eS oe a)" ae dy 
Ropar Hee ae) BY 


EXAMPLES. 


1. Find the centre of gravity of one-eighth of the 
surface of a sphere. 


Here + y+ 2 = a 
d2\t a 
(1 as dx? cr “al aa (a — 2 ye 


SS gts on 
ie ah (a? ee xy)? 
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iirst perform the y-integra- 
tion, z being constant, from 
PO. tery as Ae Sy 
Va — 2; the effect will be 
to sum up all the elements 
similar to pg from A to J. 
The effect of a subsequent 
z-integration will be to sum 
all these elemental strips that 
are comprised in the surface 
of which OAB is the projec- 
tion, and the limits of this integration aré = 0 and 
2 = OA'= a. “Hence 


re ico sas e)* 
e—x2—y 
a ee —. S y)* 


Similarly (i= eS fe. 


2. Find the centre of gravity of one-eighth of the surface 
of the sphere if the density varies as the z-ordinate to any 
point of it. Here p = pz. 


ees A A 2a 
ns. 2S — 5 oS I Oe 
3r’ 3r’ 3 


85. Centre of Gravity of a Solid of Revolution.— 
Let a solid be generated by the revolution of the curve, AB, 
(Fig. 40), round the axis of 2 Then the elementary 
rectangle, PQNM, (= ydz), generates an element of the 
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solid whose volume = 77? dx (Cal., Art. 203). Hence if the 
density of the solid is uniform, we have for the position of 
the centre of gravity (which evidently is in the axis of 2), 


the integrations being extended over the whole area, 
CABD, of the bounding curve. 

_ If the density varies, the element of mass may require to 
be taken differently. If the density varies with z alone, 7. ¢., 
if it is uniform all over the rectangular strip, PON, the 
volume may be divided up as already done, and the element 
of mass = zpy? dx. Hence, we shall have in this case, 


z= __—__- (2) 


If the density varies as y alone, we may take a rectangular 
element of area of the second order, da dy, at the point 
(x, y); this area will generate an element of volume 
= 2ry dz dy ; therefore a element of mass = 27py da dy, 


and we have 
_ al ie pxy dau dy 
Ta jay me) (3) 
/ a py dx dy 
the y-integrations being performed first, from 0 to y, the 


ordinate of a point P, on the bounding curve; and then 
the z-integrations from OC to OD. 
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EXAMPLES. 


1, Find the centre of gravity of the hemisphere generated 
by the revolution of the quadrant, AD, (Fig. 39), round OA 
(taken as axis of z), (1) when the density is uniform; (2) 
when it is constant over a section perpendicular to OA and 
varies as the distance of this section from OD; (3) when 
it is constant at the same distance from OA and varies as 
this distance. 


(1) From (1) we have 


Putting «=r cos 6, and y = 7 sin 6, where r igs the 
radius of the circle and integrating between 6 = 0 and 


7 
= = have 
6 a? we v 


@ = $r. 


(2) Since p = pa, we have from (2) 


nich xy? dx 
ay xy LEE 


which gives a = or. 


(3) Since p = py, we have from (8) 


ahem TEs dx dy _ fe az 
Of fytas dy cE [pas 
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and the previous substitutions for « and y give 


ee 
eter 

2. Find the centre of gravity of a paraboloid of revolu- 
tion, the length of whose axis is h. Ans. @ = &h. 


3. Find the centre of gravity (1) of a portion of a prolate 
spheroid, the length of whose axis measured from the vertex 
is c, and (2) of a hemi-spheroid. 


Ans. (l)@= vee 


i Bane) Oe = be 

86. Polar Pormulz.—Let a solid be generated by the 
revolution of AB, (Fig. 41), round the axis of z. Then the 
elementary rectangle, abcd, whose mass = pr d@ dr, (Art. 
81), the thickness being omitted, generates a ring which is 
an element of the solid whose volume = 277 sin 6 pr dO dr; 
and the abscissa of the centre of gravity of the ring is 
r cos 6, Hence (1) of Art. 77 becomes 


S for sin 6 cos 9 dé dr 


= = ——-- (1) 
f ey. pr? sin 6 dé dr 

in which p must be a function of 7 and @ in order that the 

integrations may be effected. 

If the density depends only on the distance from a fixed 
point in the axis of revolution, this point may be taken as 
origin, and p will be a function of 7; if the density depends’ 
only on the distance from the axis of revolution, p will 
be a function of 7 sin 4. 


EXAMPLE, 


The vertex ot a right circular cone is in the surface of a 
sphere, the axis of the cone coinciding with a diameter of 
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the sphere, the base of the cone being a portion of the sur- 
face of the sphere. Find the distance of the centre of 
gravity of the cone from its vertex, 2e being its vertical 
angle, and a, the radius of the sphere. 

Here the r-limits are 0 and 2a cos 6; the @-limits are @ 
and «&; p is constant ; hence from (1) we have 


aie Jf? sin 0 008 6 dB ar 
a 7 sin 6 dé dr 


We (2a cos 6)4 sin 8 cos 0 dé 


Ls a cos 8° s sin 6 in 0 d0 


[cos 6 sin 0 dé 
/0 


zh cos? 6 sin 0 dé 
0 


87. Centre of Gravity of any Solid.—lLet (z, y, z) 
and (x + dx, y + dy, z + dz) be two consecutive points E 
and F, (Fig. 42), within the solid whose centre of gravity is 
to be found. Through E, pass three planes parallel to the 
co-ordinate planes zy, yz, zz; also through F pass three 
planes parallel to the first. The solid included by these six 
planes is an infinitesimal parallelopiped, of which E and F 
are two opposite angles, and the volume = dadydz. If p 
is the density of the body at EH, the element of mass at E 
= odzdudz. Hence the co-ordinates of the centre of 
gravity of the solid are given by the equations 
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oe ee 


SS foe dx dy dz 
aie dx dy dz 


the integrations being extended over the whole solid, 
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(2) 


(3) 


1. Find the centre of gravity of the eighth part of an 


ellipsoid included between its three principal planes.* 
Let the equation of the ellipsoid be 


oe 2 


Here the limits of the z-integration are 


rp) 2\4 
e(1 ---4) and 0, 


which call z, and 0; the limits of y are 


Ih = (1 — a andl 


a 


which call y, and 0; the z-limits are a and 0. 


* Planes of xy, y2, 2a. 
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First integrate with respect to z, and we obtain the 
infinitesimal prismatic column whose base is PQ, (Fig. 42), 
and whose height is Pp. Then we integrate with respect 
to y, and obtain the sum of all the columns which form 
the elemental slice Hplmg. Then integrating with respect 
to %, we obtain the sum of all the slices included in the 
solid, OABC. Hence (1) becomes, since the density 18 


uniform, 
We La se w de dy da 

1h t has de dy dz 

[ffet—2- Pea 

Aptis 2a dedy 


al 
| 


Similarly y = $b, 2= fe. 


2. Find the centre of gravity of the solid bounded by the 
planes 2 = Gz, z = yz, and the cylinder y? = 2az — 2. 


= as ~ 5 
Ans. 3 = fa; 7 = 032 =F (B+ y). 


88. Polar Elements of Mass.—Let Fig. 43 repre- 
sent the portion of the volume of a solid inclnded between 
its bounding surface and three rectangular co- -ordinate 
planes. 
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(1) Through the axis of z draw 
a series of consecutive planes, divid- 
ing the solid into wedge-shaped 
slices such as COBA. 

(2) Round the axis of z describe 
a series of right cones with their 
vertices at O, thus dividing each 
slice into elementary pyramids like 
O-PQST. 

(3) With O as a centre describe 
a series of consecutive spheres; 
thus the solid is divided into elementary rectangular par- 
allelopipeds similar to abpt, whose volume = ap- ps. st. 


Let XOA = 6 COR =6.— Op —-7; 
AOB = a¢, -POQ = dd, pa = dr. 


Then pg is the arc of a circle whose radius is 7, and the 
angle is d0; therefore 
pg = rd. 


Also ps is the are of a circle in which the angle is d@, 
and the radius is the perpendicular from p on OZ, or 
r sin 0; therefore 

ps =r sin 0 dd. 


Therefore the volume of the elementary parallelopiped = 
r? sin 6 dr d0 do; 
and if p is the density of the solid at p, the element of 
mass is - 
pr’ sin 0 dr dé do. 


Also the co-ordinates of the centre of gravity of this 
element are 


rsin@cos9, rsin @sin ¢, and rcosé@; 
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hence for the centre of gravity of the whole solid we have 


J oe pr® sin? @ cos seh age dr dé aectee 


SS fovrsin ddr dedp 


a SS J 018 sin? 0 sin $ ar dd ap 
ae SS fo pr’ sin 6 dr dé do 


aes pr? sin 6 cos 0 dr dé do 
SS for sin 0 ar do de ; 


the limits of integration being determined by the figure of 


the solid considered. 
The angles, 6 and 4, are sometimes called the co-latitude, 


and longitude, respectively. — 


a 
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1. Find the centre of gravity of a hemisphere whose 
density varies as the mth power of the distance from the 
centre. 

Take the axis of z perpendicular to the plane base of the 
hemisphere. Let @ = the radius of the sphere, and 
p = pr”, where p is the density at the units distance from 
the centre. First integrate with respect to r from 0 to a, 
and we obtain the infinitesimal pyramid O-PQST. Then 
integrate with respect to 6 from 0 to 47, and we obtain the 
sum of all the pyramids which form the elemental slice, 
COBA. Then integrating with respect to @ from 0 to 2r, 
we obtain the sum of all the slices included in the hemi- 
sphere, Hence, 
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aia ah ike oF +3 sin OcosOdrd0dp 


a sail i He -a+8 gin 0 dr do-de 


vas J Jf tin 0 0080 a0ag 
ee ieee un pa =k 


and it is clear that z2=y = 0. 


2. Find the centre of gravity of a portion of a solid 
sphere contained in a right cone whose vertex is the centre 
of the sphere, the density of the solid varying as the mth 
power of the distance from the centre, the vertical angle of 
the cone being = 2«, and the radius = a. 


Take the axis of the cone as that of z, and any plane through it as 
that from which longitude is measured. 


_n+3a 


Ans. @ RTE 


(1 + cosa), and#=y= 0. 


89. Special Methods.—In the preceding Articles we 
have given the usual formule for finding the centres of 
gravity of bodies, but particular cases may occur which may 
be most conveniently treated by special methods. 


BXAMP LE Es. 


1, A circle revolves round a tangent line through an 
angle of 180°; find the centre of gravity of the solid 
generated, 
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“Let OY be the tangent line about 
which the circle revolves, and Jet the 
plane of the paper bisect the solid; the 
centre of gravity will therefore lie in 
the axis of xz. Let P and Q be two 
consecutive points; and let OM = a, 
and MP = y = V2ax — 2. The 
elementary rectangle, PQgp, will gen- 
erate a semi-cylindrical shell, whose volume = 2y ra dz, 
the centre of gravity of which will be in the axis of « ata 


Pp 
Fig.44 


distance ze from O (Art 78, Ex. 1, Cor.). Hence, 


Ra 2 
i; “ ey ma dx 
0 T 


5 
yf Qy mx dae 
0 


22a [ee ee 
9 / a? A/ 2axn — 2? dx 
“40 


i 


5a 


> Se a 


— = 224 E 
A a V/2ax — 2 dx 
0 


2. Find the centre of gravity of a right pyramid of uni- 
rorm density, whose base is any regular plane figure. 

Let the vertex of the pyramid be the origin, and the axis 
of the pyramid the axis of x; divide the pyramid into slices 
of the thickness dz by planes perpendicular to the axis. 
Then as the areas of these sections are as the squares of 
their homologous sides, and as the sides are as their dis 
tances from the vertex, so will the areas of the sections be as 
the squares of their distances from the vertex, and therefore 
the masses of the slices are as the squares of their distances 
from the vertex. Now imagine each slice to be condensed 
into its centre of gravity, which point is on the axis of a, 
Then the problem is reduced to finding the centre of gray 
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ity of a material line in which the density varies as the 
square of the distance from one end, and which may be 
found as in Ex. 6, (Art. 78). Calling a the altitude of the 
pyramid, we have 


which is the same as in Art. 75. 


90. Theorems of Pappus.*—(1) [f a plane curve 
revolve round any axis in tts plane, the area of the 
surface generated is equul to the length of the 
revolving curve multiplied by the length of the 
path described by its centre of gravity. 


Let s denote the length of the curve, z, y, the co-ordinates 
of one of its points, z, y, the co-ordinates of the centre of 
gravity of the curve; then, if the curve is of constant 
thickness and density, we have from (2) of Art. 78, 


oo. Denys = an fry ds ; (1) 


the second member of which is the area of the surface 
generated by the revolution of the curve whose length is s 
about the axis of x, (Cal., Art. 193) ; and the first member 
is the length of the revolving curve, s, multiplied by the 
length of the path described by its centre of gravity, 27y. 


* Usually called Guldin’s Theorems, but originally enunciated by Pappus, (See 
Walton’s Mechanical Problems, p. 42, 3d Hd.) 
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(2) If a plane area revolve round any axis in its 
plane, the volume generated is equal to the area of 
the revolving figure multiplied by the length of the 
path described by its centre of Gravity. 


Let A denote the plane area, and let it be of constant 
thickness and density, then (2) of Art. 82 becomes 


/ I Sy da dy 
oem Sf fu dy ; 


or any f fad = 2" f fy de dy, 


(substituting dA for dz dy), 
27 yA = wf yaa, (2) 


the integral being taken for every point in the perimeter of 
the area; but the second member is the volume of the 
solid generated by the revolution of the area (Cal., Art. 
203); and the first member is the area of the revolving 
figure, A, multiplied by the length of the path described 
by its centre of gravity, 27y. 


Cor.—If the curve or area revolve through any angle, 0, 
instead of 27, (1) and (2) become 


09s = 6 fy ds, (3) 


and OyA = 40 ile of dat (4) 
and the theorems are still true. 


Scu.—If the axis cuts the revolving curve or area, the 
theorems still apply with the convention that the surface 
or volume generated by the portions of the curve or area on 
opposite sides of the axis are affected with opposite signs. 
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EXAMPLES. 


1. A circle of radius, a, revolves round an axis in its own 
plane at a distance, c, from its centre; find the surface of 
the ring generated by it. 3 
- The length (circumference) of the revolving curve = 
27a; the length of the path described by its centre of 
gravity = 7c; 


the area of the surface of the rmg = 47°ac. 


2. An ellipse revolves round an axis in its own plane, 
the perpendicular distance of which from the centre is ¢ ; 
find the volume of the ring generated during a complete 
revolution. 

Let @ and 0 be the semi-axes of the ellipse; then the 
revolving area = 7ab; the length of the path described by 
its centre of gravity = 27¢; 


the volume of the rmg = 2n°abe. 


' Observe that the volume is the same for any position of the axes 
of the ellipse with respect to the axis of revolution, provided the per- 
‘pendicular distance from that axis to the centre of the ellipse is the 
same. 


3. The surface of a sphere, of radius a, = 47a*; the 
length of a semi-cireumference = 7a; find the length of 
the ordinate to the centre of gravity of the arc of a semi- 
circle. a ee 

Ans. y = —- 
Tv 
(\4. The volume of a sphere, of radius a, = 473; the 
area of a semicircle = $7a?; find the distance of the centre 
of gravity of the semicircle from the diameter. 
Ans. y = a 


5. A circular tower, the diameter of which is 20 ft., is 


' 


being built, and for every foot it rises it inclines 1 in. from 
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the vertical; find the greatest height it can reach witnout. 
falling. Ans. 240 ft. 


6. A circular table weighs 20 lbs. and rests on four legs 
in its circumference forming a square; find the least ver- 
tical pressure that must be applied at its edge to overturn it. 


Ans. 20 (V2 + 1) = 48.28 Ibs. 


7. If the sides of a triangle be 3, 4, and 5 feet, find the 
distance of the centre of gravity from each side. 
Ans. 4, 1, 4 ft. 


8. An equilateral triangle stands vertically on a rough. 
plane ; find the ratio of the height to the base of the plane 
when the triangle is on the point of overturning. 

Ans. V3: 1. 


9, A heavy bar 14 feet long is bent into a right angle so 
that the lengths of the portions which meet at the angle, 
are 8 feet and 6 feet respectively ; show that the distance 
of the centre of gravity of the bar so bent from the point’ 
of the bar which was the centre of gravity when the bar 


was straight, is ee feet. 


10. An equilateral triangle rests on a square, and the base 
of the triangle is equal to aside of the square ; find the 
centre of gravity of the figure thus formed. 

Ans. At a distance from the base of the triangle equal to 


ae the base. 


84 + 2 

11. Find the inclination of a rough plane on which half. 
a regular hexagon can just rest in a vertical position with- 
out overturning, with the shorter of its parallel sides in 
contact with the plane. Ans. 33:5 


12. A cylinder, the diameter of which is 10 ft., and height 
60 ft., rests on another cylinder the diameter of which. is: 
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18 ft., and height 6 ft.; and their axes coincide ; find their 
common centre of gravity. Ans. 2739 ft. from the base. 


13. Into a hollow cylindrical vessel 11 ins. high, and 
weighing 10 lbs., the centre of gravity of which is 5 ins. 
from the base, a uniform solid cylinder 6 ins. long and 
weighing 20 lbs., is just fitted ; find their common centre of 
gravity. ' Ans. 3% ins. from base. - 


14. The middle points of two adjacent sides of a square 
are joined and the triangle formed by this straight line and 
the edges is cut off; find the centre of gravity of the 
remainder of the square. 

Ans. >; of diagonal from centre. 


15. A trapezoid, whose parallel sides are 4 and 12 ft. 
long, and the other sides each equal to 5 ft., is placed with 
its plane vertical, and with its shortest side on an inclined 
plane ; find the relation between the height and base of the 
plane when the trapezoid is on the point of falling over. 

Ans, 82% 


16. A regular hexagonal prism is placed on an inclined 
plane with its end faces vertical ; find the inclination of 
the plane so that the prism may just tumble down the plane. 

Ans. 30°. 


1%. A regular polygon just tumbles down an inclined 
plane whose inclination is 10°; how many sides has the 
polygon ? Ans. 18. 


18. From a sphere of radius # is remoyed a sphere of 
radius 7, the distance between their centres being c; find 
tlhe centre of gravity of the remainder. 

Ans. It is on the line joining their centres, and at a dis- 

3 
Bi a from the centre. . 

19. A rod of uniform thickness is made up of equal | 

lengths of three substances, the densities of which taken in 


tance 
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order are in the proportion of 1, 2, and 3 ; find the position 
of the centre of gravity of the rod. 

Ans. At 7% of the whole length from the end of the 
densest part. 


20. A heavy triangle is to be suspended by a string pass- 
ing through a point on one side; determine the position of 
the point so that the triangle may rest with one side 
vertical. 

Ans. The distance of the point from one end of the side 
= twice its distance from the other end. 


21. The sides of a heavy triangle are 3, 4, 5, respectively ; 
if it be suspended from the centre of the inscribed circle 
show that it will rest with the shortest side horizontal. 


22. The altitude of a right cone is h, and a diameter of 
the base is 0; a string is fastened to the vertex and to a 
point on the circumference of the circular base, and is then 
put over a smooth peg; show that if the cone rests with its 


axis horizontal the length of the string is /(A? + 0). 
23. Find the centre of gravity of the helix whose equa 
tions are 
$= COLO; -7 = a8In os 4 =. Kad, 


: t a@—Z. & 
Ans. = kat; y = ke ta 


24. Find the distance of the centre of gravity of the 
eatenary (Cal., Art. 177), from the axis of z, the curve 
being divided into two equal portions by the axis of 7. 

Ans. If 21 is the length of the curve and (h, &) is the 
extremity, the centre of gravity is on the axis of y at a 


distance kel ams from the axis of z. 
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‘25, Find the centre of gravity of the area included 
between the arc of the parabola, y? = 4az, and the straight 
line y = kz. Sa" ee 


Ans. @= 53 y = es 


26. Find the centre of gravity of the area bounded by 
the cissoid and its asymptote, the equation of the cissoid 
Pa e ware 
being 7? = eae ANS. Ea ee 
“27. Find the centre of gravity of the area of the witch 
of Agnesi. 

Ans. At a distance from the asymptote ar to + of the 
diameter of the base circle. 


28. Find the centre of gravity of the area included be- 
tween the are of a semi-cycloid, the circumference of the 
generating circle, and the base of the cycloid, the common 
tangent to the circle and cycloid at the vertex of the latter 
heing taken as axis of w the vertex being origin, and a the 


radius of the generating circle. 


= ole =O 
Ans. 22 


as Y=! 3a. 


29. Find the centre of gravity of the area contained be- 
tween the curves y? = az and y? = 2ax — x, which is 
above the axis of a. ee lon at eee 

Ay DO Oi he eee pee 


30. Find the centre of gravity of the area included by 
the curves 7? = az and 2 = by. 
Ans. % = $5803; 7 = sya b3. 


31, Find the distance of the centre of gravity of the area 
of the circular sector, BOCA, (Fig. 39), from the centre. . 
‘ Let 20 = the angle included by the bounding radii. 


a sin 0 
8 ears SE 
Ans. « = $a ra 
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32, Find the distance of the centre of gravity of the 
circular segment, BCA, (Fig. 39), from the centre. 
a sin’ 6 BG: 


Ans. = }- —— == SR 
Sas 3 6 — sin 6 cos 8 12 area of ABC 


33. Find the centre of gravity of the area bounded by 
the cardioid 7 = a(1 + cos 9). Ans. & = &a. 


34. Find the centre of gravity of the area included by a 
loop of the curve r = a cos 26. ' 128a 1/2 
Ans. « = ———- 
1057 


35. Find the centre of gravity of the area included by a 


loop of the curve r = a cos 36. 
IMIS Ge = 


36. Find the centre of gravity of the area of the 
sector in Ex, 31, if the density varies directly as the dis- 
tance from the centre. - 3a sind 


Ans. & = — 
NS. & Z r 


37. Find the centre of gravity of the area of a circular 
sector in which the density varies as the mth power of the 
distance from the centre. 
uw +2 ac 
Ans. war u po 
length of the arc, and ¢ the length of the chord, of the 
sector. 


where a is the radius of the circle, 7 the 


38. Find the centre of gravity of the area of a circle in 
which the density at any point varies as the mth power of 
the distance from a given point on the circumference. 


Ans. It is on the diameter passing through the given 


: ‘ ; 2 (nm + 2) 
point at a distance from this point equal to wKea a, 


a being the radius. 
7 
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39. Find the centre of gravity of the area of a quadrant 
of an ellipse in which the density at any point varies as 
the distance of the point from the major axis. 

ets Sah 
Ans; B= 403 9 = 16% 

40. Find the distance of the centre of gravity of the sur- 

face of a cone from the vertex. 


Let a = the altitude. Ans. = 3a. 


41. Find the centre of gravity of the surface formed by 

revolving the curve 
r = a(1 + cos 9), 

round the initial line. Ans. & = ae 

42, A parabola revolves round its axis; find the centre 
of gravity of a portion of the surface between the vertex 
and a plane perpendicular to the axis at a distance from 
the vertex equal to 3 of the latus rectum. 

Ans. Its distance from the vertex = #8 (latus rectum). 


43. Find the centre of gravity of a cone, the density of 
each circular slice of which varies as the zth power of its . 
distance from a parallel plane through the vertex. 

Let the vertex be the origin and a the altitude. 


44, Find the centre of gravity of a cone, the density of 
every particle of which increases as its distance from the 
axis. 

Ans. % = 4a, where the vertex is the origin and @ the 
altitude. 


45. Find the centre of gravity of the volume of uniform 
density contained between a hemisphere and a cone whose 
vertex is the vertex of the hemisphere and base is the base 
of the hemisphere. 
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x a 
Ans. 2 = >? where the vertex is the origin and @ the 
altitude. 


46. Find the distance of the centre of gravity of a hemi- 
sphere from the centre, the radius being a. 
Ans. 2 = 3a. 


47, Find the centre of gravity of the solid generated by 
the revolution of the semicycloid, 


y = V2az — +4 vers’ =, 


(1) round the axis of x, and (2) round the axis of y. 
(3th ie = 2a 
i 16) eS tae 


ns. (1) 2 = : 
Ans. (1) 2% : 
48. Find the centre of gravity of the volume formed by 
the revolution round the axis of @ of the area of the curve 
y — ay + xt = 0. 
3 3am 
CATS ee 35 
49, Find the centre of gravity of the volume generated 
by the revolution of the area in Ex. 29 round the axis of y. 
= da 
Ans. y= 2 (157 — 44). 
50. Find the centre of gravity of a hemisphere when 
the density varies as the square of the distance from the 
centre. _ da 
Ans 


hy ete == 12° 


51. Find the centre of gravity of the solid generated by a 
semi-parabola bounded by the latus rectum, revolving 
round the latus rectum. 

Ans. Distance from focus = 4’, of latus rectum. 
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52. Ube yertes of a right circular cone is at the centre of 
2 sphere; find the centre of gravity of a body of uniform 
density contained within the cone and the sphere. 

Ans. The distance of the centre of gravity from the ver- 


tex of the cone = = (1 + cos «), where « = the semi- 


vertical angle of the cone and a = the radius of the 
sphere. 


53. Find the distance from the origin to the centre of 
gravity of the solid generated by the revolution of the 
cardioid round its prime radius, its equation being 

r = a{1 + cos 9). 
ANS. 2 = 4a: 


54. Find by Art. 90 (1) the surface and (2) the volume 
of the solid formed by the revolution of a eycloid round 
the tangent at its vertex. 

Ans. Surface = 327a*; Volume = r°a8, 


55. Find (1) the surface and (2) the volume of the solid 
formed by the revolution of a cycloid round its base. 
Ans. (1) %Ara?; (2) 57°93. 
56. An equilateral triangle revolves round its base, 
whose length is a; find (1) the area of the surface, 
and (2) the volume of the figure described. 
nas 
or: 
57. Find (1) the surface and (2) the volume of a ring 
with a circular section whose internal diameter is 12 ins., 
and thickness 3 ins. 5 
Ans. (1) 444.1 sq. in.; (2) 333.1 cub, in. 


Ans. (1) ra? /3 ; (2) 


CLEA rR ey. 
FRICTION. 


91. Friction. —/7iction is that force which acts between 
two bodies at their surface of contact, and in the direction 
of a tangent to that surface, so as to resist their shding on 
each other. It depends on the force with which the bodies 
are pressed together. All the curves and surfaces which we 
haye hitherto cousidered were supposed to be smooth, and, 
as such, to offer no resistance to the motion of a body in 
contact with them in any other than a normal direction. 
Such curves and surfaces, however, are not to be found in 
nature. Every surface is capable of destroying a certain 
amouut of force in its tangent plane, 7.@., it possesses a certa'n 
degree of roughness, in virtue of which it resists the sliding 
of other surfaces upon it. This resistance is called friction, 
and is of two kinds, viz, sliding and rolling friction. The 
first is that of a heavy body dragged on a plane or other 
surface, an axle turning in a fixed box, or a vertical shaft 
turning on a horizontal plate. Friction of the second kind 
is that of a wheel rollmg along a plane. Both kinds of 
friction are governed by the same laws; the former is much 
greater than the latter under the same circumstances, and 
is the only one that we shall consider. 

A smooth surface is one which opposes no resistance to 
the motion of a body upon it. A rough surface is one 
which does oppose a resistance to the motion of a body 
upon it. 


The surfaces of all bodies consist of very small elevations and 
depressions, so that if they are pressed against each other, the 
elevations of one fit, more or less, into the depressions of the other, 
and the surfaces interpenetrate each other; and the mutual penetra- 
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tion is of course greater, if the pressing force is greater. Hence, 
when a force is applied so as to cause one body to move on another 
with which it is in contact, it is necessary, before motion can take 
place, either to break off the elevations or compress them, or force the 
bodies to separate far enough to allow them to pass each other. 
Much of this roughness may be removed by polishing; and the effect 
of much of it may be destroyed by lubrication. 

Friction always acts along a tangent to the surface at the point of 
contact ; and its direction is opposite to that of the line of motion ; it 
presents itself in the motion of a body as a passive force or resistance,* 
since it can only finder motion, but can never produce or aid it. In 
investigations in mechanics it can be considered as a force acting in 
opposition to every motion whose direction lies in the plane of contact 
of the two bodies. Whatever may be the direction in which we move 
a body resting upon a horizontal or inclined plane, the friction will 
always act in the opposite direction to that of the motion, 7. ¢., when 
we slide a body down an inclined plane, it wil! appear as a force up 
the plane. A surface may also resist sliding motion by means of the 
adhesion between its substance and that of another body in contact 
with it.+ 


The friction of a body on a surface is measured by the 
least force which will put the body in motion along the 
surface. 


92. Laws of Friction.—In our ignorance of the 
constitution of bodies, the laws of friction must be deduced 
from experiment. Experiments made by Coulomb and 
Morin have established the following laws of friction: 


(1) The friction varies as the normal pressure when the 
matervals of the surfaces in contact remain the same. Subse- 
quent experiments have, however, considerably modified 
this law, and shown that it can be regarded only as an 
approximation to the truth. When the pressure is very 
great it is found that the friction is less than this law 
would give. 


* Weisbach, p. 309. 
+ See Rankine’s Applied Mechanics, p. 209. 
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(2) The friction is independent of the extent of the sur- 
faces in contact so long as the normal pressure remains the 
same. When the surfaces in contact are very small, as for 
instauce a cylinder resting on a surface, this law gives the 
friction much too great. 

These two laws are true when the body is on the point of moving, 
and also when it is actually in motion; but in the case of motion the 
magnitude of the friction is not always the same as when the body is 
beginning to move ; when there is a difference, the friction is greater 
ip the state bordering on motion than in actual motion. 


(3) The friction is independent of the velocity when the 
body ts in motion. 

It follows from these laws that, if R be the normal 
pressure between the bodies, /’ the force of friction, and pu 
the constant ratio of the latter to the former when slipping 
«8 about to ensue, we have 


P= wh. (1) 


The fraction j« is called the co-efficient of friction ; and if 
the first Jaw were true, would be strictly constant for the 
same pair of bodies, whatever the magnitude of the normal 
pressure between them might be. This, however, is not 
the case. When the normal pressure is nearly equal to that 
which would crush either of the surfaces in contact, the 
force of friction increases more rapidly than the normal 
pressure. Equation (1) is nevertheless very nearly true 
when the differences of normal pressure are not very great ; 
and in what follows we shall assume this to be the case. 


ReMARK.—-The laws of friction were established by Coulomb, a 
distinguished French officer of Engineers, and were founded on 
experiments made by him at Rochefort. The results of these experi: 
ments were presented in 1781 to the French Academy of Sciences, and 
in 1785 his Memoir on Friction was published. A very full abstract 
of this paper is given in De Young’s Natural Philosophy, Vol. I, 
p. 170 (ist Ed.), Further experiments were made at Metz by Morin, 
1831-34, by direction of the French military authorities, the result of 
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which has deen to confirm, with slight exceptions, all the results oi 
Coulomb, and to determine with considerable precision the numerical 
values of the coefficients of friction, for all the substances usually 
employed in the construction of machines. (See Galbraith’s Me- 
chaniés, p. 68, Twisden’s Practical Mechanics, p. 138, and Weisbach’s 
Mechanics, Vol. I, p. 317.) a 


93. Magnitudes of Coefficients of Friction.—Prac- 
tically there is no observed coefficient much greater than 1. 
Most of the ordinary coefficients are less than 4. The fol- 
lowing results, selected from a table of coefficients,* will 
afford an idea of the amount of friction as determined by 


experiment ; these results apply to the friction of motion. 


For iron on stone y varies between .3 and .7. 


For timber on timber“ — “ s 2 ands.d. 
For timber on metals“ “ ge .2 and .6. 
For metals on metals “ “ (Se ran Gees 


For full particulars on this subject the student is referred 
to Rankine’s Applhed Mechanies, p. 209, and Moseley’s 
Engineering, p. 124, also to the treatise of M. Morin, where 
he will find the subject investigated in all its completeness. 


94. Angle of Friction.— The angle at which a rough 
plane or surface may be inclined so that a body, when acted 
upon by the force of gravity only, may just rest upon it with- 
out sliding, is called the Angle of Friction. 

Let « be the angle of inclination of 
the plane AB just as the weight is on 
the point of slipping down; JW the 
weight of the body ; # the normal pres- 
sure on the plane; / the force of fric- 
tion acting along the plane = wR (Art. 
92). Then, resolving the forces along and perpendicular to 
the plane we have for equilibrium 


WwW 
Fig.45 


* Rankine’s Applied Mechanics, p. 211. 


+ Sometimes called ‘‘ the angle of repose;” also called ‘the limiting angle af 
tesistance.” wa ; $M 
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uR = Wsne; k = Woose; 
CON OFS) fly (1) 


which gives the limiting value of the inclination of the 
plane for which equilibrium is possible. The body will rest 
on the plane when the angle of inclination is less than the 
angle of friction, and will slide if the angle of inclination 
exceeds that angle; and this will be the case however great 
W may be; the reason being that in whatever manner 
we increase W, in the same proportion we increase the 
friction upon the plane, which serves to prevent W from 
sliding. . 

From (1) we see that the tangent of the angle of friction 
is equal to the coefficient of friction. 


95. Reaction of a Rough Curve Er —bR 
or Surface.—Let AB be a rough curve [o7. 
or surface; P the position of a particle Se 
on it; and suppose the forces acting on Fig.46 


P to be confined to the plane of the 

paper. Let #&, = the normal resistance of the surface, 
acting in the normal, PN, and #' = the force of friction, 
acting along the tangent, P7. 

The resultant of R, and F/, called the Total Resistance* 
of the surface, is represented in magnitude and direction by 
the line PR = F, which is the diagonal of the parallelo- 
gram determined by 2, and / We have seen that the 
total resistance of a smooth surface is normal (Art. 41); but 
this limitation does not apply to a rough surface. Let ¢ 
denote the angle between & and the normal f#, ; then ¢ 1s 
given by the equation 


F 


tan ¢ = et 
‘1 


ed 


* Minchin’s Statics, p. 54. 
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Hence, ¢ will be a maximum when the force of friction, 
F, bears the greatest ratio to the normal pressure #,. But 
this greatest ratio is attained when the body is just on the 
point of slipping along the surface, and is what we called 
the coefficient of friction (Art. 92), that is 


ee 
Rew 


tan @ = p. 


Therefore the greatest angle by which the Total Resistance 
of a rough curve or surface can deviate from the normal is 
the angle whose tangent is the coefficient of friction for the 
bodies in contact ; and this deviation is attained when slip- 
ping ts about to commence. 


Cor.—By (1) of Art. 94, tan ae = p; 
= aS 


hence, the direction of the total resistance, R, is inclined at 
an angle @ to the normal; 7.e., the greatest angle that the 
Total Resistance of a rough curve or surface can make with 
the normal is equal to the angle of friction, corresponding 
to the two bodies in contact. 


96. Friction on an Inclined Plane.—A body rests on 
a rough inclined plane, and is acted on by a given force, P, 
in a vertical plane which is perpendicular to the inclined 
plane; find the limits of the force, and the angle at which 
the least force capable of drawing the particle up the plane 
must act. 

Let 7 = the inclination of the plane to the horizon; 6 = 
the angle between the inclined plane and the line of action 
of P; » = the coefficient of friction; and let us first sup- 
pose that the body is on the point of moving down the 


FRICTION ON AN INCLINED PLANE. 15h 


plane, so that friction is a force acting up the plane, then 
resolving along, and perpendicular to, the plane, we have 


F+ Pcos9 = Wsin t, 
R+ Psiné@ = Weosi, 
| . F=pRk; 


sin 7 — pw cost 


as See er 0 


(1) 


And if P is increased so that motion vp the plane is just 
beginning, /’ acts in an opposite direction, and therefore 
the sign of » must be changed and we have 


sin? + » cos 7 
cos 9 + p sin 6 


Vt (2) 


Hence, there will be equilibrium if the body be acted on by 
a force, the magnitude of which les between the values of 
P in (1) and (2). Substituting tan ¢ for w (Art. 95); (2) 
becomes 
sin (i + @ 

( ) (3) 


iaalarg ream 


To determine @ in (2) so that P shall bea minimum we 
must put the first derivative of P with respect to @ = 0, 
therefore 


dP ie. . sin 6—p cos 6 
> i W (sin 7 + p cos 7) (cos Oo js in BY 


== (Ue 


Lane Geils 


that is, the force P necessary to draw the body up the plane 
will be the least possible when 6 = the angle of friction. 
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* Hence we infer that a given force acts to the greatest 
advantage in dragging a weight up a hill, if the angle at 
which its line of action is inclined to the hill is equal to 
the angle of friction of the hill. Similarly, a force acts to 
the greatest advantage in dragging a weight along a hori- 
zontal plane if its line of action is inclined to the plane 
at the angle of friction of the plane. We may also deter- 
mine from this the angle at which the traces of a drawing 
horse should be inclined to the plane of traction. 

These results are those which are to be expected, because 
some part of the force ought to be expended in hfting the 
weight from the plane, so that friction may be diminished. 
(See Price’s Anal. Mech’s, Vol. I, p. 160.) 


97. Friction on a Double-Inclined Plane.—Two 
bodies, whose weights are P and Q, rest on a rough double- 
inclined plane, and are connected by a string which passes 
over a smooth peg ata point, A, vertically over the intersec- 
tion, B, of the two planes. Find the position of equili- 
brium. 


Let « and 6 be the inclinations of 
the two planes ; let / = the length of 
the string, and h = AB; and let 6 
and 6’ be the angles the portions of 
the string make with the planes. 

- Suppose P is on the point of D 
ascending, and @Q of descending. Fig.32 
Then, since the motion of each body is about to ensue, the 
total resistances, # and S, must each make the angle of 
friction with the corresponding normal (Art. 95, Cor.) ; and 
since the weight, P, is about to move upwards the friction 
must act downwards, and therefote R must lie below the 
normal, while, since Q is about to move downwards, the 
‘friction must act upwards, and therefore S must be aboye 
the normal. y 
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If 7 is the tension of the string, we have for the equi: 
librium of P, (Art. 32), 
P sin (« + ¢) ® 


And for the equilibrium of Q, 


sin (3 — ¢) | 
cos (6 + @) 


=@ 


Equating the values of 7’ we get 


sn (@+¢) sin (B — 4) 
P cos (0 — 0) ~ “cos (6 + 9)’ w) 


and if P is about to move down the plane, the friction acts 
in an opposite direction, and therefore the sign of ¢ must 
be changed and we have 

sin (¢ —@ sin (8 + @ 


cos (6+) © cos (8 — ¢) 


(1) or (2) is the only statical equation connecting the 
given quantities. 

We obtain a geometric equation by expressing the length 
of the string in terms of h, «, 3, 0, and 6’, which is 


Sok COS «@ Bee 4s 
ba + ane (3) 
From (1) or (2) and (3) the values of @ and 6’ can be found, 


and this determines the positions of P and Q. 


Otherwise thus: 


- Instead of considering the total resistances, R and S, we 
may consider two nermal resistances, 2, and S,, and two 
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forces of friction, wR, and wS,, acting respectively down 
the plane « and up the plane 8. In this case, considering 
the equilibrium of P, and resolving forces along, and per- 
pendicular to, the plane «, we have 


Psine +k, = T cos 8, (4) 
Posa = Rk, + Tsin 6, 
and for the equilibrium of Q, 
Q sin B = pS, + Tos @, ! (5) 
-QcosB = 8, + Tain . 


Eliminating &,, S,, and 7 from (4) and (5) we get (1), 
the same statical equation as before. 

The method of considering total resistances instead of 
their normal and tangential components is usually more 
simple than the separate consideration of the latter forces. 
(See Minchin’s Statics, p. 60.) 


Cor.—If Q is given and P be so small that it is about to 
ascend, its value, P,, will be given by (1), 


sin (6 — ¢) cos (0 — ¢) 


ee: sin (@ + @) cos (6 + 6) (6) 


and if P is so large that it is about to drag Q up, its value, 
P,, will be given by (2) 


_ 7sin (8B + ¢) cos (0 + ¢) 
Loe a (@ — @) cos (6' — 4) 


(7) 


the angles @ and 6’ being connected by (3). 
There will be equilibrium if Q be acted on by any force 
whose magnitude lies between P, and Py. 
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98. Friction on Two Inclined Planes.—A beam 
rests on two rough inclined planes; find the position of 
equilibrium. 

Let @ and & be the segments, AG 
and BG, of the beam; let 6 be the 
inclination of the beam to the hori- 
zon, « and @ the inclinations of the 
planes, and # and S the total resist- 
ances. Suppose that A is on the 
point of ascending; then the total 
resistances, R and §S, must each 
make the angle of friction with the corresponding normal 
and act to the right of the normal. 

The three forces, W, R, S, must meet in a point O (Art. 
62); and the angles GOA and GOB are equal to « + 4, 
and B — 4¢, respectively. 


Hence (a + 6) cot BGO = a cot GOA — bd cot GOB, 
or (a+ 8) tané =a cot (a + ¢) — d cot (P— 9). (1) 
Cor.—If the planes are smooth, ¢ = 0, and (1) becomes 


(a + 6) tan 0 = acot a — dcot B. 
(See Ex. 7, Art. 62.) 


99. Friction of a Trunnion.*—TZrunnions are the 
cylindrical projections from the ends of a shaft, which rest 
on the concave surfaces of cylindrical boxes. A shaft rests 
in a horizontal position, with its trunnions on rough 
cylindrical surfaces; find the resistance due to friction 
which is to be overcome when the shaft begins to turn 
about a horizontal axis. 


* Sometimes called ‘‘ Journal.” 
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- Let Ad and BAED be two right. 
sections of the trunnion and its box; 
the two circles are tangent to each 
other internally. If no rotation 
takes place the trunnion presses 
upon its lowest point, H, through 
which the direction of the resulting 
pressure, R, passes; if the shaft 
begins to rotate in the direction AH, the trunnion ascends 
along the inclined surface, EAB, in consequence of the 
friction on its bearing, until the force, S, tending to move 
it down just balances the friction, & Resolving R into a 
normal force V and a tangential one, S, we have, since the 
tangential component of 2 in urging the trunnion down 
the surface = the friction which opposes it. 


Fig.49 = R 


S= F=pN 3 but— kh = S?-— Ne; 


or Re = PON? 4+ N* 
therefore Ne anh ee 
V1i+—e 


and the friction 


=e wR _ tan ¢ 
V1i+e V1 + tan? 


(Art. 95), 


or Hh sin Gs. 


Hence, to find the friction upon a trunnion, multoply the 
resultant of the forces which act upon it by the sine of the 
angle of friction. 


100. Friction of a Pivot.—A heavy circular shaft 
rests in a vertical position, with its end, which is a circular 
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section, on a horizontal plate; find the resistance due to 
friction which is to be overcome, when the shaft begins to 
revolve about a vertical axis. 

Let a be the radius of the circular section of the shaft ; 
let the plane of (7, 6) be the horizontal one of contact 
between the end of the shaft and the plate; and let the 
centre of the circular area of contact be the pole. Let 
W = the weight of the shaft, then the vertical pressure on 


each unit of surface is Ley ; and therefore, if r dr d0@ is the 


area-element, we have 


the pressure on the element = Ls rdr dé; 
Tae 


.*. the friction of the element = ees “ 5 7 adr dd. 


The friction is opposed to motion, and the direction of its 
action is tangent to the circle described by the element ; 
the moment of the friction about the vertical axis ihvough 
the centre 
Wr? dr dé 
a or ee 


therefore the moment of friction of the whole circular end 


=f" f* uWr* dr dé _ 2 Wa (1) 
ae Trae 3 


and consequently varies as the radius. Hence arises the 
advantage of reducing to the smallest possible dimensions 
the area of the base of a vertical shaft revolving with its 
end resting on a horizontal bed. 

From (1) we may regard the whole friction due to the 
pressure as acting at a single poipt, and at a distance from 
the centre of motion equal to two-thirds of the radius of 
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ihe base of the shaft. This distance is called the mean 
lever of friction. 


When the shaft is vertical, and rests upon its circular end 
in a cylindrical socket the cylindrical projection ts called a 
Pivot. 

EXAMPLES. 


1. A mass whose weight is 750 lbs. rests on a horizontal 
plane, and is pulled by a force, P, whose direction makes 
an angle of 15° with the horizon; determine P and the 
total resistance, 2, the coefficient of friction being .62. 

Ans. P: = A13-3 lbs.; f= 756-9 Ibs: 


2. Determine P in the last example if its direction is 
horizontal. Ans. P = 465 lbs. 


3. Find the force along the plane required to draw a 
weight of 25 tons up a rough inclined plane, the coefficient 
of friction being 3%;, and the inclination of the plane being 
such that 7 tons acting along the plane would support the 
weight if the plane were smooth. 

Ans. Any force greater than 17 tons. 


4, Find the force in the preceding example, supposing 
it to act at the most advantageous inclination to the plane. 
Ans. 15-%5 tons. 


5. A ladder inclined at an angle of 60° to the horizon 
rests between a rough pavement and the smooth wall of a 
house. Show that if the ladder begin to slide when a man 
has ascended so that his centre of gravity is half way up, 
then the coefficient of friction between the foot of the 
iadder and the pavement is 4/3. 


6. A body whose weight is 20 Ibs. is just sustained on a 
rough inclined plane by a horizontal force of 2 lbs., and a 
force of 10 lbs. along the plane ; the coefficient of friction is 
3; find the inclination of the plane. Ans. 2 tan~1 (28), 
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7. A heayy body is placed on a rough plane whose 
inclination to the horizon is sin (3), and is connected by 
a string passing over a smooth pulley with a body of equal 
weight, which hangs freely. Supposing that motion is on 
the point of ensuing up the plane, find the inclination of 
the string to the plane, the coefficient of friction being 4. 

i Ans. = 2 tan (4) 


8. A heavy body, acted upon by a force equal in magni- 
tude to its weight, is just about to ascend a rough inclined 
plane under the influence of this force ; find the inclination, 
6, of the force to the inclined plane. 


Ans. 6 = 5 =—— 4%, oF 20 -- 4 — a where 7 = inclination 


of the plane, and @ = angle of friction. (6 is here sup-- 
posed to he measured from the wpper side of the inclined 


plane). If 52 2@ + 7, 8 is negative and the applied force 
vill act towards the wnder side. 


9. In the first solution of the last example, what is the 
magnitude of the pressure on the plane ? 
Ans. Zero. Explain this. 


10. If the shaft, (Art. 100), is a square prism of the 
weight W, and rotates about an axis in its centre, prove 
that the moment of the friction of the square end varies as 
the side of the square. 


11. If the shaft is composed of two equal circular 
cylinders placed side by side, and rotates about the line of 
contact of the two cylinders, show that the moment of tlic 
friction of the surface in contact with the horizontal plane 
32ua W 

or 


12. What is the least coefficient of friction that will 
allow of a heavy body’s being just kept from sliding down 
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an inclined plane of given inclination, the body (whose 

weight is W) being sustained by a given horizontal force, P ? 
Ans. Ac paste. 

W + P tan 7 


13. It is observed that a body whose weight is known to © 
be W can be just sustained on a rough inclined plane by a 
horizontal force P, and that it can also be just sustained on 
the same plane by a force @ up the plane; express the 
angle of friction in terms of these known forces. 


Tee 


Ans. Angle of friction = cos~t .————— 
OVP + We 


14. It is observed that a force, Q,, acting up a rough 
inclined plane will just sustain on it a body of weight W, 
and that a force, Q,, acting up the plane will just drag the 
same body up; find the angle of friction. 


Ans. Angle of friction = sin~1 —_*2 — os Vi 
2/W?— O10, 


15. A heavy uniform rod rests with its extremities oi 
the interior of a rough vertical circle; find the limiting 
position of equilibrium. 

Ans. If 2a is the angle subtended at the centre by the 
rod, and A the angle of friction, the limiting inclination of 
the rod to the horizon is given by the equation 


Gan) == ae oe —* 
Cos 2A -+ cos 2a 

16. A solid triangular prism is placed, with its axis 
horizontal, on a rough inclined plane, the inclination of 
which is gradually increased ; determine the nature of the 
initial motion of the prism. 

Ans. If the triangle ABC is the section perpendicular to 
the axis, and the side AB is in contact with the plane, A 
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being the lower vertex, the initial motion will be one of 
tumbling if 
b se oF 


> 4A ? 


the sides of the triangle being a, 4, c, and its area A. If pz 
is less than this value, the initial motion will be one of 
slipping. 

17. A frustum of a solid right cone is placed with its 
base on a rough inclined plane, the inclination of which 
is gradually increased; determine the nature of the initial 
motion of the body. 

Ans. If the radii of the larger and smaller sections are R 
and 7, and / is the height of the frustum, the initial motion 
will be one of tumbling or slipping according as 

Dh het yee 
mas kh FR? + 2QRr + 3r2 

18. An elliptic cylinder rests in limiting equilibrium 
between a rough vertical and an equally rough horizontal 
plane, the axis of the cylinder being horizontal, ard the 
major axis of the ellipse inclined to the horizon at ar angle 
of 45°. Find the coefficient of friction. 

V1 +2%@—¢4—1 
2—¢ 


Ans. p = » @ being the eccer tricity 


of the ellipse, 


C HSA Pale Reaveln 
THE PRINCIPLE OF VIRTUAL VELOCITIES.* 


101. Virtual Velocity.— Jf the point of application of 
a force be conceived as displaced through an indefinitely small 
space, the resolved part of the displacement in the direction 
of the force, is called the Virtual Velocity of the force ; and 
the product of the force into the virtual ueloray has been 
called the virtual momentt of the force. 


_ Thus, let O be the original, and A one 
the new point of application of the pees 
force, P, acting in the direction OP, 6 N : 
and let AN be drawn perpendicular to Fig.50 


it. Then ON is the virtual velocity of 
P, and P- ON is the virtual moment. OA is called the 
virtual displacement of the point. 

If the projection of the virtual displacement on the line 
of the force lies on the side of O toward which P acts, as in 
the figure, the virtual velocity is considered positive ; but 
if it lies on the opposite side, 7. é., on the action line pro- 
longed through O, it is negative. The forces are always — 
regarded as positive; the sign, therefore, of a virtual mo- 
ment will be the same as that of the virtual velocity. 


Cor.—If 6 be the angle between the force and the virtual 
displacement, we have for the virtual moment, 


P.-ON = P.- OA cos 6 = P cos @: OA. 


* The principle of Virtual Velocities was discovered by Galileo, and was very 
fully developed by Bernouilli and Lagrange. 


+ Sometimes called ‘‘ Virtual Work.” The name ‘ Virtual Moment” was given 
by Duhamel. 
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Now P cos 6 is the projection of the force on the direction 
of the displacement, and is equal to OM, OP being the 
force and PM being drawn perpendicular to OA. Hence 
we may also define the virtual moment of a force as the 
product of the virtual displacement of its point of applica- 
tion into the projection of the force on the direction of this 
displacement; and this definition for some purposes is 
more convenient than the former. 


REMARK.—A force is said to do work if it moves the body to which 
it is applied; and the work done by it is measured by the product of 
the force into the space through which it moves the body. Generally, 
the work done by any force during an infinitely small displacement of 
its point of application is the product of the resolved part of the force 
in the direction of the displacement into the displacement ; and this 
is the same as the virtual moment of the force. 


102. Principle of Virtual Velocities. —(1) The 
virtual moment of a force is equal to the sum of the virtual 
moments of its components. 


Let OR represent a force, 7, act- 
ang at O. and let its components be 
P and Q, represented by OP and 
OQ. Let OA be the virtual dis- 
placement of O, and let its projec- 
tions on R, P, and Q, be 7, p, and Fig.51 
qy, respectively. Then the. virtual 
moments of these forces are R-7, P-p,Q-q. Draw Rn, 
Pm, and Qo, perpendicular to OA. Then On, Om, and Oo 
(= mn), are the projections of R, P, and Q, on the direc- 
tion of the displacement; and hence (Art. 101, Cor.) we have 


R-r=0OA-On; 


Pps OA- Om; 
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Hence P-p+Q:-q = OA (Om + mn) 
= OA:On = Rev. 
(See Minchin’s Statics, p. 68.) 


(2) If there are any number of component forces we may 
compound them in order, taking any two of them first, and 
finding the virtual moment of their resultant as above, then 
finding the virtual moment of the resultant of these two 
and a third, likewise the virtual moment of the resultant of 
the first three and a fourth, and so on to the last; or we 
may use the polygon of forces (Art. 33). The sum of the 
virtual moments of the forces is equal to the virtual dis- 
placement multiplied by the sum of the projections on the 
displacement of the sides of the polygon which represent 
the forces (Art. 101, Cor.). But the sum of these projec- 
tions is equal to the projection of the remaining side of the 
polygon,* and this side represents the resultant, (Art. 33, 
Cor. 1). Therefore, the sum of the virtual moments of any 
number of concurring forces is equal to the virtual moment 
of the resultant. 


(3) If the forces are in equilibrium, their resultant is 
equal to zero; hence, it follows that when any number of 
concurring forces are in equilibrium, the sum of their 
virtual moments = 0. 


This principle is generally known as the Principle of 
Virtual Velocities, and is of great use in the solution of 
practical problems in Statics. 


* rom the nature of projections (Anal. Geom., Art. 168), it is clear that in any 
series of points the projection (on a given line) of the line which joins the first and 
last, is equal to the sum of the projections of the lines which join the points, two 
andtwo. Thus, if the sides of a closed polygon, taken in order, be marked with 
arrows pointing from each vertex to the next one; and if their projections be 
marked with arrows in the same directions, then, lines measured from left to right 
being considered positive. and lines frcm right to left negative, the sum of the pro- 
Jections of the sides of a closed polygon on any right line is zero. 


8 
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103. Nature of the Displacement.—It must be care- 
fully observed that the displacement of the particle on 
which the forces act is virtual and arbitrary. The word 
virtual in Statics is used to intimate that the displacements 
are not really made, but only supposed, i. e., they are not 
actual but imagined displacements ; but in the motion of a 
particle treated of in Kinetics, the displacement is often 
taken to be that which the particle actually undergoes. 
In Art. 101, the displacement was limited to an infinitesi- 
mal. In some cases, however, a finite displacement may be 
used, and it may be even more convenient to consider a 
finite displacement. But in very many cases any finite dis- 
placement is sufficient to alter the amount or direction of 
the forces, so as to prevent the principle of virtual velocities 
from being applicable. This difficulty can always be avoid- 
ed in practice by assuming the displacement to be infinitesi- 
mal; and if the virtual displacement is infinitesimal the 
virtual velocities are all infinitesimal. 


104. Equation of Virtual Moments.—Let P,, P,, 
P,, etc., denote the forces, and dp,, dp2, dps, etc., the vir- 
tual velocities; then the principle of virtual velocities is 
expressed (Art. 102) by the equation 


P,- Op, + P,- dp, + P;- dps + ete. = 0; 
or =Pdp = 0, (1) 
which is called the equation of virtual moments.* 


Scu.—If the virtual displacement is at right angles to 
the direction of any force, it is clear that dp, the virtual 
velocity, is equal to zero. Hence, when the virtual dis- 
placement is at right angles to the direction of the force, 


* Or virtual work (See Art. 101, Rem.). This equation has “been made by La 
grange the foundation of his great work on Mechanics, ‘* Mecanique Analytique:” 
(Price’s Anal. Mech., Vol. I, p. 142.) 
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the virtual moment of the force = 0, and the force will not 
enter into the equation of virtual moments. 


Such a virtual displacement is always a convenient one 
to choose when we wish to get rid of some unknown force 
which acts upon a particle or system. 


105. System of Particles Rigidly Connected.—(1) 
if a particle in equilibrium, under the action of any forces, 
be constrained to maintain a fixed distance from a given 
fixed point, the force due to the constraint (if any) is 
directed towards the fixed point. 


Let B be the particle, and A the fixed point. Then it is 
clear that we may substitute for the string or rigid rod 
which connects B with A, a smooth circular tube enclosing 
the particle, with the centre of the tube at A. Now, in 
order that B may be in equilibrium inside the tube, it is 
necessary that the resultant of the forces acting upon it 
should be normal to the tube, 7. e., directed towards A. 


(2) Let there be any number of 
particles, m,, m,, M3, ete, each 
acted on hy any forces, P,, P., Ps, 
ete., and connected with the others 
by inflexible right lines so that the 
figure of the system is invariable. 
Then each particle is acted on by all 
the external forces applied to it, and Fig.52 
by all the internal forces proceeding from the internal con- 
nections of the particle with the other particles of the 
system. Thus the particle, m, is acted on by P,, Po, ete, 
and by the internal forces which proceed from its connec- 
_ tion with m,, mM,, msg, etc., and which act along the lines, 
mm,, MmMm,, ete., by (1) of this Article. Denote the forces 
along the lines mm,, mm,, mms, ete., by ¢,, tg, ts, etc, 
and their virtual velocities by d¢,, d¢,, d¢,, etc. Now 
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imagine that the system is slightly displaced so as te 
occupy a new position. Then (1) of Art. 104 gives us 
for m, 


P,ép, + Pop, + etc. + ¢, 0, +.¢,6f; + etc. = 0, (1) 


for my, 
P,6p, + P,5p, + ete. + t,d¢, + t,dt, + etc. = 0, (2) 


proceeding in this way as many equations may be formed as 
there are particles in the system. 


Now it is clear that ¢,d¢,, and ¢,06¢,, in (1) have contrary 
signs from what they have in (2). Thus if the system is 
moved to the right in its displacement, 7,06¢,, and ¢,0¢, will 
be positive in (1) and negative in (2) (Art. 101), and hence, 
if we add-(1) and (2) together, these terms will disappear ; 
in the same way, the virtual moment of the internal forco 
along the line connecting m with any other particle disap- 
pears by addition, and the same is true for the internal 
force between any two particles of the system. Hence, 
adding together all the equations, the internal forces 
disappear, and the resulting equation for the whole 
system is 

Eon = 0, (1) 


and the same result is evidently true whatever be the num- 
ber of particles forming the system. Hence, 7f any num- 
ber of forces in a system are in equilibrium, the sum of 
their virtual moments = 0. 

The converse is evidently true, that if the sum of the 


virtual moments of the forces vanishes for every virtual 
displacement, the system is in equilibrium. 


The following are examples which are solved by the 
principle of ~irtual velocities. A 


a2 EXAMPLES. 


EXAMPLES. 


1. Determine the condition of equilibrium of a heavy 
body resting on a smooth inclined plane under the action 
of given forces. 


Let W be the weight of the body R P 
sustained on the plane BC by the 
force, P, making an angle, 0, with the 
plane. To avoid bringing the un- 
known reaction, R, into our equation, 
we make the displacement of its point 
of application perpendicular to its line of action, (Art. 104, 
Sch.); hence we conceive O as receiving ua virtual dis- 
placement, OA, at right angles to R, the magnitude of 
which in the present case is unlimited. Draw Am and 
An perpendicular to W and P respectively, Om and On 
are the virtual velocities of W and P, (Art. 101); and 
W - Om and P.- On are their virtual moments. Hence (1) 
of Art. 104, gives 


Ww 
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W-Om— P-.On = 0. 


But Om = OA sin a, 
and On = OA cos 6; 
therefore W sine — Pcos9@ = 0; (1) 


which agrees with Ex. 3, Art. 41. 


If the force acts parallel to the plane, 6 = 0, and (1) 
‘becomes i 


P= W sine; 


which agrees with Ex. 1, Art. 41. 
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2. Suppose the plane in Ex. 1 to be rough, and that the 
body is on the point of being dragged up the plane, find 
the condition of equilibrium. 

The normal resistance will now be 
replaced by the total resistance, R, 
inclined to the normal at an angle 
= ¢, the angle of friction (Art. 95, 
Cor.). Let the virtual displacement, 
OA, take place perpendicularly to 
R, then (1) of Art. 104, gives 


W-Om — P- On = 0. 


Bat Om = OA sin (e + @), 

and On = OA cos (¢ — 8); 
therefore W sin (@ + 9) = P cos (6 — 9); 
which agrees with (3) of Art. 96. 


3. Determine the horizontal force 
which will keep a particle in a given 
position inside a circular tube, (1) 
when the tube is smooth and (2) 
when it is rough. 

(1) Let the virtual displacement, 
OA, be an infinitesimal, = ds, along 
the tube. Then since ds is infinites- 
imal the virtual velocity of R = 0. Then the equation of 
virtual moments is | 


WW Ogre 7b. On = 


But Om =. ds= sin 0, 
‘and , On =-ds- cas.6; 
therefore W - sin 0 = P- cos @; 


or P = W tan 9. 
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(2) Suppose the force, P, just sustains the particle ; the 
normal resistance must now be replaced by the total resist- 
ance, making the angle, ¢, with the normal at the right of 
it. Take the virtual displacement, OA’, at right angles to 
the total resistance (Art. 105, Sch.), and let it be as before, 
an infinitesimal ds. Then (1) of Art. 104, gives 


—W-Om+P.- On =0. 
But Om = ds -sin (0 — 9), 
and On’ = ds - cos (6 — ¢), 
therefore W-sin (@— 9%) = P- cos (@— 4); 


or ; P = W- tan (6 — ¢). 


Similarly, if the force, P, will just drag the particle up 
‘the tube we obtain 


P = W- tan (6 + 4). 


4. Solve by virtual velocities Ex. 6, Art. 62. 


Let the displacement be made by diminishing the angle 
«, Which the beam makes with the horizontal plane, by de, 
the ends of the beam still remaining in contact with the 
horizontal and vertical planes. Then the virtual velocity of 


T. = d-2a cose = — 2asin « da} 
and that of 


W = dasine« = 4008 a« da, 


and those of the reactions, Rand R’, vanish. Then the 
equation of virtual moments is 
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— T2asinede + Wacoseda=0; 
-. 20 sin a = W cosa. 


5. Solve Ex. 8, Art. 62, by virtual velocities. 


Let the displacement be made by increasing the angle 
0 by d6, the point, A, remaining in contact with the wall; 
the virtual displacement of B is at right angles to the 
direction of the tension, T, and hence the virtual moment 
of T is zero ; the virtual velocity of W is 


d(b cos ¢ — a cos 0) = asin 6 do — d sin ¢ do. 
Then (1) of Art. 104, gives 
W (asin 6 dd — bsin ¢ do) = 0; 
.. bsin ddd = asin 6 dé. 
But from the geometry of the figure we have 
bsin @ = 2a sin 0; 
-*. bcos ¢ dd = 2a cos 0 dd; 
2 tan @ = tan 0; 


which, combined with (5) of Ex. 8, Art. 62, gives us the 
values of sin 9 and cos ¢; and these in (6) of that Ex. 
give us the value of a. 


6. Solve Ex. 38, Art. 65, by virtual velocities. 


Since the bar is to rest in all positions on the curve and the 
peg, its centre of gravity will neither rise nor fali when the 
bar receives a displacement, hence its virtual velocity will = 0; 
*.- ete. 
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%. In Ex. 4, Art. 42, prove that (1) is the equation of 
virtual moments. 


8. Find the inclination of the beam to the vertical in 
Ex. 31, Art. 65, by virtual velocities. 


9. Deduce, by virtual velocities, (1) the formula for the 
triangle of forces (see 1 of Art. 32), and (2) the formula for 
tne parallelogram of forces (See 1 of Art. 30). 


oa 9k aed he OS al i in et 
MACHINES. 


106, Functions of a Machine.— A machine, Staticaiiy, 
ts any énstrumende by means of which we may change the 
direction, magnitude, and point of application of a given 
force ; and Kinetionily, it is any instrument by means of 
which we may changy the direction and velocity of a given 
motion. 

In applying the principle of virtual velocities to a system 
of connected bodies, advantage is gained by choosing the 
virtual displacements ip cectain directions (Art. 104, Sch). 
When we use this principle in the discussion of machines 
the displacements which we shall choose will be those which 
the different parts of a machine actually undergo when it 
is employed in doing work, and instead of equations of 
virtual work we shall have equations of actual work; and 
in future the principle of virtual velocities will often be 
referred to as the Principle of Work. (See Minchin’s 
Statics, p. 383.) 

Eyery machine is designed for the purpose of overcoming 
certain forces which are called resistances ; and the forces 
which are applied to the machines to produce this effect are 
called moving forces. When the machine is in motion, 
every moving force displaces its point of application in its 
own direction, while the point of application of a resistance 
is displaced in a direction opposite to that of the resistance, 
Hence, a moving force is one whose elementary work* is 
positive, and a resistance is one whose elementary work is 
negative. The moving force is, for convenience, called the 


* See Art. 101, Rem. 
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power ; and because the attraction of gravity is the most 
common form of the force or resistance to be overcome it is 
usually called the weight. 

The weight or resistance to be overcome may be the earth’s attrac- 
tion. as in raising a weight; the molecular attractions b.tween the 
particles of a body as in stamping or cutting a metal, or dividing 
wood; or friction, as in drawing a heavy body along a rough road. 
The power may be that of men, or horses, or the steam engine, etc., 
and may be just sufficient to overcome the resistance, or it may -be-in 
excess of what is necessary, or it may be too small. If just sufficient, 
the machine, if in motion, will remain uniformly so, or if it be at rest 
it will be on the point of moving, and the power, weight, and friction 
will be in equilibrium. If the power be in excess, the machine will 
be set in motion and will continue in accelerated mction. If the 
power be too small, it will not be able to move the machine ; and if 
it be already in motion it will gradually come to rest. 

The general problem with regard to machines is to find 
the relation between the power and the weight. Some- 
times it is most convenient that this relation should be one 
of equality, 2. ¢., that the power should equal the weight. 
Generally, however, it is most convenient that the power 
should be very different from the weight. Thus, if a man 
has to lift a weight of one ton hanging by a rope, it is clear 
that he cannot do it unless the mechanical contrivance 
provided enable him to lift the weight by exercising a pull 
of very much less, say one cwt. When the power is much 
smaller than the weight, as it is in this case, which is a 
very common one, the machine is said to work at a mechan- 
ical advantage. When, as in some other cases, it is desirable 
that the power should be greater than the weight, there is 
said to be a mechanical disadvantage of the machine. 


107. Mechanical Advantage.—(1) Let P and W be 
the power and weight, and p and w their virtual velocities 
respectively; and let friction be omitted. Then from the 


equation of virtual work (Art. 104), we have 
cae ae 
P w > or Ww Pp 
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which shows that the smaller P is in comparison with W, 
the smaller w will be in comparison with p. But the 
smaller P is in comparison with W, the greater -is the 
mechanical advantage. Hence, the greater the mechanical 
advantage is the less will be the virtual velocity of the 
weight in comparison with that of the power. Now, if 
motion actually takes place the virtual velocities become 
actual velocities; and hence we have the principle what is 
gained in power ts lost in velocity. 


(2) There are no cases in which the weight and power 
are the only forces to be considered. In every movement 
of a machine there will always be a certain amount of fric- 
tion; and this can never be omitted from the equation of 
virtual work. There are cases, however, as that of a balance 
on a knife-edge, where the friction is very small; and for 
these the principle, what is gained in power is lost in 
velocity, is very approximately true. Where the friction is 
considerable this is no longer the case. 

Let F and f be the resistance of friction and its virtual 
velocity, then the equation for any machine will take the 


form 
Pp — Ww — Ff = 0, 


which shows us that although P can be made as small as we 
wish by taking p large enough, yet the mechanical 
advantage of diminishing P is restricted by the fact that / 
increases with p; and therefore as P diminishes there is a 
corresponding increase of the work to be done against fric- 
tion. Hence if friction be neglected, there is no practical 
limit to the ratio of P to W; but if the friction be con- 
. sidered, the advantage of diminishing P has a limit, since 
if Pp remains the same, Ww mast decrease as Af increases; 
i.e, the work done against friction increases with the 
complexity of the machine ; and thus puts a practical limit 
to the mechanical advantage which it is possible to obtain 
by the use of machines. 
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108. Simple Machines.—The simple machines, some- 
times called the Mechanical Powers, are generally enumer- 
ated as six in number; the Lever, the Wheel and Azle, the 
Inclined Plane, the Pulley, the Wedge, and the Screw. 
The Lever, the Inclined Plane, and the Pulley, may be 
considered as distinct in principle, while the others are 
combinations of them. 

The efficiency* of a machine is the ratio of the useful 
work it yields to the whole amount of work performed by 
it. The wsefud work is that which is performed in over- 
coming useful resistances, while lost work is that which is 
spent in overcoming wasteful resistances. Useful resist- 
ances are those which the machine is specially designed to 
overcome, while the overcoming of wasteful resistances is 
foreign to its purpose. Friction and rigidity of cords are 
wasteful resistances while the weight of the body to be 
lifted is the wseful resistance. 

Let W be the work done by the moving forces, Wy, the 
useful and W; the lost work when the machine is moving 
uniformly. ‘Then 


and if M denote the efficiency of the machine, we have 


we Me 
ay 

In a perfect machine, where there is no lost work, the 
efficiency is unity; but in every machine some of the work 
is lost in overcoming wasteful resistances, so that the 
efficiency is always less than unity; and the object of all 
improvements in a machine is to bring its efficiency as near ° 
unity as possible. 

The most noticeable of the wasteful resistances are fric- 
tion'and rigidity of cords; and of these we shall consider 


* Sometimes called modulus. 
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only the first. The student who wants information on the 
experimental laws of the rigidity of cords is referred to 
Weisbach’s Mechanics, Vol. I, p. 363. 


109. The Lever.—aA lever is a rigid bar, straight or 
curved, movable about a fixed axis, which is called the 
fulcrum. The parts of the lever into which the fulerum 
divides it are called the arms of the lever. When the arms 
are in a straight line it is called a straight lever ; in all 
other cases it is a bent lever. 

Levers are divided, for convenience, into three kinds, 
according to the position of the fulerum. In the first kind 
the fulerum is between the power and the weight; in the 
second kind the weight acts between the fulcrum and the 
power; in the third kind the power acts between the ful- 
crum and the weight. In the last kind the power is always 
greater than the weight. 

A pair of scissors furnishes an example of a pair of levers 
of the first kind; a pair of nut-crackers of the second kind ; 
and a pair of shears of the third kind. 


110. Conditions of Equilibrium 
of the Lever.—(1) Without Friction. 
Let AB be the lever and C its fulcrum ; 
and let the two forces, P and W, act in 
the plane of the paper at the points, A 
and B, in the directions, AP and BW. 
From C draw CD and CE perpendicular to the directions 
of P and W. Let « and B denote the angles which the 
directions of the forces make with the lever. Then, taking 
moments around C, we have 


POD W CR, 


P _ perpendicular on direction of W 
W ~ perpendicular on direction of P 


(1) 


or 
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That is, the condition of equilibrium requires that the 
power and weight should be to each other inversely as the 
length of their respective arms (Art. 46). 

To find the pressure on the fulcrum, and its direction ; 
let the directions of the pressures, P and W, intersect in 
F; join C and F; then, since the lever is in equilibrium 
by the action of the forces, P and W, and the reaction of 
the fulcrum, the resultant of P and W must be equal and 
opposite to that reaction, and hence must pass through C 
and be equal to the pressure on the fulcrum. Denote this 
resultant by #, the angle which it makes with the lever by 
6; and the angle AFB by w; then we have by (1) of Art. 30 


R= P?+ W2+2PWceos AFB; 
or R= P24 W?2 + 2PW cos o, (2) 


which gives the pressure, R, on the fulerum. 
To find its direction resolve P, W, and RF parallel and 
perpendicular to the lever, and we have 


for parallel forces, P cos «e — W cos B—F cos 0 = 0; 
for perpendicular forces, P sin « + W sin B—R sin 6 = 0; 
by transposition and division we get 


Psne + Wsin8 
= = 
ee P cos « — W cos B’ ey 


which gives the direction of the pressure. 


Cor.—When the lever is bent or curved the condition of 
equilibrium is the same. 
Solution by the principle of virtual velocities. 


Suppose the lever to be turned round C in the direction 
of P through the angle d6, into the position ab; let p and 
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g be the perpendiculars CD and CE respectively, then the 
virtual velocity of P will be (Art. 101), 


Aa sin « = AC-d6-sin « = pdé. 


Similarly, the virtual velocity of W is — qdé. 


Hence, by the equation of virtual work we have 
P-p-dé — W-q-d0=0; 
oe fp = sg, (4) 
which is the same as (1). 


(2) With Friction—In the above we have supposed fric- 
tion to be neglected ; and if the lever turns round a sharp 
edge, like the scale beam of a balance, the friction will be 
exceedingly small. Levers, however, usually consist of flat 
oars, turning about rounded pins or studs which form the 
fulcrums, and between the lever and the pin there will of 
course be friction. To find the friction let r be the radius — 
of the pin round which the lever turns; then the friction 
on the pin, acting tangentially to the surface of the pin 
and opposing motion, = RF sin ¢ (Art. 99); and the virtual 
velocity of the point of application of the friction = rdé; 
and hence the virtual work of the friction = F# sin ¢-rdé, 
Hence the equation of virtual work is 


P.pdd — W-qd0 — R sin ¢ rdd = 0. 


Substituting the value of & from (2), and omitting d@, we 


have 
Pp — We =rsingVP? + W?+2PWeosw; (5) 


solving this quadratic for P we have 
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Sw PL + 7? 008 w sin? > 

ee pe — r sin? > 

V/p + 2pq cos w + g? — 7” sin? ¢ sin? w 6 
p— r sin? » (8) 


+ Wr sin 


which gives the relation between the power and the weight 
when friction is considered, the upper or lower sign of 
r sin @ being taken according as P or W is about to pre- 
ponderate. 


Cor.—If the friction is so smal] that it may be omitted, 

r sin ¢ = 0, and (6) becomes 
7=5 (7) 

111. The Common Balance.—In machines generally 
the object is to produce motion, not rest; in other words 
to do work. The statical investigation shows only the limit 
of force to be applied to put the machine on the point of 
motion, or to give it uniform motion. For any work to be — 
done, the force applied must exceed this limit, and the 
greater the excess, the greater the amount of work dene. 
There is, however, one class of applications of the lever — 
where the object is not to do work, but to produce equi- 
librium, and which are therefore specially adapted for treat- 
ment by statics. This is the class of measuring machines, 
where the object is not to overcome a particular resistance. 
but to measure its amount. The testing machine is a good 
example, measuring the pull which a bar of any material 
will sustain before breaking. The common balance and 
steelyard for weighing, are familiar examples. 

The common balance is an instrument for weighing ; it 
is a lever of the first kind, with two equal arms, with a 
scale-pan suspended from each extremity, the fulcrum 
being vertically above the centre of gravity of the beam 
when the latter is horizontal, and therefore vertically above 
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the centre of gravity of the system formed by the beam, the 
scale-pans, and the weights of the scale-pans. The sub- 
stance to be weighed is placed in one scale-pan, and weights 
of known magnitude are placed in the other till the beam 
remains in equilibrium in a perfectly horizontal position, 
in which case the weight of the substance is indicated by 
the weights which balance it. If these weights differ by 
ever so little the horizontality of the beam will be disturbed, 
and after oscillating for a short time, in consequence of 
the fulcrum being placed above the centre of gravity of the 
system, it will rest in a position inclined to the horizon at 
an angle, the extent of which is a measure of the sensibility 
of the balance. ; 


The preceding explanation represents the balance in its simplest 
form; in practice there are many modifications and contrivances 
introduced. Much skill has been expended upon the construction of 
balances, and great delicacy has been obtained. Thus, the beam _ 
should be suspended by means of a knife-edge, 7. ¢., a projecting 
metallic edge transverse to its length, which rests upon a plate of 
agate or other hard substance. The chains which support the scale- 
pans should be suspended from the extremities of the beam in the 
same manner. The point of support of the beam (fulcrum) should be 
at equal distances from the points of suspension of the scales; and 
when the balance is not loaded the beam should be horizontal. Wo 
can ascertain if these conditions are satisfied by observing whether 
there is still equilibrium when the substance is transferred to the 
scale which the weight originally occupied and the weight to that 
which the substance originally occupied. 


The chief requisites of a good balance are : 


(1) When equal weights are placed in the scale-pans the 
beam should be perfectly horizontal. 


(2) The balance should possess great sensibility ; 1. @, if 
two weights which are very nearly equal be placed in the 
scale-pans, the beam should vary sensibly from its horizontal 
position. 
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(3) When the balance is disturbed it should readily 
return to its state of rest, or it should have stability. 


112. To Determine the 
Chief Requisites of a Good 
Balance.—-Let P and W be 
the weights in the scale-pans ; 
O the fulerum; /# its distance 
from the straight line, AB, 3 
which joins the points of at- P Fig.57 
tachment of the scale-pans to 
the beam; G the centre of gravity of the beam ; and let 
AB be at right angles to OC, the line joining the fulcrum 
to the centre of gravity of the beam. Let AC = CB =a; 
OG =k; w=the weight of the beam; and 6 = the 
angle which the beam makes with the horizon when there 
is equilibrium. 

Now the perpendicular from O 


on the direction of P = a cos 6 —h sin 0; 
Some £€ W-= acos 6 + fh sin 0; 
Ones fy US 12 Sw GP 


therefore taking moments round O we have 
P (a cos 6—h sin 0) — W (a cos 04h sin 6) —wk ain 0 =U 


(P— W)a 


eRe (P+ W)h + wk 2) 


This equation determines the position of equilibrium. The 
first requisite—the horizontality of the beam when P and 
W are equal—is satisfied by making the arms equal. 

The second requisite [(2) of Art. 111], requires that, for 
a given value of P — W, the inclination of the beam to the 
horizon must be as great as possible, and therefore the sen- 
sibility is greater the greater tan 0 is for a given value of 
P — W; and for a given value of tan @ the sensibility is 
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greater the smaller the value of P — W is; hence the sen- 

sibility may be measured by os which requires that 
Poa) k 

(P+ W) : +w a 

be as small as possible. Therefore a must be large, and w, 

h, and & must be small; 7. ¢., the arms must be long, the 

beam light, and the distances of the fulcrum from the 

beam and from the centre of gravity of the beam must be 

small. 

The ¢hird requisite, its stability, is greater the greater 
the moment of the forces which tend to restore the beam to 
its former position of rest when it is disturbed. If P=W 
this moment is 

[((P+ W)h + wk] sin 8, 
which should be made as large as possible to secure the 
third requisite. 

This condition is, to some extent, at variance with the 
second requisite. They may both be satisfied, however, by 
making (P + W)h + wk large and a large also; 2. e., by 
increasing the distances of the fulcrum from the beam and 
from the centre of gravity of the beam, and by lengthening 
the arms. (See Todhunter’s Statics, p. 180, also Pratt’s 
Mechanics, p. 78.) 

The comparative importance of these qualities of sensi- 
bility and stability in a balance will depend upon the use 
for which it is intended; for weighing heavy weights, 
stability is of more importance; for use in a chemical 
laboratory the balance must possess great sensibility ; and 
instruments have been constructed which indicate a varia- 
tion of weight less than a millionth part of the whole. In 
a balance of great delicacy the fulcrum is made as thin as 
possible ; it is generally a knife-edge of hardened steel or 
agate, resting on a polished agate plate, which is supported 
on a strong vertical pillar of brass. 
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113. The Steelyard.—This is a kind of balance in 
which the arms are unequal in length, the longer one being 
graduated, along which a poise may be moved in order to 
balance different weights which are placed in a scale-pan on 
the short-arm. While the moment of the substance 
weighed is changed by increasing or diminishing its quan- 
tity, its arm remaining constant, that of the poise is 
changed by altering its arm, the weight of the poise 
remaining the same. 


114. To Graduate the Common Steelyard.—(1) 
When. the point of suspension is coincident with the centre 
of gravity. 

Let AF be the beam of the steel- 
yard suspended about an axis pass- 
ing through its centre of gravity, 
C; on the arm, OF, place a moy- 
able weight, P; then if a weight, 
W, equal to P, is suspended from 
A, the beam will balance when P 
on the long arm is at a distance 
from C equal to AC. If W equals twice the weight of P, 
the beam will balance when the distance of P from C is 
twice AC; and so on in any proportion. Hence if W is 
successively 1 lb., 2 lbs., 3 lbs., ete, the distances of the 
notches, 1, 2, 3, 4, etc., where P is placed, are as 1, 2, 3, 
etc., 7. ¢., the arm OF is divided into equal divisions, begin- 
ning at the fulcrum, ©, as the zero point. 


(2) When the point of suspension is not coincident with 
the centre of gravity. 


Let C be the fulcrum, W the substance to be weighed 
hanging at the extremity, A, and P the moyable weight. 
Suppose that when W is removed, the weight, P, placed at 
B will balance the long arm, CF, and keep the stcelyard in 
a horizontal position; then the moment of the instrument 
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itself, about C, is on the side, CF, and is equal to P- OBR. 
Hence, if W hangs from A, and P from any point KH, then 
for equilibrium we must have 


P.CE+P-BC=W-A0O; 


or uP erds rc PY ays 
W 
nts BE = —- AO. 


If we make W successively equal to P, 2P, 3P, ete., then 
the values of BE will be AC, 2AC, 3AC, etc., and these 
distances must be measured off, commencing at B for the 
zero point, and the points so determined marked 1, 2, 3, 4, 
etc. Sucha steelyard cannot weigh below a certain limit, 
corresponding to the first notch, 1. 

To find the length of the divisions on the beam, divide 
BE, the distance of the poise from the zero point, by the 
weight, W, which P balances when at the point EK. The 
steelyard often has fwo fulcrums, one for small and the 
other for large weights. 


EXAMPLES. 


1. What force must be applied at one end of a lever 
12 ins. long to raise a weight of 30 lbs. hanging 4 ins. from 
the fulcrum which is at the other end, and what is the 
pressure on the fulerum ? Ans. 10 lbs. : 20 lbs. 


2. A lever weighs 3 lbs., and its weight acts at its middle 
point; the ratio of its arms is 1:3. If a weight of 48 lbs, 
be hung from the end of the shorter arm, what weight 
must be suspended from the other end to prevent motion ? 

Ans. 15 |bs. 
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3. The arms of a dent lever are 3 ft. and 5 ft. and inclined 
to each other at. an angle 6 = 150°. To the short arm a 
weight of 7 lbs. is applied and to the long arm a weight of 
) lbs. is applied. Required the inclination of each arm to 
the horizon when there is equilibrium. 

Ans. The short arm is inclined at an angle of 18° 22’ 
above the horizon, and the long arm is inclined at an angle 
of 48° 22" below the horizon. 


115. The Wheel and Azxle.—This 
machine consists of a wheel, a, rigidly 
connected with a horizontal cylinder, 
6, movable round two trunnions (Art. 
99), one of which is shown at c. The 
power, P, is applied at the cireumfer- 
ence of the wheel, sometimes by a cord 
coiled round the wheel, sometimes by Fig.59 
handspikes as in the capstan, or by 
handles as in the windlass ; the weight, W, hangs at the 
end of a cord fastened to the axle and coiled round it. 


116. Conditions of Equilibrium of the Wheel and 
Azxle.—(1) Let a and 6 be the radii of the wheel and axle 
respectively ; P and W the power and weight, supposed to 
act by strings at the circumference of the wheel and axle 
perpendicular to the radi @ and J. Then either by the 
principle of virtual velocities or by the principle of moments 
we have 


Pa= Wo, 
or P __ radius of axle : 
W ~ radius of wheel (1) 


It is evident that, by increasing the radius of the wheel 
or by diminishing the radius of the axle, any amount of 
mechanical advantage may be gained. It will also be seen 


DIFFERENTIAL WHEEL AND AXLE. 191 


that this machine is only a modification of the lever; the 
peculiar advantage of the wheel and axle being that an end- 
less series of levers are brought into play. In this respect, 
then, it surpasses the common lever in mechanical advan- 
tage. 

In the above we have supposed friction to be neglected, 
or, What amounts to the same thing, have assumed that the 
trunnion is indefinitely small. In practice, of course, the 
trunnion hasa certain radius, 7, and a certain coefficient of 
friction. Calling # the resultant of P and W, and taking 
into account the friction on the trunnion we have for the 
relation between P and W 


Pa = Wb 4-rsino@WP?2 + W?2 + 2PW cos », (2) 


® being the angle between the directions of P and W 
exactly as in Art. 110. 


(2) Differential Wheel and 
Axle.—By diminishing 0, the radius 
of the axle, the strength of the 
machine is diminished; to avoid this 
disadvantage a differential wheel and 
axle is sometimes employed. In this 
instrument the axle consists of two 
cylinders of radii 6 and 0’; the rope 
is wound round the former in one 
direction, and after passing under a Fig.60 
movable pulley to which the wéight 
is attached, is wound round the latter in the opposite direc- 
tion, so that as the power, P, which is applied as before, 
tangentially to the wheel of radius, a, moves in its own 
direction, the rope at & winds up while the rope at 6 
unwinds. 

For the equilibrium of the forces (whether at rest or in 
uniform motion), the tensions of the rope in dm and 6’n- 


P 
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are each equal to4W. Hence, taking moments round the 
centre of the trunnion, c, we haye 


Pa +4Wb' —4Wb=0; 


~. Pa=14W(b—d), (3) 


hence by making the difference, 6 — 0’, small, the power 
can be made as small as we please to lift a given weight. 
Let the wheel turn through the angle 60; the point of 
application of P will describe a space = ad@, and the 
weight will be lifted through a space = $ (6 — 0’) dO, 
which latter will be very small if 6 — 0’ is very small. 
Therefore, since the amount of work to be done te raise the 
weight to any given height, is constant, economy of power 
is accoinplished by a loss in the time of performing the 
work. 


117. Toothed Wheels.—Toothed or cogged wheels are 
wheels provided on the circumferences with projections 
called teeth or cogs which interlock, as shown in the figure, 
and which are therefore capable of transmitting force, so 
that if one of the wheels be turned round by any means, 
the other will be turned round also. 

When the teeth are on the sides of the wheel instead of 
the circumference, they are called crown wheels. When 
the axes of two wheels are 
neither perpendicular nor 
parallel to each other, the 
wheels take the form of 
frustums of cones, and are 
called beveled wheels. When 
there is a pair of toothed 
wheels on each axle with the 
teeth of the large one on one 
axle fitting between the teeth 
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of the small one on the next axle, the larger wheel of each 
pair is called the wheel, and the smaller is called the pinion. 
By means of a combination of toothed wheels of this kind 
called a train of wheels, motion may be transferred from 
one point to another and work done, each wheel driving 
the next one in the series. The discussion of this kind of 
machinery possesses great geometric elegance ; but it would 
be out of place in this work. We shall give only a slight 
sketch of the simplest case, that in which the axes of the 
wheels are all parallel. For the investigation of the proper 
forms of teeth in order that the wheels when made shall 
run truly one upon another the student is referred to other 
works.* 


118. To Find the Relation of the Power and 
Weight in Toothed Wheels.—Let A and B be the fixed 
centres of the toothed wheels on the circumferences of 
which the teeth are arranged; QCQ a normal to the sur- 
faces of two teeth at their point of contact, C. Suppose an 
axle is fixed on the wheel, B, and the weight, W, suspended 
from it at E by a cord; also, suppose the power, P, acts at 
D with an arm DA; draw Aa and Bd perpendicular to 
QCQ. Let Q be the mutual pressure of one tooth upon 
another at C; this pressure will be in the direction of the 
normal QCQ. Now since the wheel, A, is in equilibrium 
about the fixed axis, A, under the action of the forces, 
P and Q, we have 


and since the wheel, B, is in equilibrium about the fixed 
axis, B, under the action of the forces, Q and W, we have 


W.BE = Q- Ba. (2) 


# See Goodeve’s Elements of Mechanism ; Rankine’s Applied Mechanics ; Mose- 
ley’s Engineering ; Willis’s Principles of Mechanism; Collignon’s Statique ; and 
a Paper of Mr. Airy’s in the Camb. Phil. Trans., Vol. Il, p. 27%. 

9 
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Dividing (1) by (2) we have 


EP; ADTs aon 
W-BE ~ Bd’ 


moment of P _ Aa 
moment of W~ Bd 


If the direction of the normal, QCQ, at the point of con- © 
tact, C, changes as the action passes from one tooth to the 
succeeding, the relation of P to W becomes variable. But, 
if the teeth are of such form that the normal at their point 
of contact shall always be tangent to both wheels, the lines 
Aa and Béd will become radii, and their ratio constant. 
And since the number of teeth in the two wheels is propor- 
tional to their radii, we have 


moment of P _ number of teeth on the wheel P 3) 
moment of W number of teeth on the wheel W (@ 


119. Relation of Power to Weight in a Train of 7 
Wheels.—Let 2,, R,, R;, etc. be the radii of the suc- 
cessive wheels in such a train; 74, 79, 73, ete., the radii of 
the corresponding pinions; and let P,; P,, P,, P;, ... W, 
be the powers applied to the circumferences of the successive 
wheels and pinions.. Then the first wheel is in equilibrium 
about its axis under the action of the forces P and P,, 
since the power applied to the circumference of the second 
wheel is equal to the reaction on the first pinion, therefore 


Px Dene, alae 
Similarly Pix Rk, =P, X 193 
Py Xie Pei Xetes 

ete: =a: 0tCs3 

Pat Re Wx tne 
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Multiplying these equations together and omitting common 
factors, we have 


c TX hp Fe Ts X w+ = 


We deg SRB Lig oe ex 


. (1) 


It will be observed, in toothed gearing, that the smaller 
the radius of the pinion as compared with the wheel, the 
greater will be the mechanical advantage. There is, how- 
ever, a practical limit to the size that can be given to the 
pinion, because the teeth must be large enough for strength, 
and must not be too few in number. Six is generally the 
least number admissible for the teeth of a pinion. Equa- 
tion (1) shows that by a train consisting of a very few pairs 
of wheels and pinions there is an enormous mechanical 
advantage. Thus, if there are three pairs, and the ratio of 
each wheel to the pinion is 10 to 1, then P is only one 
thousandth part of W; but on the other hand, W will only 
make one turn where P makes one thousand. Such trains 
of wheels are very useful in machinery such as hand cranes, 
where it is not essential to obtain a quick motion, and 
where the power available is very small in comparison to 
the weight. (See Browne’s Mechanics, p. 109.) 


Ee oAU Mire aS: 


1. What is the diameter of a wheel’ if a power of 3 lbs. 
is just able to move a weight of 12 Ibs. that hangs from the 
axle, the radius of the axle being 2 ins.? Ans. 16 ins. 


2. If a weight of 20 lbs. be supported on a wheel and 
axle by a force of 4 lbs., and the radius of the axle is 
% in., find the radius of the wheel. Ans. 34 ins. 


3. A capstan is worked by a man pushing at the end of 
a pole. He exerts a force of 50 Ibs. and walks 10 ft. 
round for every 2 ft. of rope pulled in. What is the 
resistance overcome ? Ans. 250 Ibs. 
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4. An axle whose diameter is 10 ins., has on it two 
wheels the diameters of which are 2 ft. and 24 ft. respec- 
tively. Find the weight that would be supported on the 
axle by weights of 25 lbs. and 24 lbs. on the smaller and 
larger wheels respectively. Ans. 132 lbs. 


120. The Inclined Plane.—This has already been 
partly considered (Art. 96, etc.). Let the power, P, whose 
direction makes an angle, 0, with a rough inclined plane, 
be employed to drag a weight, W, up the plane. Then if 
@ is the angle of friction and 7 the inclination of the plane, 
we have from (3) of Art. 96, 


sin (¢ + @) 
cos (6 — 0) () 


If P acts along the plane, 6 = 0, and (1) becomes 


“cos } (2) 
If P acts horizontally, @ = — 7, and (1) becomes 
P= WW tan G48). (3) 


Cor.—If we suppose the friction = 0, (1), (2), and (8) 
become respectively 


sin 2 


es cos 0” (4) 
P= W sn i, (5) 
P= W tani. (6) 


Scu.—It follows from (4), (5), and (6) that the smaller 
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the inclination* of the plane to the horizon, the greater will 
be the mechanical advantage. If we take in friction there 


is an exception to this rule when 7 > ji —¢ The 


gradients on railways are the most common examples of 
the use of the inclined plane; these are always made as low 
as is convenient in order to enable the engine to lift the 
heayiest possible train. 


121. The Pulley.—The pulley cousists of a grooved 
wheel, capable of revolving freely about an axis, fixed into 
a framework, called the block. A cord passes over a por- 
tion of the circumference of the wheel in the groove. 
When the axis of the pulley is fixed, the pulley is called a 
jived pulley, and its only effect is to change the direction 
of the force exerted by the cord; but where the pulley can 
ascend and descend it is called a movable pulley, and a 
mechanical advantage may be gained. Combinations of 
pulleys may be made in endless variety; we shall consider 
only the simple movable pulley and three of the more 
ordinary combinations. No account will be here taken of 
the weight of the pulleys or of the cord, or of friction and 
stiffness of cords. The weight of a set of pulleys is gener- 
ally small in comparison with the loads which they lift ; 
and the friction is smal]. The use of the pulley is to 
diminish the effects of friction which it does by transferring 
the friction between the cord and circumference of the 
wheel to the axis and its supports, which may be highly 
polished or lubricated. The mechanical principle involved 
in all calculations with respect to the pulley is the constancy 
of the force of tensioa in all parts of the same string 
(Art. 40). 

+ To find the inclination of the plane for eS ihaciouw value of P when it acts 
parallel to the plane we put the derivative of P with respect to 7= 0, and get 
aP cos (i + ¢) 
Nearer a 


is diminishing from : tos — ¢, mechanical advantage is diminishing. 


=O ee aS ¢. Hence while the inclination of the plane 
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122. The Simple Movable Pulley.—Let O be the 
centre of the pulley which is supported by a cord passing 
under it with one end attached to a beam at A and the 
‘ other end stretched by the force P. 

Now since the tension of the string, , Soe 
ABDP, is the same throughout, and the 2 
weight, W, is supported by the two 
strings at B and D, in each of which 
the tension is P, we have 

Tee 
ois oie. Ws 
he same result follows by the prin- 
ciple of virtual velocities. Suppose the Fig.62 
pulley and the weight, W, to rise any 
distance. Then it is clear that both halves of the string 
must be shortened by the same distance, and hence P 
must rise double the distance; and therefore the equation 
of virtual work gives 


Cf eon Ree te 


The mechanical advantage with a single movable pulley 
is 2. 


123. First System of Pulleys, in which 
the same cord passes round all the Pul- 
leys.—In this system there are two blocks, A 
and B, the upper of which is fixed and the 
lower movable, and each containing a number 
of pulleys, each pulley being movable round 
the axis of the block in which it is. A single 
cord is attached to the lower block and passes 
alternately round the pulleys in the upper and 
lower blocks, the portions of the cord between 
successive pulleys being parallel. The portion 
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of cord proceeding from one pulley to the next is called a 
ply; the portion at which the power, P, is applied is 
called the tackle-fall. 

Since the cord passes round all the pulleys its tension is 
the same throughout and equal to P. Then if » be the 
number of plies at the lower block, »P will be the resultant 
upward tension of the cords at the lower block, which 
must equal W ; 


Se IP W, 
a Taw 
; Wn 


This result follows also by the principle of virtual veloci- 
ties. Let p denote the length of the tackle-fall and x the 
common length of the plies ; then since the length of the 
cord is constant, we have 


p+ nx = constant ; 
-*. ap + ndzx = 0, 
But the equation of virtual work is 
Pdp + Wdz = 0; 


W 4 xa | 
ee pike or Wee i 

This system is most commonly used on account of its 
superior portability and is the only one of practical impor- 
tance. ‘he several pulleys are usually mounted on a com- 
mon axis, as in the figure, the cord being inclined slightly 
aside to pass from one pair of pulleys to the next. 

This forms what is called a set of Blocks and Falls. It 
is yery commonly used on shipboard and wherever weights 
have to be lifted at irregular times and places. The weight. 
of the lower set of pulleys in this case merely forms part of 
the gross weight W. ; a 
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The friction on the spindle of any particular pulley is 
proportional to the total pressure on the pulley, which is 
clearly 2P. Hence, if ~ is the coefficient of friction, the 
resistance of friction on any pulley = 2Pu; and the 
amount of its displacement, when W is raised, will be to 
the displacement of W in the ratio of the radius of the 
spindle to that of the pulley. 


124. Second System of Pulleys, 
in which each Pulley hangs from a 
fixed block by aseparate String— * 
Let A be the fixed pulley, x the number 


of movable pulleys; each cord has one i 

end attached to a fixed point in the beam, 

and all except the last have the other end w 
attached to a movable pulley, the por- Fig.64. 


tions not in contact with any pulley being all parallel. 
Then the tension of the cord passing under the first 


(lowest) pulley = ue (Art. 122); the tension of the cord 
passing under the second pulley = ee and so on; and the 


tension of the cord passing under the wth pulley = aid 


Qn’ 
which must equal the power, P; 
P i 
O78 W = on (1) 


The same result follows by the principle of work. Sup- 
pose the first pulley and the weight W to rise any distance, 
«; then it is clear that both portions of the cord passing 
round this pulley will be shortened by the same distance, 
and hence the second pulley must rise double this distance 
or 2a, and the third pulley must rise double the distance of 
the second or 2%, and so on; and the mth pulley must rise 
2"-17 and P must descend 2x7; therefore the work of P 
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is P2%z, and the work to be done on W is W-z. Hence 
the equation of work gives 


Ve 
- Qn = Laé — Ss 
Ie 0S, 7 oe 


125. Third System of Pulleys, in which each cord 
is attached to the weight.—In this system one end of 
each cord is attached to the bar from which the weight 
hangs, and the other supports a pulley, the cords being all 
parallel, and the number of movable pulleys one less than 
the number of cords. 

Let m be the number of cords; then the 
tension of the cord to which P is attached is 
P; the tension of the second cord is 2P (Art. 
122); that of the next 2?P, and so on; and 
the tension of the wth cord is 2%-1P. Then 
the sum of all the tensions of the cords 
attached to the weight must equal W.- 
Hence 


P 


Fig:65 
PLeP HP es POP = (YY —1) LP = Ws 


Dae 
Was 2 ai 


In this system the weights of the movable pulleys assist P ; 
in the two former systems they act against it. 


BS SAM PEE Ss: 


1. What force is necessary to raise a weight of 480 lbs. 
by an arrangement of six pulleys in which the same string 
passes round each pulley ? Ans. 80 \bs. 


2. Find the power which will support a weight of 
800 lbs. with three movable pulleys, arranged as in the 
second system. Ans. 100 lbs, | 
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3. If there be equilibrium between P and W with three 
‘pulleys in the third system, what additional weight can be 
raised if 2 lbs. be added to P? Ans. 14 lbs. 


126. The Wedge.—The wedge is a triangular prism, 
usually isosceles, and is used for separating bodies or parts ~ 
of the same bedy by introducing its edge between them and 
then thrusting the wedge forward. This is effected by the 
blow of a hammer or other such means, which produces a 
violent pressure, for a short time, in a direction perpen- 
dicular to the back of the wedge, and the resistance to be 
overcome consists of friction and a reaction due. to the 
molecular attractions of the particles.of the body which 
are being separated. This reaction will be in a direction 
perpendicular to the inclined surface of the wedge. 


127. The Mechanical Ad- 
vantage of the Wedge.—Let 
ACB represent a section of the 
wedge perpendicular to its in- 
clined faces, the wedge having 
been driven into the material a 
distance equal to DC by a force, 
P, acting in the direction DC. 
Draw DE, DF, perpendicular to 
AC, BC, and let & denote the 
reactions along ED and FD; then wR will be the friction 
acting at EH and F in the nireencn: EA and FB. Let the 
angle of the wedge or ACB = 2a. 

Resolve the forces which act on the wedge in directions 
perpendicular and parallel to the back of the wedge, then 
we have for perpendicular forces 


P= 2K sin «@ + WR cos a. (1} 


This equation may also be obtained from the principle of. 
work as follows: If the wedge has been driven into, the 


MECHANICAL ADVANTAGE OF WEDGE. 203 


material a distance equal to DC by a force, P, acting in 
the direction DC, then the work done by 2s PD 
(Art. 101, Rem.); and since the points E and F were 
originally together, the work done against the resistance 
Ris Rk x DE+ Rk x DF = 2R x DE; and the work 
done against friction is 2uR x EC. Hence the equation 
of work is 


Px DC =22K x DE + WR x KC, (2). 
which reduces to (1) by substituting sin «& and cos e& for 
DE yq BO 
pe DO: 


Cor.—TI friction be neglected, (2) becomes 


peo) ere 
Pew Ol AC 
| back of the wedge 
R~ length of one of the equal sides’ 


that is 


It follows that the narrower the back of the wedge, the 
greater will be the mechanical advantage. Knives, chisels, 
and many other implements are examples of tle wedge. 

In the action of the wedge a great part of the power is 
employed in cleaving the material into which it is driven. 
The force required to effect this is so great that instead of 
applying a continuous pushing force perpendicular to the 
back of the wedge, it is driven by a series of blows. Be- 
tween the blows there is a powerful reaction, A, acting to 
push the wedge back again out of the cleft, aad this is 
resisted by the triction which now acts in the directions 
EC and FC. Hence when the wedge is on the point of 
starting back, between the blows, the equation of equi- 
librium will be from (1) 


2h sin « — 2vRk cose = 0; 


- .°, «@ = tan ‘pn. 
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And the wedge will fly back or not according as « > or 
< tan-!y. (See Browne’s Mechanics, p. 117. Also Magnus’s 
Mechanics, p. 157.) 


128. The Screw.—The screw consists of a right cir- 
cular cylinder, on the convex surface of which there is 
traced a uniform projecting thread, abcd . . . . inclined at 
a constant angle to straight lines parallel to the axis of the 
cylinder. The path of the thread 
may be traced by the edge AC of 
an inclined plane, ABC, wrapped 
round the cylinder; the base of 
the plane corresponding with the 
circumference of the cylinder, and 
the height of the plane with the 
distance between the threads which 
is called the pitch of the screw. 
The threads may be rectangular or pS 
triangular in section. The cylinder 5 
fits into a block, on the inner sur- 
face of which is cut a groove which is the exact counterpart 
of the thread. The block in which the groove is cut is often 
called the nw. The power is generally applied at the end of 
a lever fixed to the centre of the cylinder, or fixed to the nut. 
It is evident that a screw never requires any pressure in the 
direction of its axis, but must be made to revolve only ; 
and this can be done by a force acting at right angles to 
the extremities of its diameter, or its diameter produced. 


Fig.67 


129. The Relation between the Power and the 
Weight in the Screw.—Suppose the power, P. to act in 
a plane perpendicular to the axis of the cylinder and at the 
end of an arm, DE = a, and suppose the screw to have 
made one revolution, the power, P, will have moved 
through the circumference of which a, is the radius, and 
the work done by P will be Px2na. During the same 
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time the screw will have moved in the direction of its axis 
through the distance, AB = 27r tan «, 7 being the radius 
of the cylinder, and « the angle which the thread of the 
screw makes with its base. Then as this is the direction in 
which the resistance is encountered, the work done against 
the resistance, W, is W27r tan « Hence if no work is lost 
the equation of work will be 


i Xana == Wx 206 ta ex. (1) 


That is the power is to the weight as the pitch of the screw 
is to the circumference described by the power. 

If there is friction between the thread and the groove, let 
R be the normal pressure at any point, p, of the thread, 
and #F the friction at this point, then the work done 
against the friction in one revolution is wR nr sec a, UR 
denoting the sum of the normal reactions at all points of 
the thread. Hence the equation.of work is 


P2ra = Warr tan @ + parr sec aXh. (2) 


But, for the equilibrium of the screw, resolving parallel 
to the axis, we have 


W=X(Feos a —pF sin «), 


WwW 
oy fae ————— 
therefore i cosSa@ —wUsIN eae a 


which in (2) gives 


oy prsecaW  , 
We) tear cerca 


or Pa = Wr tan (« + 9), (3) 


_ being the angle of friction. 
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129a. Prony’s Differential Screw.—If 1 denote the 
pitch of a screw (1) becomes 


2Pra = Wh, 


which expresses the relation between P and W, when fric- 
tion is neglected. Therefore the mechanical advantage is 
gained by making the pitch very small. In some cases, 
however, it is desirable that the screw should work at fair 
speed, as-in ordinary bolts and nuts, and then the pitch 
must not be too small. In cases where the screw is used 
specially to obtain pressure, as in screw-presses for cotton, 
ete., we do not care for speed, but only for pressure. But 
in practice it is impossible to get the pitch very small from 
the fact that if the angle of inclination is very flat, the 
threads run so near each other as to be too weak, in which 
case the screw is apt to “strip its thread,” that is, to tear 
bodily out of the hole, leaving the thread behind. 

_ Where very great pressure is required a differential nut- 
hole is resorted to. Let the screw work in two blocks, 
A and B, the first of 
which is fixed and the 
second movable along a 
fixed groove, 2; and let 
h be the pitch of the 
thread which works in 
the block, A, and /' the pitch of the thread which works 
in the block B. Then one revolution of the screw impresses 
two opposite motions on the block, B, one equal to / in the 
direction in which the screw advances, and the other equal 
to h' in the opposite direction. If then the block, B, is 
connected with the resistance W, we have by the principle 
of work 


2Pra = W(h —h’); 


and the requisite power will be diminished by diminishing 
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h —h’. By means of this screw a comparatively small » 
pressure may be made to yield a pressure enormously 
greater in magnitude. 


BXAMPLES. 


1. A lever 10 ins. long, the weight of which is 4 lbs., and 
acts at its middle point, balances about a certain point 
when a weight of 6 lbs. is hung from one end; find the 
point. Ans. 2 ins. from the end where the weight is. 


2. A lever weighing 8 lbs. balances at a point 3 ins. from 
one end and 9 ins. from the other. Will it continue to bal- 
ance about that point if equal weights be suspended from 
the extremities ? 


3. A beam whose length is 12 ft. balances at a point 2 ft. 
from one end ; but if a weight of 100 lbs. be hung from the 
other end it balances at a point 2 ft. from that end; find the 
weight of the beam. Ans. 25 lbs. 


4. A lever 7 feet long is supported in a horizontal posi 
tion by props placed at its extremities : find where a weight 
of 28 lbs. must be placed so that the pressure on one of the 
props may be 8 Ibs. Ans. Two feet from the end. 


5. Two weights of 12 Ibs. and 8 lbs, respectively at the 
ends of a horizontal lever 10 feet long balance: find how 
far the fulcrum ought to be moved for the weights to bal- 
ance when each is increased by 2 lbs. Ans. Two inches. 


6. A lever is in equilibrium under the action of the forces 
P and Q, and is also in equilibrium when P is trebled and 
Q is increased by 6 lbs.: find the magnitude of Q. 

Ans. 3 Ibs. 


%. In a lever of the first kind, let the power be 217 lbs., 
the weight 725 Ibs., and the angle between them 126°° 
Find the pressure on the fulcrum, Ans. 622.7 lbs. 
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_8. If the power and weight in a straight lever of the 
first kind be 17 lbs. and 32 lbs., and make with each other 
an angle of 79°; find the pressure on the fulcrum. 

Ans. 39 lbs. 


9, The length of the beam of a false balance is 3 ft. 
9 ins. A body placed in one scale balances a weight of 
9 lbs. in the other ; but when placed in the other scale it 
balances 4 lbs.; required the true weight, W, of the body 
and the lengths, a and 3, of the arms. 

Ans. W = 6 loss ¢ =al f..6 nse 6 = 2 iain 


10. If a balance be false, having its arms in the ratio of 
15 to 16, find how much per lb. a customer really pays 
for tea which is sold to him from the longer arm at 3s. 9d. 
per lb. Ans. 4s. per lb. 


11. A straight uniform lever whose weight is 50 Ibs. and 
length 6 feet, rests in equilibrium on a fulerum when a 
weight of 10 lbs. is suspended from one extremity: find the 
position of the fulcrum and the pressure on it. 

Ans. 24 ft. from the end at which 10 lbs. is suspended ; 
60 lbs. 


12. On one arm of a false balance a body weighs 11 lbs.; 
on the other 17 lbs. 3 0z.; what is the true weight ? 


Ans. 13 \bs. 12 oz. 


13. A bent lever is composed of two straight uniform 
rods of the same length, inclined to each other at 120°, and 
the fulcrum is at the point of intersection: if the weight of 
one rod be double that of the other, show that the lever will 

remain at rest with the lighter arm horizontal. 


14. A uniform lever, 7 feet long, has a weight of W lbs., 
suspended from its extremity; find the position of the ful- 
cerum when the long end of the lever balances the short 
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end with the weight attached to it, supposing each unit of 
length of the lever to be w lbs. 
Pw 
Ans. 2(W + tn) is the short arm. 
15. A lever, 7 ft. long, is balanced when it is placed upon 
a prop } of its length from the thick end; when a weight 
of W lbs. is suspended from the small end the prop must 
be shifted 5 ft. towards it in order to maintain equilibrium; 
required the weight of the lever. Ans. 4W. 


16, A lever, / ft. long; is balanced on a prop by a weight 
of W lbs.; first, when the weight is suspended from the 
thick end the prop is a ft. from it; secondly, when the 
weight is suspended from the small end the prop is 6 ft. 
from it ; required the weight of the lever. 


ADE = iN, 


17. The forces, P and W, act at the arms, a and 3, 
respectively, of a straight lever. When P and W make 
angles of 30° and 90° with the lever, show that when equi- 


librium takes place P = are 


18. Supposing the beam of a false balance to be uniform, 
a and b the lengths of the arms, P and Q the apparent 
weights, and W the true weight; when the weight of the 
beam is taken into account show that 


pohly, 
6 W—@Q 
19. If a be the length of the short arm in Ex. 14, what 
must be the length of the whole lever when equilibrium 
takes place ? oa W 
+ y: Ans. @ + a 
20. A man whose weight is 140 lbs. is just able to sup- 
port a weight that hangs over an axle of 6 ins. radius, by 
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hanging to the rope that passes over the corresponding 
wheel, the diameter of which is 4 ft.; find the weight sup- 
ported. Ans. 560 Ibs. 
21. If the difference between the diameter of a wheel and 
the diameter of the axle be six times the radius of the axle, 


find the greatest weight that can be sustained by a force of 
60 lbs. Ans. 240 lbs. 


22. If the radius of the wheel is three times that of the 
axle, and the string round the wheel can support a weight 
of 40 lbs. only, find the greatest weight that can be lifted. 

Ans. 120 lbs. 


23. What force will be required to work the handle of a 
windlass, the resistance to be overcome being 1156 lbs., the 
radius of the axle being six ins. and of the handle 2 ft. 
8 ins. ? Ans. 216.75 lbs. 


24, Sixteen sailors, exerting each a force of 29 lbs., push 
a capstan with a length of lever equal to 8 ft., the radius of 
the capstan being 1 ft. 2ims. Find the resistance which 
this force is capable of sustaining. 
Ans. 1 ton 8 cwt. 1 qr. 17§ Ibs. 


25. Supposing them to have wound the rope round the 
capstan, so that it doubles back on itself, the radius of the 
axle is thus increased by the thickness of the rope. If this 
be 2 ins. how much will the power of the instrument be 
diminished. Ans. By 4, or 124 per cent. 


26. The radius of the axle of a capstan is 2 feet, and six 
men push each with a force of one cwt. on spokes 5 feet 
long; find the tension they will be able to produce in the 
rope which leaves the axle. Ans. 15 cwt, 


27. The difference of the diameters of a wheel and ‘axle 
is 2 feet 6 inches; and the weight is equal to six times the 
power ; find the radii of the wheel and the axle. ; 

" Ans. 18 ins.; 3 ins, 
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28. If the radius of a wheel is 4 ft., and of the axle 
8 ins., find the power that will balance a weight of 
500 Ibs., the thickness of the rope coiled round the axle 
being one inch, the power acting without a rope. 

Ans. 88.54 lbs. 


29. Two given weights, P and Q, hang vertically from 
two points in the rim of a wheel turning on an axis; 
find the position of the weights when equilibrium takes 
place, supposing the angle between the radii drawn to 
the points of suspension to be 90°, and that @ is the 
angle which the radius, drawn to P’s point of sus- 
pension, makes with the vertical. Ae Ge = 


30. What weight can be supported on a plane by a hori- 
zoutal force of 10 Ibs., if the ratio of the height to the base 
is 3? Ans. 134 lbs. 


31. The inclination of a plane is 30°, and a weight of 
10 lbs. is supported on it by a string, bearing a weight at 
its extremity, which passes over a smooth pulley at its 
summit; find the tension in the string. Ans. 5 \bs. 


32. The angle of a plane is 45°; what weight can be 
supported on it by a horizontal force of 3 Jbs., and a force 
of 4 lbs. parallel to the plane, both acting together. 

Ans. 3 + 4/2 lbs. 


33. A body is supported on a plane by a force parallel 
to it and equal to 4 of the weight of the body; find the 
ratio of the height to the base of the plane. 

Ans. 1: 26. 


34. One of the longest inclined planes in the world is 
the road from Lima to Callao, in 8. America; it is 6 miles 
long, and the fall is 511 ft. Calculate the inclination. 

Ans. 55' 27, or 1 yard in 62. 
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35. If the force required to draw a wagon on a horizontal 
road be 3,th part of the weight of the wagon, what will be 
the force required to draw it up a hill, the slope of which 
is 1 in 48. Ans. zz4qth part of the weight. 


36. If the force required to draw a train of cars on a 
level railroad be y4,th part of the load, find the force 
required to draw it up a grade of 1 in 46. 

Ans. zzt-zth part of the load. 


37. What force is required (neglecting friction) to roll a 
cask weighing 964 lbs. into a cart 3 ft. high, by means of a 
plank 14 ft. long resting against the cart. 

Ans. The force must exceed 2064 lbs. 


38. A body is at rest on a smooth inclined plane when 
the power, weight and normal pressure are 18, 26, and 
12 lbs. respectively ; find the inclination, «, of the plane to 
the horizon, and the angle, 6, which the direction of the 
power makes with the plane. 

Ans,.@ = 37° 21' 26"; @ = 28° 46’ 54% 

39. If the power which will support a weight. when act- 
ing along the plane be half that which will do so acting 
horizontally, find the inclination of the plane. Ans. 60°. 

40. A power P acting along a plane can support W, and 
acting horizontally can support 2; show that 

Pe = Wee, 


41. A weight W would be supported by a power P act- 
ing horizontally, or by a power Q acting parallel to the 
plane; show that 


42. The base of -an inclined plane is 8 ft., the height 
6 ft., and W= i0 tons; required P and the normal 
pressure, NV, on the plane. 


Ans. P = 6 tons; N = 8 tons. 
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43. A weight is supported on an inclined plane by a 
force whose direction is inclined to the plane at an angle 
of 30° ; when the inclination of the plane to the horizon is 
30°, show that VW = P V3. 


44, A man weighing 150 lbs. raises a weight of 4 cwt. by 
a system of four movable pulleys arranged according to the 
second system ; what is his pressure on the ground ? 
Ans. 122 lbs. 


45. What power will be required in the second system 
with four movable pulleys to sustain a weight of 17 tons 
12 cwt. Ans. 1 ton 2 ewt. 


46. Two weights hang over a pulley fixed to the summit 
of a smooth inclined plane, on which one weight is sup- 
ported, and for every 3 ins. that one descends the other 
rises 2 ins.; find the ratio of the weights, and the length 
of the plane, the height being 18 ins. Ans. 2: 3; 27 ins. 


47. If W = 336 lbs. and P = 42 Ibs. in a combination 
of pulleys arranged according to the first system, how many 
movable pulleys are there ? Ans, 4 


48. In a system of pulleys of the third kind in which 
there are 4 cords attached to the weight, determine the 
weight, W, supported, and the strain on the fixed pulley, 
the power being 100 lbs., and the weight, w, of each 
pulley 5 lbs. 

Ans.W = 15P + 11w = 1555 lbs.; Strain = 16P+15w 
= 1675 lbs. 

49. In a system of pulleys of the third kind, there are 


2 movable pulleys, each weighing 24 lbs. What power is 
required to support a weight of 6 cwt.? Ans. 94.57 lbs. 


’ 


50. Find the power that will-support a weight of 100 lbs. 
by means of a system of 4 pulleys, the strings being all 
attached to the weight, and each pulley weighing 1 lb. 

Ans. 544 lbs. 
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51. The circumference of the circle corresponding to the 
point of application of P is 6 feet; find how many turns 
the screw must make on a oylinder 2 feet long, in order 
that W may be equal to 144P. Ans. 48. 


52. The distance between two consecutive threads of a 
screw is a quarter of an inch, and the length of the power 
arm is 5 feet; find what weight will be sustained by a 
power of 1 Ib. Ans. 4807 lbs. 


53. How many turns must be given to a screw formed 
upon a cylinder whose length is 10 ins., and circumference 
5 ins., that a power of 2 0zs. may overcome a pressure of 
100 ozs. ? Ans. 100. 


54. A screw is made to revolve by a force of 2 lbs. 
applied at the end of a lever 3.5 ft. long; if the distance 
between the threads be 4 in., what pressure can be pro- 
duced ? Ans. 9 ewts. 1 qr. 20 lbs. 


55. The length of the power-arm is 15 inches; find the 
distance between two consecutive threads of the screw, 
that the mechanical advantage may be 30. Ans. 7 ins. | 


56. A weight of W pounds is suspended from the block 
of a single movable pulley, and the end of the cord in 
which the power acts, is fastened at the distance of 6 ft. 
from the fulerum of a horizontal lever, a ft. long, of the 
second kind ; find the force, P, which must be applied per- 
pendicularly at the extremity of the lever to sustain W. 


5%. In a steelyard, the weight of the beam is 10 lbs., and 
the distance of its centre of gravity from the fulcrum ‘is 


2 ins., find where a weight of 4 lbs. must be placed to bal 
ance it. Ans. At 5 ins. 
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58. A body whose weight is 1/2 Ibs. is placed on a rough 
plane inclined to the horizon at an angle of 45°. The co- 


efficient of friction ing, find in what direction a force 


V3 
of (1/3 — 1) lbs. must act on the body in order just to 
support it. Ans. At an angle of 30° to the plane. 


59. A rough plane is inclined to the horizon at an angle 
of 60° ; find the magnitude and the direction of the least 
force which will prevent a body weighing 100 lbs. from slid- 


‘ng down the plane, the coefficient of friction being =e 


Ans. 50 lbs. inclined at 30° to the plane. 


CHAP PER Vaid. 


THE FUNICULAR* POLYGON—THE CATENARY 
ATTRACTION. 


130. Equilibrium of the Funicular Polygon.—lf a 
cord whose weight is neglected, is suspended from two fixed 
points, A and B, and if a series of weights, P,, P,, Ps, 
etc., be suspended from the given points Q,. Qs, Qs, ete.; 
the cord will, when in equilibrium, form a polygon in a 
vertical plane, which is called the Punicular Polygon. 

Let the tensions along 
the successive portions 
of the cord, 4Q,, V1 Ve, 
Q.93, etc. be respec- 
tively 7,, T., 73, ete., 
and let 0,, 95, 93, ete, 
be the inclinations of oye 
these portions to the se 
horizon. Then Q, is ae 
in equilibrium under the action of three forces viz., P,, 
acting vertically, 7',, the tension of the cord 4Q,, and 7,, 
the tension of Y,Q,. Resolving these forces we have, 


tor horizontal forces, T, cos 0, — T, cos 9, = 0, (1) 

for vertical forces, P, + T, sin 0, — T,; sin@, =0, (2) 
In the same way for the point Q, we have, 

for horizontal forces, T, cos 0. — T, cos 0, = 0, | (3) 


for vertical forces, P, + 7; sin@, — T, sin@, =0, (4) 


* The term, Funicular, has reference alone to the cord, and has no mechanical 
significance. 
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Hence from (1) and (3) we have 
Ty con 0, = 7, cos 0, = 7; cos 6, = etc., 


that is, the horizontal components of the tensions in the dif- 
Serent portions of the cord are constant. Let this constant 
be denoted by 7’; then we have 


‘=arn! =a Ts = a, te» 
which in (2) and (4) give 
P, + Ttan 6, — T tan 6, = 0, (5) 
P, + Ttan 6, — Ttan 0, = 0, (6) 


and from (5) and (6) we have 
tan 6, = tan 6, + - a 


and tan 6, = tan 0, + =f 
, (7) 
Similarly tan 6, = tan 0, + Fit 
i 
and tan 0, = tan 0, + a 
etc., etc. 


If we suppose the Bae Py, P5,sete., ‘each equal to W, ~ 
(7) becomes 


tan 6, — tan 6, = tan 6, — tan 6, = tan 9, — tan 0, 
ae (8) 
Hence, the tangents of the successive inclinations form a 


series in Arithmetic Progression. Yn the figure 6, = 0, 
10 
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-*» tan 6, ae tan 0, = 
(9} 
tan 0, = a tan, 0 oi 3 ete. 


131. To Construct the Funicular Polygon when 
the Horizontal Projections of the successive Por- 
tions of the Cord are all equal.—Let 0,Q,, 0443, 73%e> 
7271, etc., be all of constant length = a, and let Q,9, = ¢. 
Then since by (9) of Art. 
130, the tangents of 6,, 65, 
6,,.0,, ete. are as 1, 2, 3, 
4, etc., we have 
Q.m = 20393 = 23 
Os 30.0 4 = ob sO. 

Hence, taking the middle point, O, of the horizontal 
portion, Q;Q,, as: origin, and the horizontal and vertical 
lines through it as axes of x and y, the co-ordinates of Q, 
are ($a, c); those of Q, are ($a, 3c); those of Q, are (Ja, 
6¢), and those of the mth vertex from Q, are evidently 
et a yo 


Eliminating » from these equations we get 


ae he 


Yo (1) 


which, being independent of , is satisfied by all the ver- 
tices indifferently, and is therefore the equation of a curve 
passing through all the vertices of the polygon, and 
denotes a parabola whose axis is the vertical line, OY, and 


whose vertex is vertically below O at a distance = = ; 
The shorter the distances Q,@3, Q3Qs, etc., the more 


nearly does the funicular polygon coincide with the para- 
bolic curve. 
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132. Cord Supporting a Load Uniformly Dis- 
tributed over the Horizontal.—If the number of vertices 
of the polygon be very great, and the suspended weights all 
equal so that the load is distributed uniformly along the 
straight line, FE, the parabola which passes through all the 
vertices, virtually coincides with the cord or chain forming 
the polygon, and gives the figure of the Suspension Bridge. 
In this bridge the weights suspended from the successive 
portions of the chain are the weights of equal portions of 
the flooring. The weight of the chain itself and the 
weights of the sustaining bars are neglected in comparison 
with the weight of flooring and the load which it carries. 


Let the span, AB, = 2a, and the height, OD, = h. 
Then the equation of the parabola referred to the vertical 
and horizontal axes of x and y, respectively, through QO, is 


y? = 4m2, (1) 


4m being the parameter. 

Because the load between O and A is uniformly dis- 
tributed over the horizontal, OF, its resultant bisects OK 
at ©; therefore the tangents at A and O intersect at O 
(Art. 62). 

From (1) we have 


OE a 
dE ey 2a’ 
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which is the tangent of the inclination of the curve at any 
point (x, y) to the axis of a Hence the tangent at the 
point of support, A, makes with the horizon an angle, «, 


whose tangent is a which also is evident from the tri- 


angle ACE. 

Let W be the weight on the cord ; then 4 W is the weight 
on OA, and therefore is the vertical tension, V, at A. Then 
the three forces at A are the vertical tension V = 4W, the 
total tension at the end of the cord, acting along the 
tangent AC, and the horizontal tension, 7’, ae is every- 
where the same (Art. 130). Hence, by the triangle of 
forces (Art. 31) these forces will be represented by the 
three lines, AE, AC, CE, to which their directions are 
respectively parallel; therefore we have for the horizontal 
tension 

a 


T= AE cota = We, 


and the total tension at A is 
VVI+ T= 1 Vie +a 


REXALL Es 


The entire load on the cord in (Fig. 71) is 320000 Ibs.; 
the span is 150 ft. and the height is 15 ft.; find the tension 
at the points of support and at the lowest point and also the 
inclination of the curve to the horizon at the points of 
support. 


time =H 4, oy ee == 8 1etae 


The vertical tension at each point of support is 


V = $ weight = 160000 lbs.; 
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the horizontal tension is 


ee i 
| T = W 5; = 400000 Ibs.; 


and the total tension at one end is 
/V2 + T? = 430813 lbs. 


133. The Common Catenary.—Its Equation.—A 
calenary is the curve assumed by a perfectly flexible cord 
when its ends are fastened at two points, A and B, nearer 
together than the length of the cord. When the cord is of 
constant thickness and density, 7. e., when equal portions of 
it. are eyually heavy, the curve is called the Common 
Catenary, which is the only one we shall consider. 

Let A and B be the fixed 
points to which the ends.of 
the cord are attached; the 
cord will rest in a vertical 
plane passing through A and 
B, which may be taken to be 
the plane of the paper Let 
C be the lowest point of the 
catenary; take this as the 
origin of co-ordinates, and 
let the horizontal ' line 
through C be taken for the 
axis of z, and the vertical 
line through C for the axis of y. Let (x, y) be any point, 
P, in the curve; denote the length of the arc, CP, by s; 
let c* be the length of the cord whose weight is equal to 
the tension at ©; and 7 the length of the cord whose 
weight is equal to the tension at P. 


Fig.72 


+ The weight of a unit of length of the. cord being here taken as the unit of 


weight. 
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Then the are, CP, after it has assumed its permanent 
form of equilibrium, may be considered as a rigid body 
kept at rest by three forces, viz.: (1) 7, the tension, acting 
at P along the tangent, (2) ¢, the horizontal tension at the 
lowest point CO, and (3) the weight of the cord, CP, acting 
vertically downward, and denoted by s. Draw PT’ the 
tangent at P, meeting the axis of yat 7’. Then by the 
triangle of forces (Art. 31), these forces may be represented 
by the three lines PT’, NP, T'N, to which their directions 
ure respectively parallel. Therefore 


T’N _ weight of CP. 
NP ~ tension at C0’? 


dy __8 
or Spa (a) 
Differentiating, substituting the value of ds, and reducing, 
we have 


Integrating, and remembering that when 2 = 0, “= =eOe 


a dy\2 x 
tog | 4/14 (Y) | = 8s 
Seataaert p59 Pea x 


oe dy : ( ee 
therefore ae + \/1 + ) = é, 


where ¢ is the Naperian base. Solving this equation for 


dy 
d # 4 
i= a(e-«); (1 


we obtain 


E we obtain 
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and by integration, observing that y = 0 when a = 0, 
we have 


x x 
y=i(e+e*)—o (2) 


which is the equation required. We may simplify this 
equation by moving the origin to the point, O, ata dis- 
tance equal to ¢ below C, by putting y —e for y, so that 
(2) becomes, 


— (« + “*), (3) 


which ts the equation of the catenary, in the usual form. 
The horizontal line through O is called the directria*® of 
the catenary, and O is called the origin. 


Cor. 1.—To find the length of the arc, CP, we have 


2 
ds = [1 + Bae 


ax 


x _& 2 
= 1+ le = ¢ :) dx, from (1), 


= 4 (cc + ve) dx; (4) 
aby ae 5 (¢ — “) (5) 


the constant being = 0, since when z = 0, s = 0. 
This equation may also be found immediately by equa 


ting the values of 2 in (a) and (1). 


* See Price’s Anal. Mechs., Vol. I, p. 216. 
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- Cor. 2.—Since c = OC is the length of the cord whose 
weight is equal to the tension of the curve at the lowest 
point, C, it foliows that, if the half, BC, of the curve were 
removed, and a cord of length ¢, «nd of the same thickness 
and density as the cord of the curve, were joined to the 
arc CP, and suspended over a smooth peg at C, the curve 
would be in equilibrium. 


Cor. 3.—We have from the triangle, PNT", 


tension at F pe es 
tension at C= =9§PN’ 


T _ ds 
or Se = from (3) ae (4), 


Lim ie 


that is, the tension at any point of the catenary rs equal to 
the weight of a portion of the cord whose length is equal to 
the ordinate at that point. 

Therefore if a cord of constant thickness and density 
nangs freely over any two smooth pegs, the vertical por- 
tions which hang over the pegs, must ‘each terminate on 
the directrix of the catenary. 


: Cor. 4.—From (3) and (5) we have 


y = +0, (6) 
and from (6) we have 
dy 
8 = Doe | | (7) 


At the point, P, draw the ordinate, PM, and from &, 
the foot of the ordinate, draw the perpendicular V7. Then 
dy 


PT = 4 cos PT Y a? 
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which in (7) gives 
PL 29 = therare, UP; (8) 
and since y° = P7”" + TM?, we have from (6) and (8) 
TM =e. (9) 


Therefore the point, 7, is on the involute of the catenary 
which originates from the curve at C, 7'M is a tangent to 
this involute, and 7'P, the tangent to the catenary, is 
normal to the involute, (See Calculus, Art. 124). As TM 
is the tangent to this last curve, and is equal to the con- 
stant quantity, c, the involute is the equitangential curve, 
or tractrix (See Calculus, p. 357). 

By means of (8) and (9) we may construct the origin and 
directrix of the catenary as follows: On the tangent at any 
point, P, measure off a length, PT, equal to the arc, CP ; 
at T erect a perpendiculur, T'M, to the tangent meeting the 
ordinate of Pat M; then the horizontal line through M is 
the directrix, and its intersection with the axis of the curve 
is the origin. 


Cor. 5.—Combining (2) and (5) we obtain 
Yroe=ete, 
therefore r= + rA>y. (10) 


The catenary possesses many interesting geometric and 
mechanical properties, but a discussion of them wonld 
carry us beyond the limits of this treatise. The student 
who wishes to pursue the subject further, is referred to 
Price’s Anal. Mechs., Vol. I, and Minchin’s Statics. 
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133a. Attraction of a Spherical Shell.—By the law 
of universal gravitation every particle of matter attracts 
every other particle with a force that varies directly as the 
mass of the attracting particle, and ¢nversely as the square 
of the distance between the particles. 


To find the resultant attraction of a spherical shell of 
uniform density and small uniform thickness, on a par- 
ticle. 


(1) Suppose the particle, P, 
on which the value of the 
attraction is required, to be 
outside the shell. 

Let p and & be the density 
and thickness of the shell, O | 
its centre, and M any particle of it. Let OM =a, 
PM =r, OP =¢, the angle MOP = 6, ¢ the angle which 
the plane MOP makes with a fixed plane throngh OP. 

Then the mass of the element at MM (Art. 88) is 
pk a? sin 6d60dd. The attraction of the whole shell acts 
along OP; the attraction of the elementary mass at M on 
P in the direction PM 


_ pk @ sin 6 dé do 
= a ; 


therefore the attraction of Mf on P, resolved along OP, 


pk a sin 6 dé dd ¢ — a cos 0 
en ga a) 


We shall eliminate @ from this equation by means of 
r= a? +c — ac cos 0; 


-. rdr =acsin 6 de; 
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of sin'o go = 72", 
ae 
an ye 
and e¢—acosd = a 


substituting these values in (1), the attraction of Mon P 


along PO 
_ pka Ce—a 
~ 267 (1 ea 


< dr dd. (2) 


To obtain the resultant attraction of the whole shell, we 
take the ¢-integral between the limits 0 and 27, and the 
r-integral between ¢ — a and c + a. 

Hence the resultant attraction of the shell on P along PO 


Te 


__ ™pka ap C— =) 
= artis 1+ 7 dr, 


Sn dr dd, 


Anpka? mass of the shell 
> faa. ce om e 


Since ¢ is the distance of the point P from the centre this 
shows that the attraction of the shell on the particle at P 
is the same as if the mass of the shell were condensed into 
its centre. 

It follows from this that a sphere which is either homo- 
geneous or consists of concentric spherical shells of uniform 
density, attracts the particle at P in the same manner as if 
the whole mass were collected at its centre. 


(2) Let the particle, P, be inside the sphere. Then we 
proceed exactly as before, and obtain equation (2), which is 
true whether the particle be outside or inside the sphere - 
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but the r-limits in this case area —canda-+e. Hence 
from (2) we have, by performing the ¢-integration, 


+ Pn es 
attraction of shell = Hone ‘i i (1 ne ) dr, 
a—c 


2 2 
ni HOME 5 Oy) 
=—3 (2¢ — 2c) = 0. 


therefore a particle within the shell is equally attracted in 
every direction, 7@. ¢., is not attracted at all. 


Cor.—lIf a particle be inside a homogenous sphere at the 
distance 7 from its centre, all that portion of the sphere 
which is at a greater distance from the centre than the 
particle produces no effect on the particle, while the re- 
mainder of the sphere attracts the particle in the same 
manner as if the mass of the remainder were all collected 
at the centre of the sphere. Thus the attraction of the 
sphere on the particle 


Hence, within a homogeneous sphere the attraction varies 
as the distance from the centre. 

The propositions respecting the attraction of a uniform 
spherical shell on an external or internal particle were 
given by Newton (Principia, Lib. I, Prop. 70, 71). (See 
Todhunter’s Statics, p. 275, also Pratt’s Mechs., p. 137%, 
Price’s Anal. Mechs., Vol. I, p. 266, Minchin’s Statics, 
p. 403). 


EXAMPLES, 


1. The span AB = 800 feet, and CO = 1600 feet, find 
the length of the curve, C/A, the height, CH, and the 
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inclination, @, of the curve to the horizon at either point of 
suspension. 


(1) Here “ = 4, and e = 2-71828, 
z 
therefore e& = (2-71828)* = 1.2840, 


and e¢ — (2.71828)? = 0- 7788. 
Substituting these values in (5) we get 
S = 800 x 0-5052 = 404-16. 
Hence CA = 404-16 feet. 
(2) CH= y—c=5Z(e+et)—e 


= 800 x 2-0628 — 1600 


= 50- 24 feet. 
dy i 1 
(3) tan@=7 = 4 (et — 4), from (1); 
= 0- 2526, 
therefore 6 = 14° 11’. 
5 Ss 404-16 
Otherwise tan 6 = ” from (a), = 600 = 0- 2526, as 


before. 


2. The entire load on the cord in Fig. 71 is 160000 lbs., 
the span is 192 ft., and the height is 15 ft.; find the tension 
at the points of support, and also the tension at the lowest 
point. Ans. Tension at one end = 268208 lbs. 

Horizontal tension = 256000 “ 
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High ttig chain, ACB, 10 feet long, and weighing 30 lbs., is 
suspended so that the height, CH, = 4 feet; find the 
horizontal tension, and the inclination, 6, of the chain to | 
the horizon at the points of support. 

Ans. Horizontal tension = 32 lbs., 8 = 77° 19’. 


4, A chain 110 ft. long is suspended from two points in 
the same horizontal plane, 108 ft. apart; show that the 
tension at the lowest point is 1.477 times the weight of the 
chain nearly. 


PAKS Wel 


KINEMATICS (MOTION), 


CHA P-RER T. 
Ras. Cc niN & AR MOT ON: 


134. Definitions. — Velocity. — Kinematics is that 
branch of Dynamics which treats of motion without refer- 
ence to the bodies moved or the forces producing the mo- 
tion (Art. 1). Although we do not know motion as free 
from. force or from the matter that is moved, yet there are 
cases in which it is advantageous to separate the ideas of 
force, matter, and motion, and to study motion in the 
abstract, 7. e., without any reference to what is moving, or 
the cause of motion. To the study of pure motion, then, 
we devote this and the following chapter. 

The velocity of a particle has been defined to be its rate 
of motion (Art. 6). The formule for uniform and variable 
velocities are those which were deduced in Art. 7%. From 
(1) and (2) of that Art. we have 


v= 33 (1) 
ds 
o— (2) 


-in which v is the velocity, s the space, and ¢ the time.. 


Viana 
fal 


Cs 
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EXAMPLES, 


1. A body moves at the rate of 754 yards per hour. Find 
the velocity in feet per second. 
Since the velocity is uniform we use (1), hence 
s 4x3 


t= ee coe 0.628 ft. per sec., Ans. 


2. Find the position of a particle at a given time, ¢, 
when the velocity varies as the distance from a given point 
on the rectilinear path. 

Here the velocity being variable we have from (2) 


where & is a constant; 
ds 
therefore = kadt 30 slog sh Es, (1) 


where ¢ is an arbitrary constant. 

Now if we suppose that s, is the distance of the particle 
from the given point when ¢ = 0 we have ¢ = log &), 
which in (1) gives 


log ~ SSsibhs LON, él 3,0. 
Stee 


, 8. A railway train travels at the rate of 40 miles per 


hour ; find its velocity in feet per second. 
Ans. 58.66 ft. per second. 


_ 4, A train takes 7 h. 31 m. to travel 200 miles ; find its 


( velocity. Ans. 39.02 ft. per sec. 


5. If s = 4¢%, find the velocity at the end of five seconds. 
Ans. 300 ft. per sec. 


6. Find the position of the particle in Ex. 2, when the 


‘| velocity varies as the time. Ans. s = 8, + Yh. 
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%“ %, Find the distance the particle will move in one 
minute, when the velocity is 10 ft. at the end of one 
second and varies as the time. Ans. 18000 ft. 


135. Acceleration. —Acceleration has been defined to 
be the rate of change of velocity (Art. 8). It is a velocity 
tncrement. The formule for acceleration are from (1), (2), 
and (3) of (Art. 9), 


f= (1) 
r=; (2) 
fa (3) 


(1) being for uniform, and (2) and (3) for variable, 
acceleration. 
If the velocity decreases, f is negative, and (2) and (3) 

become 

dv d*s 

dt ae is > dt2 — —f ) 
and the velocity and time are inverse functions of each 
other. 


136. The Relation between the Space and Time 
when the Acceleration = 0. 


Here we have 


so that if v, is the constant velocity we have 


le 
a ee 


eo te Sg = Volt + 895 
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in which s, is the space which the body has passed over 
when ¢ = 0. If ¢ is computed from the time the body 
starts from rest, then s = v,¢. The student will observe 
that this is a case of uniform velocity. 


137. The Relation (1) between the Space and 
Time, and (2) between the Space and Velocity, 
when the Acceleration is Constant. 


(1) Let A be the initial position of o A Ps 
the particle supposed to be moving Fig-73 
toward the right, P its position at any time, ¢, from A, v 
its velocity at that time, and f the constant acceleration of 
its velocity. Take any fixed point, O, in the line of motion 
as origin, and let OA = s,; OP = s. Then the equation 
of motion is 


is | 
mas (1) 


ds 
oe po ne 


Suppose the velocity of the particle, at the point A to be 


v,, then when ¢ = 0, v = v,;* hence c = vy, and 


ds 
p= Safi toy; (2) 


“. S=tfl +t +c. 
But when ¢ = 0, s = s,; hence c’ = 8), and 
sH=FfP + vot + 8, (3) 


Hence if a particle moves from rest from the origin O, with 
a constant acceleration, we have 


* Called initial velocity and space respectively, or the velocity the particle hag 
and space it has moved over at the instant ¢ begins to be reckoned. 
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co 4f?, (4) 


and thus the space described varies as the square of the 
time. 


(2) From (1) we have 


as 
ds ee == fds; 

ds* 

de = 2fs + CG: 


But when s = s,, v = v,; hence C = v,? — 2fs,, and 
therefore 
vw = 2fs3 + v5? — 2fsy. (5) 
Equations (2) and (3) give the velocity and position of the 
particle in terms of ¢; and (5) gives the velocity in terms 
ors. 


138. When the Acceleration Varies directly as 
the Time from a State of Rest, find the Velocity 
and Space at the end of the Time ¢. 


ds 


Here a at; 
ds 


where v, is the initial velocity ; 
s = ta + vol, 
the initial space being 0 since ¢ is estimated from rest. 
139. When the Acceleration Varies directly as 
the Distance from a given Point in the line of Mo- 


tion, and is negative, find the Relation between 
the Space and Time. 


V 
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2 * 
Here oa ahs; 
ode = _ 2hs de; 
2 
kao), 


by calling 8, the value of s when the particle is at rest. 


ds 


ab Se Si 
AV 802 — 


the negative sign being taken since the particle is moving 
towards the origin ; 


8 
cos-i— = Kt, 
So 
if s = 8, when t— 0; 
s = 8° cos Ht. 
FXAMPLES, 


1. A body commences to move with: # velocity of 30 ft. 
per sec., and its velocity is increased 1n each second by 
10 ft. Find the space described in 5. seconds. 

Here f = 10, vy, = 30, s, = 0, and ¢ = 5, therefore 
from (3) we have 


$s = 4-10-25 + 30-5 = 275, Ans. 


2. A body starting with a velocity of 10 ft. per sec., and 
moving with a constant acceleration, describes 90 ft. in 
4 secs.; find the acceleration. Ans. 64 ft. per sev. 


3. Find the velocity of a body which starting from rest 
with an acceleration of 10 ft. per sec., has described a space 
of 20 ft. Ans. 20 ft. 
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4, Through what space must a body pass under an accel- 
eration of 5 ft. per sec., so that its velocity may increase 
from 10 ft. to 20 ft. per sec. ? Ans. 30 ft. 


5. In what time will a body moving* with an accelera- 
tion of 25 ft. per sec., acquire a velocity of 1000 ft. per 
second ? Ans. 40 secs. 


6. A body starting from rest has been moving for 5 min- 
utes, and has acquired a velocity of 30 miles an hour; 
what is the acceleration in feet per second ? 

Ans. 44 ft. per sec. 


7. If a body moves from rest with an acceleration of 3 ft. 
per sec., how long must it move to acquire a velocity of 
40 miles an hour? Ans. 88 secs. 


140. Equations of Motion for FPailling Bodies.— 
The most important case of the motion of a particle with a 
constant acceleration in its line of motion is that of a body 
moving under the action of gravity, which for small dis- 
tances above the earth’s surface may be considered constant. 
When a body is allowed to fall freely, it is found to acquire 
a velocity of about 52.2 feet per second during every second 
of its motion, so that it moves with an acceleration of 32.2 
feet per second (Art, 21). This acceleration is less at the 
summit of a high mcuutain than near the surface of the 
earth ; and less at the equator than in the neighborhood of 
the poles; 7. ¢., the velocity which a body acquires in falling 
freely for one second varies with the latitude of the place, 
and with its al/itude above the sea level; but is independ- 
ent of the size of the body and of its maxs. Practically, 
however, bodies do not fall free’y, as the resistance of the 
air opposes their motion, and therefore in practical cases at 
high speed (e. g., in artillery) the resistance of the air must 
be taken into account. But at present we shall neglect 


* {n each case the body is supposed to start from rest unless otherwise stated. 


238 FALLING BODIES. 


this resistance, and consider the bodies as moving in vacuo 
under the action of gravity, 7. e., with a constant accelera- 
tion of about 32.2 feet per second. 

As neither the substance of the body nor the cause of 
the motion needs to be taken into consideration, all prob- 
lems relating to falling bodies may be regarded as cases of 
accelerated motion, and treated from purely geometric 
considerations. Therefore if we denote the acceleration by 
g, asin Art. 23, and consider the particle in Art. 137 to be 
moving vertically downwards, then (2), (3), (5) of Art.137 
become, by substituting g for f, 


v= gt+ 
§ = gl + ot +S, fee) 
v® = 298 + V4? — 2g8q; 


s being measured as before from a fixed point, O, in the 
line of motion. 

Suppose the particle to be projected downward from 0, 
then A commences with O and s, = 0. Hence (A) be- 
comes 


v= gt +t %, (1) 
8 = 490 + Ul, (2) 
v = 298 + V,?. (3) 


As a particular case suppose the particle to be dropped 
from rest at O (Fig. 73). Then A coincides with O, and 
89 = 0,% = 90. Hence equations (A) become 


v= gi, (4) 
8s = ty, (5) 
edad 298. 4 (6) 
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141. When the Particle is Projected Vertically 
Upwards.—Here if we measure s upwards from the point 
of projection, O, the acceleration tends to diminish the 
space and therefore the acceleration is negative, and the 
equation of motion is (Art. 135) 


dt? 
In other respects the solution is the same. Taking 


therefore s, = 0 in (A) and changing the sign of g,* we 
obtain 


v= vy, — ft, (1) 
8 = of — 490 (2) 
v= v,? — 29s. (3) 


Cor. 1.—The time during which a particle rises when 
projected vertically upwards. 


When the particle reaches its highest point, its velocity 
is zero. If therefore we put v = 0 in (1), the correspond- 
ing value of ¢ will be the time of the particle ascending toa 
state of rest. 

Pope Ca 
g 
Jor. 2.—The time of flight hefare returning to the start- 
tng point. 


From (2) we have the distance of the particle from the 
starting point after ¢ seconds, when projected vertically 
- upwards with the velocity v,. Now when the particle has 
risen to its maximum height and returned to the point of 
projection, s = 0. If, therefore, we put s = 0 in (2), and 
solve for ¢, we shall get the time of flight. Therefore, 


* g is positive or negative according as the oe is descending or as 
cending. 
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Vet — 4g? =n 
which gives to 10 Or eS 


The first value of ¢ shows the time before the particle 
starts, the latter shows the time when it has returned. 


Hence, the whole time of flight is = , which is just double 


the time of rising (Cor. 1) ; that is, the time of rising equals 
the time of falling. 

The final velocity, by (1) of Art. 140, = gt = g x 7 
(Cor. 1) = v,; hence a body returns to any point in its 
path with the same velocity at which it left it. In other 
words, a body passes each point in its path with the same 
velocity, whether rising or falling, since the velocity at any 
point may be considered as a velocity of projection. 


Cor. 3.—The greatest height to which the particle will 
rise. 


At the summit v = 0, and the corresponding value of s 
will be the greatest height to which the particle will rise ; 
when v = 0, (3) becomes 


Neeser I 
ely ase 
ee 29 


Cor. 4.—Since vy? = 2gs, where’ s is the height from 
which a body falls to gain the velocity v,, it follows that a 
body will rise through the same space in losing a velocity 
v, as it would fall through to gain it. 


EXAMPLES. 241 


EXAMPLES. 


1. A body projected vertically downwards with a velocity 
of 20 ft. a sec. from the top of a tower, reaches the ground 
in 2.5 secs.; find the height of the tower. 

Here ¢ = 24, and v, = 20; assume g = 32. Then 
from (2) of Art. 140 we have 


S = 16725 + 20 x § = 150 ft. 


2. A body is projected vertically upwards with a velocity 
of 200 ft. per second; find the velocity with which it will 
pass a point 100 ft. above the point of projection. 


Here v, = 200, s = 100; therefore from (3) we have 
v? = 40000 — 6400 = 33600 ; 
v = 40 21. 


3. A man is ascending in a balloon with a uniform 
velocity of 20 ft. per sec., when he drops a stone which 
reaches the ground in 4 secs.; find the height of the 
balloon. 


Here v, = 20, and ¢ = 4; therefore from (2) we have, 
after changing the sign of the second member to make the 


result positive, 
So (80 = 256) = Gs 


which was the height of the balloon. 


4. A body is projected upwards with a velocity of 80 ft. ; 
after what time will it return to the hand ? 
Ans. 5 seconds. 


5. With what velocity must a body be projected ver. 
tically upwards that it may rise 40 ft.? . 
i Ans. 16 10 ft. per sec, 
11 
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6.. A body projected vertically upwards passes a certain 
point with a velocity of 80 ft. per sec.; how much higher 
will it ascend ? : Ans. 100 it. 


7. Two balls are dropped from the top of a tower, one of 
them 3 secs. before the other ; how far will they be apart 
b secs. after the first was let fall ? Ans. 336 ft. 


8. If a body after having fallen for 3 secs. breaks a pane 
af glass and thereby loses one-third of its velocity, find the 
entire space through which it will have fallen in 4 secs. 

Ans. 224 ft. 


142. Composition of Velocities.—(1) From the Par- 
allelogram of Velocities, (Art. 29, Fig. 2), we see that if AB 
represents in magnitude and direction the space which 
would be described in one second by a particle moving with 
a given velocity, and AC represents in magnitude and 
direction the space which would be described in one second 
by another particle moving with its velocity, then AD, the 
diagonal of the paralleloyram, represents the resultant 
velocity in magnitude and direction. 


(2) Hence the resultant of any two velocities, as AB, BD, 
(Fig. 2), is a velocity represented by the third side, DA, of 
the triangle ABD; and if a point have simultaneously, 
velocities represented by AB, BO, CA, the sides of a trian- 
gle, taken in the same order, tt is at rest. 

The lines which are taken to represent any given forces 
may clearly be taken to represent the velocities which 
measure these forces (Art. 19), therefore from the Polygon 
and Parallelopiped of Forces the Polygon and Parallel- 
opiped of Velocities follow. 


(3) Hence, if any number of velocities be represented in 
magnitude and direction by the sides of a closed polygon, 
taken all in the same order, the resultant is zero. 


(4) Also, if three velocities be represented in magnitude 
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and direction by the three edges of a parallelopiped, the re- 
sultant velocity will be represented by the diagonal. 


(5) When there are two velocities or three velocities in 
two or in three rectangular directions, the resultant is the 
square root of the sum of their squares. Thus, if 
ds dx dy dz 
dt? di’ dt’ dt’ 
its components parallel to the axes, we have from (2) of 


Art, 30, 
a= \/ (az) + (Gt): () 


and from (1) of Art. 34, 
a=VG)+ G+ Ge 


143. Resolution of Velocities.—As the diagonal of 
the parallelogram (Fig. 2), whose sides represent the com- 
ponent velocities was found to represent the resultant 
velocity, so any velocity, represented by a given straight 
line, may be resolved into component velocities represented 
by the sides of the parallelogram of which the given line 
is the diagonal. 

It will be easily seen that (2) of Art. 134 is equally 
applicable whether the point be considered as moving in a 
straight line or in a curved line; but since in the latter 
case the direction of motion continually changes, the mere 
amount of the velocity is not sufficient to describe the 
motion completely, so it will be necessary to know at every 
instant the direction, as well as the magnitude, of the point’s 
velocity. In such cases as this the method commonly em- 
ployed, whether we deal with velocities or accelerations, 
consists mainly in studying, not the velocity or acceleration, 
directly, but its components parallel to any three assumed 
rectangular axes. If the particle be at the point (a, y, 2), 


are the velocities of the moving point and 
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at the time ¢, and if we denote its velocities parallel 
respectively to the three axes by w, v, w, we have 


dz dy dz 
Bp ane Apne Aira ae 

Denoting by v the velocity of the moving particle along 
the curve at the time ¢, we have as above 


ae ova) di : wae (7) @) 


and if «, B, y be the angles which the direction of motion 
along the curve makes with the axes, we have, as in (2) of 
(Art. 34), 


dx He eas ES = 
pd ne ae 
dy ds 

= Gp 08 8 = Vos RB =a, 
Di AOS ae Cc = 
7 Ap nee Os Y = Uz. 


dx dy dz 
dt 20h uae 
found from the whole velocity by resolving the velocity, 
i. e., by multiplying the velocity by cosine of the angle 
between the direction of motion and that of the compo- 
nent. 


Hence each of the components is to be 
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1. A body moves under the influence of two velocities, 
at right angles to each other, equal respectively to 17.14 ft. 
and 13.11 ft. per second. Find the magnitude of the 
resultant motion, and the angles into which it divides the 
right angle. 

Ans. 21.579 ft. per sec.; 37° 25’ and 52° 35’. 
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2. A ship sails due north at the rate of 4 knots per 
hour, and a ball is rolled towards the east, across her deck, 
at right angles to her motion at the rate of 10 ft. per 
second. Find the magnitude and direction of the real 
motion of the ball. 

Ans. 12.07 ft. per sec.; and N. 56° E. 


3. A boat moves N. 30° E., at the rate of 6 miles per 
hour. Find its rate of motion northerly and easterly. 

Ans. 5.2 miles per hour north, and 3 miles per hour 
east. 


144. Motion on an Inclined Plane.—By an exten- 
sion of the equations of Art. 140, we may treat the case of 
a particle sliding from rest down a smooth inclined plane. 
As this is a very simple case in which an acceleration is 
resolved, it is convenient to treat of it in this part of our 
work ; yet as it properly belongs to the theory of con- 
strained motion, we are unable to give a complete solution 
of it, until the principles of such motion have been ex- 
plained in a future chapter. 

Let P be the position of the particle at 
any time, ¢, on the inclined plane OA, OP 
= s,its distance froma fixed point, O, in 
the line of motion, and let « be the inclina- 
tion of OA to the horizontal line AB. Let x 
Pd represent g, the vertical acceleration with Fig.74, 
which the body would move if free to fall. Resolve this 
into two components, Pa = g sin « along, and Pe = 4 
cos « perpendicular to OA. The component g cos « pro- 
duces pressure on the plane, but does not affect the motion. 
The only wcceleration down the plane is that component of 
the whole acceleration which is parallel to the plane, viz., 
gsina. The equation of motion, therefore, is 


@s 
dt? 


==) sin a, (1) 
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the solution of which, as g sin @ is constant, is included in 
that of Art. 140; and all the results for particles moving 
vertically as given in Arts. 140 and 141 will be made to 
apply to (1) by writing g sin «@ for g. Thus, if the particle 
be projected down or up the plane, we get from (1), (2), (8) 
of Arts. 140 and 141, by this means 


y=, +9 sin at, é (2). 
s=v,t¢tigsne& (3) 
v = v,? + 29 sin a8, (4) 


in which the + or — sign is to be taken according as the 
body is projected down or up the plane. 

If the particle starts from rest from 0, we get from (4), 
(5), (6) of Art. 140 


v=gsina-é, (5) 
8 = 49 sin a. @, (6) 
v = 2g sin @s. (7) 


Cor. 1.—The velocity acquired by a particle in falling 
down a given inclined plane. 


Draw PC parallel to AB (Fig. 74), then if v be the 
velocity at P, we have from (7) 


v = 29 sin as 


Hence, from (6) of Art. 140 the velocity is the same at P 
as if the particle had fallen through the vertical space OC ; 
that is, the velocity acquired in falling down a smooth 
inclined plane is the same as would be acquired in falling 
freely through the perpendicular height of the plane. 
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Cor. 2.— When the particle is projected up the plane with 
a given velocity, to find how high it will ascend, and the time 
of ascent. 


_From (4) we have 
v= vu,” — 2g sin es. 


When v = 0 the particle will stop; hence, the distance it 
will ascend will be given by the equation 


0 = v,? — 29g sin ass, 


2 

Sou 
.— —s 
2g Sin @ 


To find the time we have from (2) 
v=v,—gsinaty, 
and the particle stops when v = 0, in which case we have 


— Yo . 
gsm « 


« 


From (6) we derive the following curious and useful 
result. 


145. The Times of Descent down A 
all Chords drawn from the Highest 
Point of a Vertical Circle are equal._— 
Let AB be the vertical diameter of the 
circle, AC any cord through A, «@ its 
inclination to the horizon ; join BC; then “3 
if ¢ be the time of descent down AC we Fig.75 
have from (6) of Art. 144 


AC = 4gf* sin «. 


But AC = AB sin a; 
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. AB = ig 


; 2AB 
or = saa 
g 


3 


which is constant, and shows that the time of falling down 
any chord is the same as the time of falling down the 
diameter, 


Cor.—Similarly it may be shown that the times of 
descent down all chords drawn to B, the lowest point, 
are equal; that is, the time down OB is equal to that 
down AB. 


146. The Straight Line of Quickest Descent from 
(1) a Given Point to a Given Straight Line (2) from 
a Given Point to a Given Curve. 


(1) Let A be the given point and BC 
the given line. Through A draw the 
horizontal line AC, meeting CB in C; 
bisect the angle ACB by CO which inter- 
sects in O the vertical line drawn through 
A; from O draw OP perpendicular to BC; 
join AP; AP is the required line of quick- 
est: descent. 

For OP is evidently equal to OA, and therefore the 
circle described with O as centre and with OP (= OA) for 
radius, will touch the line BC at P, and since the time of 
falling down all chords of this circle from A is the same, 
AP must be the line of quickest descent. 


(2) To find the straight line of quickest descent to a 
given curve, all that is required is to draw a circle having 
the given point as the upper extremity of its vertical 
diameter, and tangent to the curve. Hence if DE (Fig. 
76) be the curve, A the point, draw AH vertical; and, with 
centre in AH, describe a circle passing through A, and 


~ 20 seconds ? Ans. f = 03; 3 = 60 ft: 
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touching DE at P, then AP is the required line. For, if we 
take any other point, Q, in DE, and draw AQ cutting the 
circle in g, then the time down AP = time down Ag< 
time down AQ. Hence AP is the line of quickest descent. 
The problem of finding the line of quickest descent from a point to 
-a line or curve is thus found to resolve itself into the purely geometric 


problem of drawing a circle, the highest point of which shall be the 
given point and which shall touch the given line or curve. 


EXAMPLES * 


1. If the earth travels in its orbit 600 million miles in 
365} days, with uniform motion, what is its velocity in 
miles per second ? Ans. 19-01 miles. 


2. A train of cars moving with a velocity of 20 miles an. 
hour, had been gone 3 hours when a locomotive was 
dispatched in pursuit, with a velocity of 25 miles an hour; 
in what time did the latter overtake the former ? 

: Ans. 12 hours, 


3. A body moving from rest. with a uniform acceleration 
describes 90 ft. in the 5th second of its motion ; find the 
acceleration, f, and velocity, v, after 10 seconds. 

Ans. f 207-0 = 200. 
~ 4. Find the velocity of a particle which, moving with an 


acceleration of 20 ft. per sec. bas traversed 1000 ft. 
Ans. 200 ft. per sec. 


— 5. A body is observed to move over 45 ft. and 55 ft. in 
two successive seconds ; find the space it would descrtbe in 
the 20th second. Ans. 195 ft. 

6. The velocity of a body increases every hour at the rate 
of 360 yards per hour. What is the acceleration, f, in feet 
per second, and what is the space, s, described from rest in 


* In these examples take g = 32 ft. 
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_—%..A body is moving, at a given instant, at the rate of 
8 ft. per sec.; at the end of 5 secs. its velocity is 19 ft. per 
sec, Assuming its acceleration to be uniform, what was its 
velocity at the end of 4 secs., and what will be its velocity 
at the end of 10 sees. ? Ans. 16-8; 30. 


8. A body is moving at a given instant with a velocity of 
30 miles an hour, and comes to rest in 11 secs.; if the 
retardation is uniform what was its velocity 5 secs. before it 
stopped ? Ans. 20 ft. per sec. 


9. A body moves at the rate of 12 ft. a sec. with a 
uniform acceleration of 4; (1) state exactly what is meant 
by the number 4; (2) suppose the acceleration to go on for 
5 secs., and then to cease, what distance will the body 
describe between the ends of the 5th and 12th sees.? 

Ans. 224 ft. 


—10. A body, whose velocity undergoes a uniform retarda- 
tion of 8, describes in 2 secs. a distance of 30 ft.; (1) what 
wag its initial velocity ? (2) How much longer than the 
2 secs. would it move before coming to rest ? 

Ans. (1) 23; (2) 4 sec. 
— 11. A body whose motion is uniformly retarded, changes 
its velocity from 24 to 6 while describing a distance of 12 
ft.; in what time does it describe the 12 ft.? 

Ans. 0-8 sec. 


- 12. The velocity of a body, which is at first 6 ft. a sec., 
undergoes a uniform acceleration of 3; at the end of 4 secs. 
the acceleration ceases ; how far does the body move in 10 
secs. from the beginning of the motion? Ans. 156 ft. 


13. A body moves<for a quarter of an hour with a uni- 
form acceleration; in the first 5 minutes it describes 350 
yards ; in the second 5 minutes 420 yards; what is the 
whole distance described in a quarter of an hour ? 


Ans. 1260 yds. 
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14. Two secs. after a body is let fall another body is 
projected vertically downwards with a velocity of 100 ft. 
per sec.; when will it overtake the former ? 

Ans. 1$ secs. 


~ 15. A body is projected upwards with a velocity of 106 
ft. per sec.; find the whole time of flight. “Ans. 64 secs. 


16. A balloon is rising uniformly with a velocity of 10 ft. 
per sec., when a man drops from it a stone which reaches 
the ground in 3 secs.; find the height of the balloon, (1) 
when the stone was dropped; and (2) when it reached the 
ground. Ans. (1) 114 ft.; (2) 144 ft. 


17. A man is standing on a platform which descends 
with « uniform acceleration of 5 ft. per sec.; after having 
descended for 2 secs. he drops a ball; what will be the 
velocity of the ball after 2 more seconds ? Ans. 74 ft. 


18. A balloon has been ascending vertically at a uniform 
rate for 4:5 secs., and a stone let fall from it reaches the 
ground in 7 secs.; find the velocity, v, of the balloon and 
the height, s, from which the stone is let fall. ; 

Ans. v = 1747 ft. per sec.; s = 784 ft. If the balloon 
is still ascending when the stone is let fall v = 68-17 ft. 
per sec.; s = 306-76 ft? 


19. With what velosity must. a particle be projected 
downwards, that it may in ¢ secs. eyertake another particle 
which has already fallen through 4 ft. ? 


ANE = ; + V2ag. 


20. A person while ascending in a balloon with a vertical 
velocity of V ft. per sec., lets fall a stone when he is h fi. 
above the ground; required the time in which the ston 
will reach the ground. ae V+ VV2+ wh 

9 
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21. A body, A, is projected vertically downwards from 
the top of a tower with the velocity V, and one sec. after- 
wards another body, B, is let fall from a window a ft. from 
the top of the tower ; in what time, /, will A overtake B? 

Ra +9 | 
2(V 4+ 9) 


22. A stone let fall into a well, is heard to strike the 
bottom in ¢ seconds; required the depth of the well, sup- 
posing the velocity of sound to be a ft. per sec. 


. a are 

Ans. [a+ Ee : 

[ 2g nf a 
23. A stone is dropped into a well, and after 3 secs. the 
sound of the splash is heard. Find the depth to the 


surface of the water, the velocity of sound being 1127 ft. 
per sec. Ans. 132.9. 


AUS = 


24. A body is simultaneously impressed with three 
uniform velocities, one of which would cause it to move 
10 ft. North in 2 secs.; another 12 ft. in one sec. in the 
same direction; and a third 21 ft. South in 3 sees. Where 
will the body be in 5 sees. ? Ans. 50 ft. North. 


25. A boat is rowed across a river 14 miles wide, in a 
direction making an angle of 87° with the bank. The 
boat travels at the rate of 5 miles an hour, and the river 
runs at the rate of 2.3 miles an hour. Find at what point 
of the opposite bank the boat will land, if the angle of 87° 
be made against the stream. 

Ans. 898 yards down the stream from the opposite 
point. 


26. A body moves with a velocity of 10 ft. per sec. in a 
given direction ; find the velocity in a direction inclined at 
an angle of 30° to the original direction. 


Ans. 5 »/3 ft. per sec. 


EXAMPLES. 253 


27. A smooth plane is inclined at an angle of 30° to the 
horizon ; a body is started up the plane with the velocity 
5g; find when it is distant 99 from the starting point. 

' Ans. 2, or 18 secs. 


28. The angle of a plane is 30°; find the velocity wilh 
which a body must be projected up it to reach the top, 
the length of the plane being 20 ft. 

' Ans. 8/10 ft. per sec. 


~~ 29. A body is projected down a plane, the inclination of 
which is 45°, with a velocity of 10 ft.; find the space 
described in 24 secs. Ans. 95.7 ft. nearly. 


30. A steam-engine starts on a downward incline of 
1 in 200* with a velocity of 7% miles an hour neglecting 
friction ; find the space traversed in two minutes. 

Ans. 824 yards. 


31. A body projected up an incline of 1 in 100 with a 
velocity of 15 miles an hour just reaches the summit ; find 
the time occupied. Ans. 68.75 secs. 


32. From a point in an inclined plane a body is made to 
slide up the plane with a velocity of 16.1 ft. per sec. (1) 
How far will it go before it comes ,to rest, the inclination 
of the plane to the horizon being 30°? (2) Also how far 
will the body be from the starting point after 5 secs. from 
the beginning of motion ? 

Ans. (1) 8.05 ft.; (2) 120.75 ft. lower down. 


33. The inclination of a plane is 3 vertical to 4 hori- 
zontal; a body is made to slide up the incline with an 
initial velocity of 36 ft. a sec.; (1) how far will it go before 
beginning to return, and (2) Clie: how insny, seconds will 


it return to its starting point? 
Ans. (1) 333 ft.; (2) 3} secs. 


* An incline of 1 in 200 means here 1 foot vertically to a length of 200 ft., thouga 
it is used by Engineers to mean 1 foot vertically to 200 ft. horizontally. 
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34. There is an inclined plane of 5 vertical to 12 hori- 
zontal, a body slides down 52 ft. of its length, and then 
passes without loss of velocity on to the horizontal plane; 
after how long from the beginning of the motion will it be 
at a distance of 100 ft. from the foot of the incline? 

Ans. 5.7 secs. 


35. A body is projected up an inclined plane, whose 
tength is 10 times its height, with a velocity of 30 ft. per 
sec.; in what time will its velocity be destroyed ? 

Ans. 98 secs., if g = 32. 


36. A body falls from rest down a given inclined plane; 
compare the times of describing the first and last halves 


of it. Ans. As1 > 4/2 


37. Two bodies, projected down two planes inclined to 
the horizon at angles of 45° and 60°, describe in the same 
time spaces respectively as 1/2 : +/3; find the ratio of the 
initial velocities of the projected bodies. 

Ans. V2: V3. 

38. Through what chord of a circle must a body fall to 
acquire half the velocity gained by falling through the 
diameter ? ; 

Ans. The chord which is inclined at 60° to the vertical. 


39. Find the velocity with which a body should be pro- 
jected down an inclined plane, 7, so that the time of 
running down the plane shall be equal to the time. of 
falling down the height, h. 

l— hsin « 
ANS SU i o( NET ). 


40. Find the inclination of this plane, when a velocity 
of jths that due to the height is sufficient to render the 
times of running down the plane, and of falling down the 
height, equal to each other. Ans. 30°. 
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41. Through what chord of a circle, drawn from the 
bottom of the vertical diameter must a body descend, so as 
to acquire a velocity equal to “h part of the velocity 
acquired in falling down the vertical diameter ? 


Ans. If 6 denote the angle between the required chord 


: ‘ il 
and the yertical diameter cos 9 = —- 
n 


42. Find the inclination, 0, of the radius of a circle to 
the vertical, such that a body running down will describe | 
the radius in the same time that another body requires to 
fall down the vertical diameter. Ans. 0 = 60". 


43. Find the inclination, 0, to the vertical of the diam- 
eter down which a body falling will describe the last half 
in the same time as the vertical diameter. 


Ans. con? = 
44. Show that the times of descent down all the radii of 
curvature of the cycloid (Fig. 40, Calculus) are equal; that 
is, the time down PQ is equal to the time down O'A = VY = 
45. Find the inclination, 6, to the horizon of an inclined 


plane, so that the time of descent of a particle down the 
length may be ” times that down the height of the plane. 


Ans, @ = ite 
n 
46. Find the line of quickest descent from the focus to 


a parabola whose axis is vertical and vertex upwards, and 
show that its length is equal to that of the latus rectum. = 


47, Find the line of quickest descent from the focus of 
parabola to the curve when the axis 1s horizontal. ; 
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48. Find geometrically the line of quickest descent (1) 
from a point within a circle to the circle ; (2) from a circle 
to a point without it. 


49. Find geometrically the straight ‘line of longest 
descent from a circle to a point without it, and which 
hes below the circle. 


50. A man six feet high walks in a straight line at the 
rate of four miles an hour away from a street lamp, the 
height of which is 10 feet; supposing the man to start 
from the lamp-post, find the rate at which the end of his 
shadow travels, and also the rate at which the end of his 
_ shadow separates from himself. 

Ans. Shadow travels 10 miles an hour, and gains on 
himself 6 miles an hour. 


51. Two bodies fall in the same time from two given 
points in space in the same vertical down two straight 
lines drawn to any point of a surface; show that the sur- 
face is an equilateral hyperboloid of revolution, having the 
given points as vertices. 


52. Find the form of a curve in a vertical plane, such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that 
point, they may all reach a given horizontal straight line at 
the same instant. 


53. Show that the time of quickest descent down a focal 
chord of a parabola whose axis is vertical is 


38 
where 7 is the latus rectum. 


54. Particles slide from rest at the highest point, of a 
vertical circle down chords, and are then allowed to move 
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freely ; show that the locus of the foci of their paths is a 
circle of half the radius, and that all the paths bisect the 
vertical radius. : 


§a~ If the particles slide down chords to the lowest point, 
and be then suffered to move freely, the locus of the foci is 
a cardioid. 


56. Particles fall down diameters of a vertical circle; the 
locus of the foci of their subsequent paths is the circle. 


(CH AP CE Rene 
CURVILINEAR MOTION. 


147. Remarks on Curvilinear Motion.—The mo- 
tion, which was considered in the last chapter, was that of 
a particle describing a rectilinear path. In this chapter the 
circumstances of motion in which the path is ewrvilinear 
will be considered. The conception and the definition of 
velocity and of acceleration which were given in Arts, 134, 
135, are evidently as applicable to a particle describing a 
curvilinear path as to one moving along a straight line ; 
and consequently the formule for velocity in Arts. 142, 143, 
are applicable either to rectilinear or to curvilinear motion. 
In the last chapter the effects of the composition and the 
resolution of velocities were considered, when the path 
taken by the particle in consequence of them was straight ; 
we have now to investigate the effects of velocities and of 
accelerations in a more general way. 


148. Composition of Uniform Velocity and Ac- 
celeration.—Suppose a body tends to move in one direc- 
tion with a uniform velocity which would carry it from A 
to B in one second, and also subject to an 
acceleration that would carry it from A 
to C in one second; then at the end of 
the second the body will be at D, the 
opposite end of the diagonal of the par- 
allelogram ABDC, just as if it had moved 
from A to B and then from B to D in the second, but the 
body will move in the curve and not along the diagonal. 
For, the body in its motion is making progress uniformly 
in the direction AB, at the same rate as if it had no other 
motion; and at the same time it is being accelerated in the 


COMPOSITION OF ACCELERATIONS. 259 


direction AC, as fast as if it had no other motion. Hence 
the body will reach D as far from the line AC as if it had 
moved over AB, and as far from AB as if it had moved 
over AC; but since the velocity along AC is not uniform, 
the spaces described in equal intervals of times will not be 
equal along AC while they are equal along AB, and there- 
fore the points @,, @,, @3, will not be ina straight line. In 
this case, therefore, the path is a curve. 


149. Composition and Resolution of Accelera- 
tions.—If a body is subject to two different accelerations 
in different directions the sides of a parallelogram may be 
taken to represent the Component Accelerations, and 
the diagonal will represent the Resultant Acceleration, © 
although the path of the body may be along some other 
line. 


Rem.—These results with those of Arts. 142, 143, may be 
summed up in one general law: When a body tends to 
move with several different velocities in different directions, 
the body will be, at the end of any given time, at the same 
point, as if it had moved with each velocity separately. 
This is the fundamental law of the composition of veloci- 
ties, and it shows that all problems which involve tenden- 
cies to motion in different directions simultaneously, may 
be treated as if those tendencies were successive.* 

If be the acceleration along the curve, and (2, Yy, 2) 
be the place of the moving particle at the time, ¢, it is 
evident that the component accelerations parallel to the 
ax Py dz 
dl’ dt’ de® 


axes are Denoting these by ez, ay, az, We 


have 
x _ ay SO 


ap FED eee Aimee. 


and Vax? + a + «2 is the resultant acceleration. 


* See Remarks on Newton’s 2d law, Art. 168. 
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Also if «, 8, y, be the angles which the direction of 
motion makes with the axes, we have 


ax ds , 
G0 edie epee 
a? ds 

BY oO cs 0 = a 
dz d?s 

de = de COs Y = &. 


The acceleration = 5 is not generally the complete resultant of the 


three component accelerations, but is so only when the path is a 

straight line or the velocity is zero. It is, however, the only part 
2 

of their resultant which has any effect on the velocity, aA is the 

sum of the resolved parts of the component accelerations in the direc- 

tion of motion, as the following identical equation shows: 


@s_ du Wa dy @y | dz We 
di? asta? ds dem asade’ 


which follows immediately from (1) of Art. 148 by differentiation. 
Accelerations are therefore subject to the same laws of composition 
and resolution as velocities ; and consequently the acceleration of the 
particle along any line is the sum of the resolved parts of the axial 


2 


accelerations along that line. Thus to find the acceleration along s, 


dt?’ 
2, 


oP has to be multiplied by - which is the direction-cosine of the 


small arc ds. The other part of the resultant is at right angles to 
this, and its only effect is to change the direction of the motion of the 


point. (See Tait and Steele’s Dynamics of a Particle, also Thomson 
and Tait’s Nat. Phil.) 


The following are examples in which the preceding ex- 
pressions are applied to cases in which the laws of yelocNy 
and of acceleration are given. 
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1. A particle moves so that the axial components of its 
velocity vary as the corresponding co-ordinates; it is 
required to find the equation of its path; and the accel- 
erations along the axes. 


Ms OU ae ao 
Here dt = ka; dt — ky; 
on da = dy = kdt ; 
od ¥y 


Ge log = = log Z = ke, 


if (a, 6) is the initial place of the particle, 


of er aap 6 Caphen pee 


oes ee 
me he ee 


is the equation of the path. 
And the axial accelerations are 


Px a 
sa = Va; a = By. 

2. A wheel rolls along a straight line with a uniform 
velocity ; compare the velocity of a given point in the cir- 
cumference with that of the centre of the wheel. 

Let the line along which the wheel rolls be the axis of z, 
and let v be the velocity of its centre; then a point in its 
circumference describes a cycloid, of which, the origin 
being taken at its starting point, the equation is 


za vers # — (2ay — y)?; 


- 
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dz ds 
yi (a—y)? (2a) 
nd y ree 
But v= di (a vers” iB) = One pe dt? 


_ ds__ds dy = (*)' “ 

di Oumar aN ; 
which is the velocity of the point in the circumference of 
the wheel. Thus the velocity of the highest point of the 
wheel is twice as great as that of the centre, while the 
point that is in contact with the straight line has no 
velocity. (See Price’s Anal. Mech’s., Vol. I, p. 416.) 


a. Lf = hy, dy = kz, show that the path is an equi- 


dt 
lateral hyperbola and that the axial components are 
da dy 
oe ee Pipe ee a 
> a ka, Tn key. 


4. A particle describes an ellipse so that the z-component 
of its velocity is a constant, « ; find the y-component of its 
velocity and acceleration, and the time of describing the 
ellipse. 

Let the equation of the ellipse be 


at gat 


CLAS OU bem Osis 

then pa oe and dp ay 
. dy _ dy de al? x 
US sd > away: 


which is the y-component of the velocity. 
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; y dx - dy 
Py ab? ~ dt dé 
Also i= 
Bie? 
aye 


hence the acceleration parallel to the axis of y varies 
inversely as the cube of the ordinate of the ellipse, and acts 
towards the axis of z, as is shown by the negative sign. 

The time of passing from the extremity of the minor 
axis to that of the major axis is found by dividing a by «, 
the constant velocity parallel to the axis of a, giving 


oe and the time of describing the whole ellipse is Le 
a 


a 
If the orbit is a circle 6 = a, and the acceleration par- 
262 
allel to the axis of y is —7“. 
If the velocity parallel to the y-axis is constant and equal 
to B, then 


Ce. 
aap es Mag 
Ss eg ill 
da Pat 
and the periodic time = 
c . ay y 
5. A particle describes the hyperbola pi 1; find 


(1) the acceleration parallel to the axis of x if the velocity 
parallel to the axis of y is a constant, 6, and (2) find the 
acceleration parallel to the y-axis if the velocity paralln ta 
the z-axis is a constant «. 


(1) Here we have 


pee ee ee ie 
df eae 
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, ae _ da dy_ Bey 


dt dy dt 82 


which is the velocity parallel to the z-axis. 


ad See 
daz Ba dt 
Also Pv We eee 
Beat 
~ Pas? 


hence the acceleration parallel to the w-axis varies inversely 
as the cube of the abscissa, and the z-component of the 
velocity is increasing. 


(2) Here we have 


dz 
dt — a3 
pel = ee 
ee? at y > 
dy abt 
and de = — ays? 


hence the acceleration parallel to the y-axis is negative and 
the y-component of the velocity is decreasing. 


6. A particle describes the parabola, ae 4. y = at, with 
a constant velocity, c; find the accelerations parallel to the 
axes of x and y. 


Here we have a = ¢}3 
and de = =e =: wEae 
ad y (z + y) 
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dt de o_o 
d@  d®@ e+y” «a+y’ 


dy? ds? y cy 


oe d? ~ dP z+y “+y? 


differentiating we get 


Pz _ (ay) , 
d@ ~ 2(a+ y)?’ 


fye Pe (ax)* 
d?@~ 2(@+y) 


7. A particle describes a parabola with such a varying 
velocity that its projection on a line perpendicular to the 
axis is a constant, v. Find the velocity and the accelera- 
tion parallel to the axis. 

Let the equation of the parabola be 


y? = 22; 
dy 
then ee 


and = 
which is the velocity parallel to z 
Also = =-, 


which shows that the particle is moving away from the 
tangent to the curve at the vertex with a constant accelera- 


tion. 
12 


266 PROJECTILE IN VACUO. 


Hence as the earth acts on particles near its surface with 
a constant acceleration in vertical lines, if a particle is 
projected with a velocity, v, in a horizontal line it will move 
in a parabolic path. 


150. Motion of Projectiles in Vacuo.—If a particle 
be projected in a direction oblique to the horizon it is 
called a Projectile, and the path which it describes is called 
its Trajectory. The case which we shall here consider is’ 
that of a particle moving in vacuo under the action of 
gravity; so that the problem is that of the motion of a 
projectile in vacuo ; and hence, as gravity does not affect 
its horizontal velocity, it resolves itself into the purely 
kinematic problem of a particle moving so that its hori- 
zontal acceleration is 0 and its vertical acceleration is the 
constant, g, (Art. 140). 


151. The Path of a 
Projectile in Vacuo is a 
Parabola.—Let the plane 
in which the particle is pro- 
jected be the plane of zy; 
let the axis of « be horizon- 
tal and the axis of y vertical 
and positive upwards, the 
origin being at the point of 
projection; let the velocity 
of projection = v, and let the line of projection be inclined 
at an angle «& to the axis of 2, so that v cos @, and v sin « 
are the resolved parts of the velocity of projection along the 
axes of z and y. It is evident that the particle will con- 
tinue to move in the plane of wy, as it is projected in it, 
and is subject to no force which would tend to withdraw 
it from that plane. 

Let (z, y) be the place, P, of the particle at the time ¢; 
then the equations of motion are 
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Px Py 


the acceleration being negative since the y-component of 
the velocity is decreasing. 

The first and second integrals of these equations will 
then be, taking the limits corresponding to ¢ = ¢ and 
t= 0, 


dx dy : 
df = OO8 3 Fe = V sin @ — gt; (1) 
2=vecosat; y = vsin at — ig? (2) 


Equations (1) and (2) give the coordinates of the particle 
and its velocity parallel to either axis at any time, ¢. 
Eliminating ¢ between equations (2) we obtain 


ge 
2v? cos? a 


y =z tan « — (3) 
which is the equation of the trajectory, and shows that the 
particle will move in a parabola. 


152. The Parameter; the Range R; the Greatest 
Height H; Height of the Directrix.—Hquation (3) of 
Art. 151 may be written 


. 2v? sin « COS @ Qu” Cos? « 
g g 
i ( v2 gin & COS a 2u? cos? “(y— v* sin? a =o) 1) 
r — = . 
g g 2g 


By comparing this with the equation of a parabola 
referred to its vertex as origin, we find for 
v? sin & COS « 


the abscissa of the vertex = es: ; (2) 
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2 gin? 
the ordinate of the vertex = ~ ree (3) 


2u Cos? a 


the parameter (latus rectum) = - 


(4) 
And by transferring the origin to the vertex (1) becomes 


" _ Qy? cos? 
ar ae (5) 


which is the equation of a parabola with its axis vertical 
and the vertex the highest point of the curve. 

The distance, OB, between the point of projection and 
the point where the projectile strikes the horizontak plane 
is called the Lange on the horizontal plane, and is the 
value of z when y = 0. Putting y = 0 in (3) of Avt. 151 
and solving for z, we get 


the horizontal range R = OB = er (6) 
which is evident, also, geometrically, as OB = 20C, that 
is, the range is equal to twice the abscissa of the vertex. 

It follows from (6) that the range is the greatest, Yor a 
given velocity of projection, when «@ = 45°, in which case 

oe 

the range = a 

Also it appears from (6) that the range is the same when 
a is replaced by its complement; that is, for the same 
velocity of projection the range is the same for two differ- 
ent angles that are complements of each other. If @ = 45° 
the two angles become identical, and the range is a 
maximum. 

CA is called the greatest height, H, of the projectile, and 
v 


eee 


is given by (3) which, when « = 45° becomes 
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The height of the directrix = CD 


v? sin? «& 4s 2v? cos? « v 


—_— —- . 8 
pee 2g ®) 


29 


Hence when «& = 45° the focus of the parabola lies in 
the horizontal line through the point of projection. 


153. The Velocity of the Particle at any Point of 
its Path.—Let V be the velocity at any point of its path, 


then a Pag ey or by (1) of Art. 151 


= v cos? @ + (v? sin? @ — 2v sin agt + gt?) 
= v — 24y. 
To acquire this velocity in falling from rest, the particle 


2 
must have fallen through a height i (6) of Art. 140, or 


its equal 
aye 
9g I= MS — MP by (8) 
= PS. 


Hence, the velocity at any point, P, on the curve is that 
which the particle would acquire in falling freely in vacuo 
down the vertical height SP; that is, in falling from the 
directrix to the curve; and the velocity of projection at O 
is that which the particle would acquire in falling freely 
through the height CD. The directrix of the parabola is 
therefore determined by the velocity of projection, and is at 
a vertical distance above the point of projection equal to 
that down which a particle falling would have the velocity 
of projection. 


154. The Time of Flight, 7, along a Horizontal 
Plane.—Put 7 = 0 in (3) of Art. 151, and solve for a, the 


2%0 TIME OF FLIGHT OF PROJECTILE. 


OF ©. But the horizon: 


values of which are 0 and 


2v sin « 


tal velocity is v cos «& Hence the time of flight = 


which varies as the sine of the inclination to the axis of z. 


155. To Find the Point at which a Projectile will 
Strike a Given Inclined Plane passing through the 
Point of Projection, and the Time of Flight.—Let the 
inclined plane make an angle 6 with the horizon; it is 
evident that we have only to eliminate y between y = z tan 
6 and (3) of Art. 151, which gives for the abscissa of the 
point where the projectile meets the plane 


__ 2v* cos @ sin (@ — B) ; 


a g cos B 4 
and the ordinate is (1) 
__ 2v? cos « tan B sin («a — B) 
cae g cos B : 
Hence the time of flight 
Z,  _ 2vsin (@ — ®) 
~ Cosa — gosBp (2) 


156. The Direction of Projection which gives the 
Greatest Range on a Given Plane.—The range on the 
horizontal plane is 

v? sin 2a 
= 


2 


which for a given value of v is greatest when @ = (Art. 
152). 
The range on the inclined plane = z, sec B 


_ 2v* cos @ sin (« — B) 


g cos? B (1) 


ee 
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To find the value of «& which makes this a maximum, we 
must equate to zero its derivative with respect to «, which 
gives 

cos (24 — B) = 0; 


en eee | C qs s); (?) 
and hence e—B=4 (E _ 8), (3) 


which is the angle which the direction of projection makes 
with the inclined plane when the range is a maximum; 
that is, the projection bisects the angle between the 
inclined plane and the vertical. 

In this case by substituting in (1) the yalues of « and 
(@ — @) as given in (2) and (3) and reducing, we get 


y 
Ee are). (4) 


157. The angle of Elevation so that the Particle 
may pass through a Given Point.—From Art. 152, 
there are two directions in which a particle may be pro- 
jected so as to reach a given point; and they are equally 


the greatest range = 


inclined to the direction of projection (« a *). 


Let the given point lie in the plane which makes an 
angle 8 with the horizon, and suppose its abscissa to be h ; 
then we must have from (1) of Art. 155 


av" 3 
goose (a — B) =h. 


If «' and «be the two values of « which satisfy this 
equation, we must have 


cos «’ sin (a _ B) = cos «” sin (a” A B); 
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and therefore ec’ — B= 


or a (G + 8) = HF ot 6) = al ay 


But each member of (1) is the angle between one of the 
directions of projection and the direction for the greatest 
range [Art. 156, (2)]. Hence, as in Art. 152, the two 
directions of projection which enable the particle to pass 
through a point in a given plane through the point of pro- 
jection, are equally inclined to the direction of projection 
for the greatest range along that plane. (See Tait and 
Steele’s Dynamics of a Particle, p. 89.) 


158. Second Method of Finding the Equation of 
the Trajectory.—By a somewhat simpler method than 
that of Art. 151, we may find the equation of the path of 
the projectile as the resultant of a uniform velocity and an 
acceleration (Art. 148). 

Take the direction of projection (Fig. 78) as the axis of 
#, and the vertical downwards from the point of projection - 
as the axis of y. Then (Art. 149, Rem.) the velocity, v, 
due to the projection, will carry the particle, with uniform 
motion, parallel to the axis of z, while at the same time, it 
is carried with constant acceleration, g, parallel to the axis 
of y. Hence at any time, ¢, the equations of motion along 
the axes of x and y respectively are 


Gh BN 
y = 49°. 


That is, if the particle were moving with the velocity v, 
alone, it would in the time ¢, arrive at Q; and if it were 
then to move with the vertical acceleration g alone it would: 
in the same time arrive at P; therefore if the velocity » 
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and the acceleration g are simultaneous, the particle will iy 
the time ¢ arrive at P (Art. 149, Rem). 
Eliminating ¢ we have 


Qu? 
xe —= O” Yy; 


which is the equation of a parabola referred to a diameter 
and the tangent at its vertex. The distance of the origin 
from the directrix, being }th of the coefficient of y, is 


v? ‘ 
ag as in Art. 152, (8). 
EXAMPLES. 


1. From the top of a tower two particles are projected at 
angles « and @ to the horizon with the same velocity, v, and 
both strike the horizontal plane passing through the bot- 
tom of the tower at the same point; find the height of 
the tower. 

Let 4 = the height of the tower; v = the velocity of 
projection ; then if the particles are projected from the 
edge of the top of the tower, and @ is the distance from the 
bottom of the tower to the point where they strike the 
horizontal plane we have from (3) of Art. 151 


ge 


—h=atane — FG (1 + tan? a), (1) 
—h =r ton p—# (1 + tan? B), (2) 
by subtraction 
av" __ 2v? cos & cos B 


* = 9 (tan « + tan B) ~ gsin (@ +8)? 


which in (1) or (2) gives 


2v* cos « cos B cos (a + B) - 
g [sin (@ + B)/? 


bs 
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2. Particles are projected with a given velocity in all 
lines in a vertical plane from the point O; it is required te 
find the locus of their highest points. 

Let (a, y) be the highest point; then from (2) and (8) of 
Art. 152, we have 


v sin & COs @ | 


cae ee ae Ag) 


g 
_ sin? a, 
Sie orLe. 
: 2gY ge 
prefect! Cee age tera 
therefore sin? a = eo? and cos? « = ay 
2 12 
Adding 474+ 2 = oe 


which is the equation of an ellipse, whose major axis = “ 


and the minor axis = mF and the origin is at the extremity 
of the minor axis. 


’ 3. Find the angle of projection, «, so that the area con- 
tained between the path of the projectile and the hori- 
zontal line may be a maximum, and find the value of the 
maximum area. 


4 
Ans. « = 60° and Max. Area = a (3). 


4, Find the ratio of the areas A, and A, of the two 
parabolas described by projectiles whose horizontal ranges 
are the same, and the angles of projection are therefore 


i ) . 
complements of each other Aye Ay Ee 


A; 


159. Velocity of Discharge of Balls and Shells 
from the Mouth of a Gun.—<As the result of numerous 


. 
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experiments made at Woolwich, the following formula was 
regarded as a correct expression for the velocity of balls and 
shells, on quitting the gun, and fired with moderate 
charges of powder, from the pieces of ordnance commonly 
used for military purposes: 


v = 1600 ve 


where v is the velocity in feet per second, P the weight of 
the charge of powder, and W the weight of the ball. 

For the investigation of the path of a projectile in the 
atmosphere, see Chap. I of Kinetics. 


160. Angular Velocity, and Angular Accelera- 
tion.—Hitherto the method of resolving velocities and 
accelerations along two rectangular axes has been employed. 
It remains for us to investigate the kinematics of a particle 
describing a curvilinear path, from another point of view 
and in relation to another system of reference. Before we 
consider velocities and accelerations in reference to a 
system of polar co-ordinates, it is necessary to enquire into 
a mode of measuring the angular velocity of a particle. 

Angular Velocity may be defined as the rate of angular 
motion. Thus let (7, @) be the position of the point P, and 
suppose that the radius vector has revolved uniformly 
through the angle 6 in the time ¢, then denoting the 
angular velocity by », we shall have, as in linear velocity 
(Art. 7) 

20 
@) = oe 

If however the radius vector does not 
revolve uniformly through the angle 6 
we may always regard it as revolving 
uniformly through the angle d6 in the | 
infinitesimal of time df; hence we shall 
have as the proper value of @, . 
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Hence, whether the angular velocity be uniform or 
variable, it is the ratio of the angle described by the radias 
vector in a given time to the time in which it is described ; 
thus the increase of the angle, in angular velocity, takes 
the place of the increase of the distance from a fixed point, 
in linear velocity, (Art. 7). 

Angular Acceleration is the rate of inercase of angular 
velocity ; it is a velocity increment, and is measured in the 
same way as linear acceleration (Art. 9). Thus, whether 
the angular acceleration is uniform or variable, it may 
always be regarded as uniform during the infinitesimal of 
time dt in which time the increment of the velocity will be 
dw. Hence denoting the angular acceleration at any time 
t, by @, we have 


dw d (do 
Saher ee oD 
PO 
= Te? i) 


and thus, whether the increase of angular velocity is 
uniform or variable, the angular acceleration is the increase 
of angular velocity in a unit of time. 

. The following examples are illustrations of the sae eil 
mode of estimating velocities and accelerations. 


BX AMS CES: 


1. If a particle is placed on the revolving line at the 
distance 7 from the origin, and the line revolves with a 
uniform angular velocity, , the relation between the linear 
velocity of the particle and the angular velocity may thus 
be found. 
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Let d@ be the angle through which the radius revolves in 
the time d?, and let ds be the path described by the particle, 
so that ds = rdé; 

6 
then a OS 
so that the linear velocity varies as the angular velocity and 
the length of the radius jointly. 


2. If the angular acceleration is a constant, as @; then 
from (2) we have 
a6 
Ae? 


dé 
are i wae re 


and . O= 436? + of + 4), 


where w, and @, are the initial values of w and 0. 
Hence if a line revolves from rest with a constant angular 


acceleration, we have 


and the angle described by it varies as the square of the 
time. 


3. If a particle revolves in a circle uniformly, and its 
place is continually projected on a given diameter, the 
linear acceleration along that diameter varies directly as 
the distance of the projected place from the centre. 

Let » be the constant angular velocity, @ the angle 
between the fixed diameter and the radius drawn from the 
centre to its place at the time ¢, « the distance of this 
projected place from the centre. Then, calling a the 
radius of the circle, we have 


i—FTONCOSHOS 
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dx Ri are fi. : 
a — asin 6 7 = — qw sin 6; 
ax do 3 
ip OO eee 


which proves the theorem. 


4. If the angular acceleration varies as the angle 
generated from a given fixed line, and is negative, find the 
angle. 

Here the equation which expresses the motion is of the 
form 

a0 
dl? 


= — ko. 


Calling « the initial value of 6 we find for the result: 
0 = « cos kt. 


5. If a particle revolves in a circle with a uniform 
velocity, show that its angular velocity about any point in 
the circumference is also uniform, and equal to one-half of 
what it is about the centre. 

At present this is sufficient for the general explanation 
of angular velocity and angular acceleration. We shall 
return to the subject in Chap. 7, Part IIL, when we treat 
of the motion of rigid bodies. 


161. The Component Accelerations, at any instant, 
Along, and Perpendicular to the Radius Vector.— 
Let (7, 6) (Fig. 79) be the place of the moving particle, P, 
at the time 7¢, (a, y) being its place referred to a system of 
rectangular axes having the same origin, and the z-axis 
coincident with the initial line. Then 


2=rcos0; y= rr sin 6; (1) 
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dz adr dé 
therefore a aes 6—~rsin 6 di? (2) 


and 


Pax =— er r (FY cos 0 —[2. a I sin 0. (3) 


a dt d dé 
Similarly 

Gy par do dé 26 

rT tan lao? -(F) |sin o + [2% oT + rT] cos 65 (4) 


which are the accelerations parallel to the axes of ¥ and y, 
Resolving these along the radius vector by multiplying (3) 
and (4) by cos 8 and sin @ respectively, since accelerations 
_ may be resolved and compounded along any line the same 
as velocities (Art. 149), and adding, we have 


ax PY eae do 
fo ae. Sn (5) (5) 


which is the acceleration along the radius vector.* 


Multiplying (3) and (4) by sin 6 and cos 6 respectively, 
and subtracting the former from the latter, we get 


Py a ae dr dé a0 
ap C8 9 — dB sin 0 = oe prpon ai 
il Gy » 40 
=7a(" A (6) 


which is the acceleration perpendicular to the radius vector.t 


162. The Component Accelerations, at any in- 
stant, Along, and Perpendicular to the Tangent.— 
Let (z, y) (Fig. 79) be the place of the moving particle, P, 
at the time ¢, and s the length of the are described during 


* Sometimes called the radial acceleration. 
+ Sometimes called the transversal acceleration. 
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that time. Then the accelerations along the axes of a and y 
ax ay | is dx dy 
are 79 and Tp? and the direction cosines* are ie and ds 


To find the acceleration along the tangent we must multi- 
ply these axial accelerations by a = and ae respectively, and 


add. ‘Thus the tangential ae i 1s 


_ Px dx , Py dy 
TiS ge aa dh as 


Since ds? = dz* + dy?, therefore, by differentiation we 
have 
ds Ps = dx d*x + dy dy; 


and dividing by ds dé we get 


@s _ de de, by dy 
d@~ d?@ ds d@ ds’ 
which in (1) gives 


d's 
at’ (2) 


for the acceleration along the tangent. 


i 


Similarly we have for the normal acceleration, N, 


N _ Fy de Wax dy 
d? ds” dt ds 


_ (By da dx — Px dy) ds 
ds8 de 


1 ds 
=> - (by Ex. 4, p. 144, Caleulua), 


where p is the radius of curvature ; 


* Cosines of the angles which the tangent makes with the axes of a and y. 
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if v is the velocity of the particle at the point (2, y). 

Hence at any point, P, of the trajectory, if the accelera- 
tion ts resolved along the tangent to the curve at P and 
along the normal, the accelerations along the two lines are 
respectively 


163. When the Acceleration Perpendicular to 
the Radius Vector is zero.—Then from (6) of Art. 161 
we have 


6 
rai = constant = h suppose ; 
dé _ h, 
dp 7” 
a dr __dr dO _h dr | 
ag di do di r2' do? 


a or _B dr _ ian 
* de ~ rt de” “~75\de/’ 

which in (5) of Art. 161 gives 

the acceleration along the radius vector 


ar he (diye. hP. 
= 74 ae, 8 (5) ps? (1) 


an expression which is independent of ¢. 

This may be put into a more convenient form as follows: 
Let 7 = = ; then 
. dr 1, du, 


do.) w.. da’, 
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Cr 1 du, 2 (ey, 
de ~ wa d® * w\de/’ 

which in (1) and reducing, gives 

the acceleration along the radius vector 


= — hv? ce =e u) (2) 


From these two formule the law of acceleration along 
the radius vector may be deduced when the curve is given, 
and the curve may be deduced when the law of accelera- 
tion along the radius vector is given. Examples of. these 
processes will be given in Chap. (2), Part ITI. 


164. When the Angular Velocity is Constant.— 
Let the angular velocity be constant = w suppose. Then 


= W;5 


therefore from (5) of Art. 161 


the acceleration along the radius vector 


ar ; 
= WA —_ ru, (1) 
The acceleration perpendicular to the radius vector 
ar | 


and both of these are independent of 0. 


The following example is an_ illustration of these 
formule : 


A particle describes a path with a constant angulat 
velocity, and without acceleration along the radius vector ; 
find (1) the equation of the path, and (2) the acceleration 
perpendicular to the radius vector. 
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(1) From (1) we have, from the conditions of the 
question, 


&r 
om wr = 0. 
Integrating we have 
dy? 
ap w (r? — a), 
. dr 
if r =a when 7 = 0. 
Therefore eye, = wdt; 
72 — a)? 
and log re eae aed bo wt, 
if r = a when ¢ = 0, 
r=? (er? + e—t) (3) 
2g ¢. 
do : 
Also, as i=” therefore 0 = wt, if 0 = 0 when ¢ = 0. 


Substituting this value of wt, we have, 
a 
ra 5 (e+ 0-4); (4) 


which is the path described by the particle. 


(2) Let Q be the required acceleration perpendicular to 
the radius vector, then from (2) we have 


= au? (ert — et), from (3) 
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tt i = ao (e8 e e-*) 
= Ww? (r? — a)?; (5) 


which is the acceleration perpendicular to the radius 
vector. 

The preceding discussion of Kinematics is sufficient for 
this work. There are various other problems which might 
be studied as Kinematic questions, and inserted here; but 
we prefer to treat them from a Kinetic point of view. — 

For the investigation of the kinematics of a particle 
describing a curvilinear path in space, see Price’s Anal. 
Mech’s, Vol. I, p. 430, also Tait and Steele’s Dynamics of 
a Particle, p. 12. 


EXAMPLES, 


1. A particle describes the hyperbola, zy = k*; find ,(1) 
the acceleration parallel to the axis of w if the velocity 
arallel to the axis of y is a constant, B, and (2) find the 
acceleration parallel to the axis of y if the velocity parallel 
to the axis of x is a constant, «. 


aa 
Ans. (1) Se 2) yi 


2. A particle describes the parabola, y? = 4azv; find 
the acceleration parallel to the axis of y if the velocity 


parallel to the axis of x is a constant, «. Ae 4a? 
ps . y 


_, 8. A particle describes the logarithmic curve, y = a*; 
find (1) the z-component of the acceleration if the y-com- 
ponent of the velocity is a constant, 6, and (2) find the 
y-component of the acceleration if the z-component of the 
velocity is a constant, «. 


_ Ans. (1) — eat (2) a (log a)? y. 
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4. A particle describes the cycloid, the starting point 
being the origin; find (1) the z-component of the accel- 
eration if the y-component of the velocity is 8, and (2) find 
the y-component of the acceleration if the care of 
the velocity is «. Ags. (1) are yi 

(2ay —y)* 


5. A particle describes a catenary, y = 4 (e +e *) 
find (1) the z-component of the acceleration if the y-com- 
ponent of the velocity is B, and (2) find the y-component 
of the acceleration if the z-component of the velocity is « 

2 
ane) = PH; 8 
Pee? 

6. Determine how long a particle takes in moving from. 
the point of projection to the further end of the latus 
rectum. 


Ans. : (sin «& + Cos @). 


7. A gun was fired at an elevation of 50°; the ball 
struck the ground at the distance of 2449 ft.; find (1) the 
velocity with which it left the gun and (2) the time of 
flight. (g = 324). 

Ans. -(1) 282.8 ft. per sec.; (2) 13.47 secs. 


8. A ball fired with velocity ~ at an inclination & to the 
horizon, just elears a vertical wall which subtends an angle, 
B, at the point of projection; determine the instant at 
which the ball just clears the wall. 

Yess 4gt 
U& COS @ 


== pn B. 


9. In the preceding example determine the horizontal 
distance between the foot of the wall and the point where 


the ball strikes the ground. ver a Peete) 
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10. At the distance of a quarter of a mile from the bot- 
tom of a cliff, which is 120 ft. high, a shot is to be fired 
which shall just clear the cliff, and pass over it horizon- 
tally ; find the angle, «, and velocity of projection, v. 

Ans. «¢ = 10° 18’; v = 490 ft. per sec. 


11. When the angle of elevation is 40° the range is 
2449 ft.; find the range when the elevation is 294°. 
Ans. 2131.5 ft. 


12. A body is projected horizontally with a velocity of 
4 ft. per sec.; find the latus rectum of the parabola de- 
scribed, (g = 32). Ans. | foot. 


13. A body projected from the top of a tower at an angle 
of 45° above the horizontal direction, fell in 5 secs. at a 
distance from the bottom of the tower equal to its altitude ; 
find the altitude in feet, (g = 32). Ans. 200 feet. 


14. A ball is fired up a hill whose inclination is 15°; 
the inclination of the piece is 45°, and the velocity of pro- 
jection is 500 ft. per sec.; find the time of flight before 
it strikes the hill, and the distance of the place where it 
falls from the point of projection.* 

Ans. T-= 16,17 sees. he S12 males: 


15. On a descending plane whose inclination is 12°, a 
ball fired from the top hits the plane at a distance of two 
miles and a half, the elevation of the piece is 42°; find the 
velocity of projection. Ans. v = 579.74 ft. per sec. 


16. A body is projected at an inclination @ to the hori- 
zon; determine when the motion is perpendicular to a 
plane which is inclined at an angle 6 to the horizon. 


wu sin « — gt 
A —~ = : 
ns Tana + cot B 


hy 


* The range on the inclined plane, 
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17. Calculate the maximum range, and time of flight, 
on a descending plane, the angle of depression of which is 
15°, the velocity of projection being 1000 ft. per sec. 

Ans. Max. range = 7.98 miles; T = 51.34 sec. 


18. With what velocity does the ball strike the plane in 
the last example ? Ans: V = 1303 feet: 


19. If a ship is moving horizontally with a velocity 
= 3g, and a body is let fall from the top of the mast, find 
its velocity, V, and direction, 0, after 4 secs. 

Ans. V =='59 3:0 => tans. 


20. A body is projected horizontally from the top of a 
tower, with the velocity gained in falling down a space 
equal to the height of the tower; at what distance from 
the base of the tower will it strike the ground ? 

Ans. R = twice the height of the tower. 


21. Find the velocity and time of flight of a body pro- 
jected from one extremity of the base of an equilateral 
triangle, and in the direction of the side adjacent to that 
extremity, to pass through the other extremity of the base. 


Ans. v = 4/8: T — x 
g 


22. Given the velocity of sound, V; find the horizontal 
range, when a ball, at a given angle of elevation, «, is so 
projected towards a person that the ball and sound of the 


discharge reach him at the same instant. 
2V? 
Ans. —— tan «. 
g 


23. A body is projected horizontally with a velocity of 
4g from a point whose height above the ground is 169 ; find 
the direction of motion, 0, (1) when it has fallen half-way 
to the ground, and (2) when half the whole time of pas 


has elapsed. ng. (1) — 45°; (2) @ = tan-1— ae 
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. 24. Particles are projected with a given velocity, v, in 
all lines in a vertical plane from the point O; find the locus 
of them at a given time, 7. 

Ans. x + (y + 4g)? = v*?, which is the equation of a 
circle whose radius is vf and whose centre is on the axis of 
y at a distance 497 below the origin. 


. 25. How much powder will throw a 13-inch  shell* 
4000 ft. on an inclined plane whose angle of elevation is 
10° 40’; the elevation of the mortar being 35°. 

Ans. Charge = 4.67 lbs. 


- 26. A projectile is discharged in a horizontal direction, 
with a velocity of 450 ft. per sec., from the summit of a 
conical hill, the vertical angle of which is 120°; at what 
distance down the hillside will the projectile fall, and what 
will be the time of flight? 

Ans. Distance = 2812.5 yards; Time = 16.28 secs. 


27. A gun is placed at a distance of 500 ft. from the base 
of a cliff which is 200 ft. high ; on the edge of the cliff 
there is built the wall of a castle 60 ft. high; find the 
elevation, «, of the gun, and the velocity of discharge, », 
in order that the ball may graze the top of the castle wall, 
and fall 120 ft. inside of it. 

Ans. @ = 58° 19’; v = 165 ft. per sec. 


28. A piece of ordnance burst when 50 yards from a 
wall 14 ft. high, and a fragment of it, originally in con- 
tact with the ground, after grazing the wall, fell 6 ft. 
beyond it on the opposite side; find how high it rose in 
the air. Ans. 94 ft. 


* The weight of a 13-inch shell is 196 lbs. 


Pot 
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Gis bys Uy ag eM Dd A 


LAWS OF MOTION—MOTION UNDER THE ACTION OF 
A VARIABLE FORCE—MOTION IN A RESISTING 
MEDIUM. 


165. Definitions.— Ainetics is that branch of Dynamics 
which treats of the motion of bodies under the action of 
Sorces. 

In Part I, forces were considered with reference to the 
pressures which they produced upon bodies at rest (Art. 
15), 7. ¢., bodies under the action of two or more forces 
in equilibrium (Art. 26). In Part IL we considered the 
purely geometric properties of the motion of a point or 
particle without any reference to the causes producing it, 
or the properties of the thing moved. We are now to 
consider motion with reference to the causes which produce 
it, and the things in which it is produced. 

The student must here review Chapter I, Part I, and obtain clear 
conceptions of Momentum, Acceleration of Momentum, and the Kinetic 
measure of Force (Arts. 12,18, 19, and 20), as this is necessary toa full 


understanding of tbe fundamental laws of motion, on the truth of 
which all our succeeding investigations are founded. 


166. Newton's Laws of Motion.—The fundamental 
13 
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principles in accordance with which motion takes place are 
embodied in three statements, generally known as Newlon's 
Laws of Motion. These laws must be considered as resting 
on convictions drawn from observation and experiment, 
and not on intuitive perception.* The laws are the fol- 
lowing: if ee 


Law. I. —Livery body continwes in ibs state of rest 
or of wniform motion in a straight line, except in 
so far as tt is compelled, ey force to change that 
state. 


Law IJ.—Change of motion is proportional to the 
force applied, and takes place in the direction of 
the straight line in which the, force acts. 


Law Ill.—TZo every action there is always an 
equal and contrary reaction; or, the mutual ac- 
tions of any two bodies are always equal and oppo- 
sitely directed. 


167. Remarks on Law I.—Law I supplies us with a 
definition of force.- It indicates that force is that which tends to 
change a body’s state of rest or of uniform motion in a straight line ; 
for if a body does not continue in its state of rest or of uniform mo- 
tion in a straight line it must be under the action of force. 

A body has no power to change its own state as to rest or motion ; 
when it is at rest, it has no power of putting itself in motion; when 
in motion it has no power of increasing or diminishing its velocity. 
Matter is inert (Art. 8). Ifit is at rest, it will remain at rest; if it is 
moving with a given velocity along a rectilinear path, it will continue 
to move with that velocity along that path. It is alike natural to 
natter to be at rest or in motion. Whenever, therefore, a body’s 
state is changed either from rest to motion, or from motion to rest, 
or when its velocity is increased or diminished, that change is due te 
some external cause. This cause is called force (Art. 14); and the 
word force is used in Kinetics in this meaning only. 


* Thomso and Tails: Nati Phik, p. 24-9) te 


REMARKS ON. LAW. I. 291. 


168. Remarks on Law II.—law II asserts that if any. 
force generates motion, a double force will generate double motion, 
and so on, whether applied simultaneously or suceessively, instan, 
taneously or gradually, And. this motion, if the body was moving 
beforehand, is either added to the previous motion if directly conspir- 
ing with it, or is subtracted if directly opposed ; or is geometrically, 
compounded with it according to the principles already. explained, 
(Art, 29), if the line of previous motion and the direction of the force 
are inclined to each other at an angle. . The term motion here means 
quantity of motion, and the phrase change of motion here means rate 
of change of quantity of motion (Art. 18). If the fezce be finite it will 
require a finite time to produce a sensible change of motion, and the 
change of momentum produced by it will depend upon the time dur- 
ing which it acts. The change of motion must then be understood tv 
be the change of momentum produced per unit of time, or the rate 
of change of momentum, or acceleration of momentum, which agrecs 
with the principles already explained (Arts. 13 and 20). In this law 
nothing is said about the actual motion of the body before it was 
acted on by the force; it is only the change of motion that concerns 
us. The same force will produce precisely the same change of mo- 
tion in a body; whether the body be at rest, or in motion with any 
velocity whatever. 


Since, when several forces act at once on a particle either 
at rest or in motion, the second law of motion is true for 
every one of these forces, it follows that each must have the 
same effect, in so far as the change of motion produced ly 
it is concerned, as if 2 were the only force in action. 
Hence the assertion of the second law may be put in the: 
following form: 


When any number of forces act simultaneously on a body, 
whether at rest or in motion in any direction, each force pro- 
duces in the body the same change of motion as if it alone 
had acted on the body at rest. 


It follows from this view of the law that all problems 
which involve forces acting simultaneously may be. treated 
as if the forces acted successively. boils 


The operations of this law have »’ready been considered in Kine- 
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matics (Art. 149); but motion there was understood to mean vélocity 
only, since the mass of the body was not considered. This law in- 
eludes, therefore, the law of the composition of velocities already 
referred to (Art, 29), Another consequence of the law is the follow- 
ing: Since forces are measured by the changes of motion they pro- 
duce, and their directions assigned by the directions in which these 
changes are produced, and since the changes of motion of one and the 
same body are in the directions of, and proportional to, the changes 
of velocity, therefore a single force, measured by the resultant change 
of velocity, and in its direction, will be the equivalent of any number 
of simultaneously acting forces. 


Hence, 


The resultant of any number of concurring forces 1s to be 
found by the same geometric process as the resultant of any 
number of simultaneous velocities, and conversely. 


From this follows at once the Polygon of Velocities and 
the Parallelopiped of Velocities from the Polygon and 
Parallelopiped of Forces, as was described in Art. 142. 


This law also gives us the means of measuring force, and also of 
measuring the mass of a body: for the actions of different forces upon 
the same body for equal times, evidently produce changes of velocity 
which are proportional to the forces. Also, if equal forces act on dif. 
ferent bodies for equal times, the changes of velocity produced must 
be inversely as the masses of the bodies. Again, if different bodies, 
each acted on by a force, acquire in the same time the same changes 
of velocity, the forces must be proportional to the masses of the 
bodies. This means of measuring force is practically the same as 
that already deduced by abstract reasoning (Arts. 19 and 20). 


It appears from this law, that every theorem of Kine. 
matics connected with acceleration has its counterpart in 
Kinetics. Thus, the measure of acceleration or yelocity 
increment, (Art. 9), which was discussed in Chap. I (Arts. 
8 and 9), and in Kinematics (Art. 135), and which is 


denoted by f or its equal ee is also the effect and the 


dl 
measure of force ; therefore all the results of the equation 
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dz 
f =a (1) 


its various forms, and the remarks which have been made 
on it, are applicable to it when / is the accelerating force. 
Thus, (Art. 162), we see that the force, under which a 
particle describes any curve, may be resolved into two 
components, one in the tangent to the curve, the other 
towards the centre of curvature; their magnitudes being 
the acceleration of momentum, and the preduct of the 
momentum into the angular velocity about the centre of 
curvature, respectively. In the case of uniform motion, 
the first of these vanishes, or the whole force is perpen- 
dicular to the direction of motion. When there is no force 
perpendicular to the direction of motion, there is no curva- 
ture, or the path is a straight line. 

Hence if we suppose the particle of mass m to be at the 
point (#, y, 2), and resolve the forces acting on it into the 
three rectangular components, X, Y, Z, we have 

dy az 


Lx 2 
may =X; m= Y3;ma= 


TP 5 mM a Z. (2) 


In several of the chapters these equations will be sim- 
plified by assuming unity as the mass of the moving 
particle. When this cannot be done, it is sometimes con- 
venient to assume X, Y, Z, as the component forces on the 
unit mass, and (2) becomes 

m a = mX, etc. 
from which m may of course be omitted. It will be ob- 
served that an equation such as 


may be interpreted either as Kinetical or Kinematical; if 
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fue former, the unit of mass must be understood as a fac. 
tor on the left-hand side, in which case X is the z-com- 
ponent, for the pnit of mass, of the whole force exerted on 
the movirg body. : 


’ ‘Shs fitst two laws, have, therefore, furnished us with a definition 
an a measure-of force; and they also show how to compound, and 
waerefore how, ta resolve, forces; and also how to investigate the 
conditions-of equilibrium or motion of a single particle subjected to 
given forces, r 


, 169. Remarks on Law ITI.— According to Law III, if one 
ie presses or draws another, it is pressed or drawn by this other 
with an equal foree in the opposite direction (Art. 16). A horse 
towing a boat on a canal, is pulled backwards by a force equal to that 
which he impresses on the towing-rope forwards. ~If one hedy strikes 
another body and changes the motion of the other.body, its own 
motion will ‘be changed in an equal quantity and in the opposite 
direction; for at each instant during the impact the bodies exert on 
each other equal and opposite pressures, and the momentum that one 
body loses is equal to that: which the other gains. 

The earth attracts a falling pebble with a certain force, while the 
pebble attracts the earth with an equal force. The result is that 
while the pebble moves towards the earth on account of its attrac- 
tion, the earth also moves towards the pebble under the influence of 
the attraction of the latter; but the mass of the earth being enor- 
mously greater than that of the pebble while the forces on the two 
arising from their mutual attractions are équal, the motion produced 
thereby ‘in the earth is almost: incomparably less than that produced 
in the pebble, and is consequently insensible. 

It follows that the sum of the quantities of motion parallel to any 
fixed direction of the particles of any system influencing one another 
in any possible way, remains unchanged by their mutual action. 
Therefore if the centre of gravity of any system of mutually 
influencing’ particlés is in motion, it continues: moving uniformly in a 
straight line, unless in so far as the direction or. velocity of its motion 
is changed by forces between the particles and some other matter not 
belonging to the system ; also.the centre of gravity of any system of 
particles moves just as all the matter’of the system, if concentrated in 
au point, would move under the influence of forces equal and parallel 
ib the forces’ really ‘acting on its different “parts. (For further 
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remarks on these laws see Tait and Steele’s Dynarnicsof -a/Particle, 
Thomson and Tait’s Nat. Phil., Pratt’s Mechanics, ete’) Stennis 

170. Two Laws of Motion in the French Trea- 
tises.—Newton’s Laws of motion are not adopted in the 
principal French treatises ; but we find in them ¢wo piin- 
ciples only as borrowed from experience, viz.: 


First.—The Law of Inertia, that a body, not acted 
upon by any force, would go on for ever with a. uniform 
velocity. This coincides with Newton’s First Law. 


Srconp.—That the velocity communicated is proportional 
to the force. The second and third Laws of Motion are 
thus reduced to this second principle by the French writers, 
especially Poisson and Laplace.* 


171. Motion of a Particle under the Action of an 
Attractive Force.—A particle moves under a force. of 
attraction which is in its line of motion, and varies directly 
as the distance of the particle from the centre of force; wt is 
required, to determine the motion. 

The point whence the influence of a force emanates. is 
called the centre of force ; and the force is called an attrac. 
five or a repulsive force according as it attrac/s or repels. 

Let O be the centre of force, P the si Lf aw 
position of the particle at any time, ¢, v Tei eee. 
its velocity at that time, and let OP=a, 
and OA = a, where A is the position of the particle when 
*#— 0; let » = the absolute force; that is, the force of 
attraction on a unit of mass at a unit’s distance from O, 
which is supposed to be known, and is sometimes called 
the strength of the attraction. At present we shall suppose 


* Parkinson’s Mechanics, p. 187. See paper by Dr. Whewell on the principles 
of Dynamics, particularly as stated by French writers, in the Edinburgh Journal of 
Science, Vol. VIII. 
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the mass of the particle to be unity, as it simplifies the 
equations. Then px is the magnitude of the force at the 
distance z on the particle of unit mass, or it is the accelera- 
tion at P ; and the equation of motion is 


the negative sign being taken because the tendency of the 
force is to diminish 2; 


2dx da 


as Qua ax. 
Integrating, we get 
da? 
ap (a? — 2), (2) 


if the particle be at rest when « = a and? = 0, 


the negative sign being taken, because w decreases as ¢ 
increases. Integrating again between the limits correspond- 
ing to ¢ = ¢ and ¢ = 0, 


x 
costs = rt, 
1 x 
. cos es ee ee 
Soh SS a cos 5 (3) 


. From (2) it appears that the velocity of the particle is 
zero when x = @ and — a; and isa maximum, viz.: ap, 
when z = 0. Hence the particle moves from rest at A; its 
velocity increases until it reaches O where it becomes a 
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maximum, and where the force is zero; the particle passes 
through that point, and its velocity decreases, and at A’, at 
a distance = — a, becomes zero. From this point it will 
return, under the action of the force, to its original posi- 
tion, and continually oscillate over the space 2a, of which 
O is the middle point. 

From (3) we find when « = a,¢ = 0 and when x = 0, 
<= ae so that the time of passing from A to O = me 

Qu QF 

and the time from O to A’ is the same, so that the time of 


oscillation from A to A’ is = This result is remarkable, 
pe 

as it shows that the time of oscillation is independent of 

the velocity and distance of projection, and depends solely 

on the strength of the attraction, and is greater as that is 

less. 

This problem includes the motion of a particle within a 
homogeneous sphere of ordinary matter in a straight shaft 
through the centre. For the attraction of such a sphere on 
a particle within its bounding surface varies directly as the 
distance from the centre of the sphere (Art. 133a). If the 
earth were such a homogeneous sphere, and if AOA’ (Fig. 
80) represented a shaft running straight through its centre 
from surface to surface, then, if a particle were free at one 
eud, A, it would move to the centre of the earth, O, where 
its velocity would be a maximum, and thence on to the 
opposite side of the earth, A’, where it would come to rest ; 
then it would return through the centre, O, to the side, A, 
from where it started ; and its motion would continue to be 
oscillatory, and thus it would move backwards and forwards 
from one side of the earth’s surface to the other, and the 
time of the oscillation would be independent of the earth’s 
radius; that is, at whatever point within the earth’s surface 
the particle be placed it would reach the centre in the 
same time. 


R98 “4 ‘VARIABLE REPULSIVE FORCE. 


+ Cor—To find this time. Since p is the attraction at a 
‘anit of distance and g the attraction at the distance A, we 


hich in ¢ = —"; gives 


j ; 

have » = x 
$ 

LL 


Ria 


for the time it would take a body to move from any point 
within the earth’s surface to the centre. 
ff we put g = 224 feet and & = 3963 miles we get 


¢ = 21 m. 6s. about, 


which would be the time occupied in.passing to the earth’s 
«entre, however near to it the body might be placed, or 
however — so long as it is within the surface. 


172. Motion of a Particle under the Action ofa 
Variable Repulsive. Force. —Let the force be one of 
repulston and vary as the distance, then the equation of 
motion is 


Let us suppose the particle to be projected from the cen- 
‘tre of force with the velocity v,; then we have 


dx? ; 
Fite hear hee ee! 


Cee) pa: 0, (cute — eH), 
: > a 

* “As f increases x also increases, and the particle recedes 

‘further and further from the centre of force ; and the 

Velocity also increases, and ultimately equals co when # = 

#=o. Thus in fe case the motion is not oscillatory. 
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173. Motion of a Particle under the Action of an 
Attractive Force which is in the line of motion, and 
which varies Inversely as the Square of the Distance 
from the Centre of Force. 


Let O (Fig. 80) be the centre of force, P the position of 
the particle at the time ¢; and A the position at rest when 
? = 0, so that the particle starts from A and moves to- 
wards O. Let OP = x, OA =a, and p = the absolute 
force as before or the acceleration at unit distance from 0. 
Then the equation of motion is 


Multiplying by 2dz and integrating, we get 


dx? 1 1 
a= (5 a (1) 


whicn gives the velocity of the particle at any distance, 2, 
from the origin. 
From (1) we have 


da Qu Vac — x 


(| ae a ei 


the negative sign being takeu because in the motion to- 
wards O, 2 diminishes as / increases. This gives 


Ve dé = — ae 
a Vax — 2 


3 a — 22x a 1: 
= a ee 
[4 Var — 2 =a 
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Integrating and taking the limits corresponding tot = ¢ 
and ¢-= 0, we have 


“Ol pe a en eee 2 
tay/£| var pee Titer ral ss (2) 


which gives the value of ¢. 
When the particle arrives at O, x = 0, therefore the 
time of failing to the centre O from A is 


= 2) 


From (1) we see that the velocity = 0 when x = a; and 
= © when « = 0; hence the velocity increases as the 
particle approaches the centre of force, and ultimately, 
when it arrives at the centre, becomes infinite. And 
although at any point very near to O there is a very great 
attraction tending towards O, at the point O itself there is 
no attraction at all; therefore the particle, approaching 
the centre with an indefinitely great velocity, must pass 
through it. Also, everything being the same at equal 
distances on either side of the centre, we see that the 
motion must be retarded as rapidly as it was accelerated, 
and therefore the particle will proceed to a point A’ ata 
distance on the other side of O equal to that from which it 
started ; and the motion will continue oscillatory. 


174. Velocity acquired in Falling through a Great 
Height above the Earth.—The preceding case of motion 
includes’ that of a body falling from a great height above 
the earth’s surface towards its centre, the distance through 
which it falls being so great that the variations of the earth’s 
attraction due to the distance must be taken into account. 
For a sphere attracts an external particle with a force which 
varies inversely as the square of the distance of the particle 
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from the centre of the sphere (Art. 133a); therefore if R is 
the earth’s radius, g the kinetic measure of gravity on a 
unit of mass at the earth’s surface (Arts. 20, 23), and 2 the 
distance of a body from the centre of the earth at the time 
z, then the equation of motion is 


Px ie 

dp — — 9 
which is the same as the equation in Art. 173 by writing « 
for g*; therefore the results of the last Art. will apply to 


this case. Substituting gR? for w in (1) of Art. 173 we 
have 


vw = 29h? be, (1) 


When the body reaches the earth’s surface, x = R and 
(1) becomes 


— R 
vt = 2k (“—=). (2) 
If a is infinite (2) becomes 
a V2gR ; 


so that the velocity can never be so great as this, however 
far the body may fall; and hence if it were possible to 
project a body vertically upwards with this velocity it would 
go on to infinity and never stop, supposing, of course, that 
there is no resisting medium nor other disturbing force. 

If in (2) we put g = 324 feet and A = 3963 miles we 
get 

y = [2-324-3963-5280]? feet = 6-95 miles ; 


so that the greatest possible velocity which a body can 
acquire in falling to the earth is less than 7 miles per 
second, and if a body were projected upwards with that 
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velocity, and were to meet with no resistance exeepe 
Bas it would never return to the earth. 


Cor.—To find the velocity which a, body would acquire 
in falling to the earth’s surface from a height /# above the 
surface, we have from (1) by putting z= Randa=h+R, 


Ca agRt (= — 


f _ 2g fh | 
a aes i) = R+h 


If h be small compared with &, this may be written 
| y= 29h, : 


which agrees with (6) of Art. 140. 

The laws of force, enumerated in Arts. 171, 173, are the 
only laws that are known to exist in the universe (Pratt’s 
Mechs., p. 212). 


175. Motion in a Resisting Medium.—In the pre- 
ceding discussion no account is taken of the atmospheric 
resistance. We shall now consider the motion of a body 
near the surface of the earth, taking into account the 
resistance of the air, which we may assume varies as the 
square of the velocity. 


A particle under the action of gravity, as a constant force, 
moves in the air supposed to be a resisting medium of 
uniform density, of which the resistance varies as the square 
of the velocity required to determine the motion. 


Suppose the particle to descend towards the earth from 
rest. Take the origin at the starting point, let the line of 
its motion be the axis of #; and let 2 be the distance of 
the particle from the origin at the time ¢, and for con- 
venience let gk? be the resistance of the air on the particle 
for a unit of velocity; gk? is called the coefficient of resist- 
ance. ‘Then the resistance of the air at. the distance x from 
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da\2 
the origin is gk? (=); which acts upwards, and the force of 


gravity is g acting downwards, the mass being a unit. 
Hence the equation of motion is 


ax dx 
na (G)> (1) 
aa 
8. 9h. = 
—e® 
dt 


Integrating, remembering that when ¢ = 0, v = 0, we. 
get 


ee 
ie OE log Ta’ (Calculus, p. 259, Ex. 5). 
1 — be 


Passing to exponentials we have 


dz 1 et — ¢-byt 
dt. k ekgt +. e— ket? 


(2) 


which gives the velocity in terms of the time. To find it in 
terms of the space, we have from (1) 


dat 
a Gi = 2gkdz; 
1— (77) 
log [1 — i} (2 =— aka, (3) 


observing the proper limits; 


304 MOTION OF ASCENT IN THE AIR. 


dx? 1 3 
“- B=R (1 — e~*0h*x), (4) 


which gives the velocity in terms of the distance. 


Also, integrating (2) taking the same limits as before, 
we get 


gk’a = log (et + ek) — log 2; 
0°, RGN == okt + =~, (5) 


which gives the relation between the distance and the time 
of falling through it. 


As the time increases the term e—49¢ diminishes and from 
(5) the space increases, becoming infinite when the time is 
infinite; but from (2),:as the time increases the velocity 
becomes more nearly uniform, and when ¢= ow, the 


velocity = = and although this state is never reached, yet 


it is that to which the motion approaches. 


176. Motion of a Particle Ascending in the Air 
against the Action of Gravity.—Let us suppose the 
particle to be projected upwards, that is, in a direction 
contrary to that of the action of gravity, with a given 
velocity, v, it is required to determine the motion. 

Let us suppose the particle to be of the same form and 
size as before, and the same coefficient of resistance. 
Then, taking x positive upwards, both gravity and the 
resistance of the air tend to diminish the velocity as ¢ 
increases ; so that the equation of motion is 


aa = —9—9(G)s (1) 
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ae 
ee ——_, = — bo ht; 
1+R ey 
so) ant ne = tan (kv) — ght; 


(Calculus, p. 244, Ex. 3), since the initial velocity is v. 


Taking the tangent of both members and solving for 
da 
dt’ 


dx 1 vk—tankgt . 9 
dik "T+ vk tan kegl’ iy) 


which gives the velocity in terms of the time. To find it 
in terms of the distance, we have from (1) 


dz\? 
ae (Tr) 2 
ae 3 = 2gk dx; 
1+ (3) 
dt 
1+#(F) 
oe Oe a tee (3) 
1 + kv 
2 
os @ x y%p—2gkte _ s: jes eo 2g kre), (4) 


which gives the velocity in terms of the distance. 


Also, integrating (2) after substituting sine and cosine 
for tangent, and taking the same limits as before, we get 


gk*x = log (vk sin kgt + cos kgt) ; (5) 


-which gives the space described by the particle in terms of 
the time. 
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Cor. 1.—To find the greatest height to which the par: 
ticle will ascend put the velocity, ‘ = 0, in (3) and get 


ie 27,2 
agi log (1+ # v ), (6) 


6S 


which is the distance of the highest point. 


Putting = = 0 in (2) we get 


1 
tant 
= i tan vk, (7) 
which is the time required for the particle to reach the 
highest point. Having reached the greatest height, the 
particle will begin to fall, and the circumstances of the 
fall will be given by the equations of Art. 175. 


Cor. 2.—Since & is the same in this and Art. 175, we 
may compare the velocity of projection, v, with that which 
the particle would acquire in descending to the point 
whence it was projected. Denote by v, the velocity of 
the particle when it reaches the point of starting. From 
(3) of Art. 175 we have 


it 


Cam oy 
= agile °8 Ty, 


and placing this value of « equal to that given in (6), 
we get, 


[foo 


RAS, 
(1 + 222)” 


o— 


which is less than »; hence the velocity acquired in the 
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descent is less than that lost in the ascent, as might have 
been inferred. 


Cor. 3.—Substituting (6) in (5) of Art. 175, we get for 
the time of the descent, 


t= ig 8 (V1 + Bev? + kv), 
which is different from the time of the ascent as given in 
(7). (See Price’s Anal. Mech’s, Vol. I, p. 406; Venturoli’s 
Mech’s, p. 82; Tait and Steele’s Dynamics of a Particle, 
p. 237.) 


177. Motion of a Projectile in a Resisting Me- 
dium.—'The theory of the motion of projectiles in vacuo, 
which was examined under the head of Kinematics, affords 
results which differ greatly from those obtained by direct 
experiment in the atmosphere. When projectiles move 
with but small velocity, the discrepancy between the para- 
bolic theory, and what is found to occur in practice, is 
small ; but with increasing velocities, as those with which 
balls and shells traverse their paths, the air’s resistance 
increases in a higher ratio than the velocity, so that the 
discrepancy becomes very great. 

The most important application of the theory of projec- 
tiles, is that of Gunnery, in which the motion takes place 
in the air. If it were allowable to neglect the resistance of 
the air the investigations in Part II would explain the 
theory of gunnery ; but when the velocity is considerable, 
the atmospheric resistance changes the nature of the tra- 
jectory so much as to render the conclusions drawn from 
the theory of projectiles in vacuo almost entirely inap- 
plicable in practice. 

The problem of gunnery may be stated as follows: 
Given a projectile of known weight and dimensions, 
starting with a known velocity at a known angle of eleva- 
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tion in a calm atmosphere of approximately known density ; 
to find its range, time of flight, velocity, direction, and 
position, at any moment; or, in other words, to construct 
its trajectory. This problem is not yet, however, suscepti- 
ble of rigorous treatment ; mathematics has hitherto proved 
unable to furnish complete formule satisfying the condi- 
tions. The resistance of the air to slow movements, say of 
10 feet per second, seems to vary with the first power of 
the velocity. Above this the ratio increases, and as in the 
case of the wind, is usually reckoned to vary as the square 
of the velocity; beyond this it increases still further, till at 
1200 feet per second the resistance is found to vary as the 
cube of the velocity. The ratio of increase after this point 
is passed is supposed to diminish again; but thoroughly 
satisfactory data for its determination do not exist. 

From experiments* made to determine the motion of 
cannon-balls, if appears that when the initial velocity is 
considerable, the resistance of the air is more than 20 times 
as great as the weight of the ball, and the horizontal range 
is often a small fraction of that which the theory of pro- 
jectilesin vacuo gives, so that the form of the trajectory is 
very different from that. of a parabolic path. Such experi- 
ments have been made with great care, and show how little 
the parabolic theory is to be depended upon in determining 
the motion of military projectiles. 


178. Motion of a Projectile in the Atmosphere 
Supposing its Resistance to vary as the Square of 
the Velocity.—4 particle under the action of gravity is 
projected from a given point in a given direction with a 
given velocity, and moves in the atmosphere whose resistance 
is assumed to vary as the square of the velocity ; to deter- 
mine the motion. 


* See Encyclopedia Britannica, Art. Gunnery; also Robin’s Gunnery, and 
Hutton’s Tracts. 
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Take the given point as origin, the axis of x horizontal, 
the axis of y vertical and positive upwards, so that the 
direction of projection may be in the plane of ay. Let v 
be the velocity of projection, g the acceleration of gravity, 
« the angle between the axis of # and the line of projection, 
and let the resistance of the air on the particle be & for a 
unit of velocity; then the resistance, at any time, ¢, in the 
al and the z- and y-components of 


this resistance are, respectively, 


line of motion, is i ( 


ds dz ds dy 
ha ap? and ae a 
Then the equations of motion are, resolving horizontally 


and vertically, 
dx ds dx 


ae a a’ @) 
Py ds dy 
Gee at Ns ea (2) 
From (1) we have 
a(¥) dx 
dt. dt 
de = — hds; »*. Leaps = —ks; 
dt 
since when ¢ = 0, e = V COS «@} 
oe a =v cos « e—*, (3) 


Multiplying (1) and (2) by dy and da, respectively, and 
subtracting the former from the latter we have 


ay dz — @xd 
y Tp {ee gd. (4) 


310 MOTION OF A PROJECTILE. 
Substituting in (4) for d? its value from (3) we get 


dy dx — dx dy seer Gries g 


dx ip v COS? 


rks, (5) 
Substituting in the second member of (5) for dz its value 
ey aes 

$+ + Age get 


mal UNE eee on 
Le : +35) SF eee - (6) 


Put = p, and (6) becomes 


i+pdp=—-—— J __ oaks ds, 


Vv COS® o 


Integrating, and remembering that when s = 0, p = tana, 
we get 


p(l +p)? + log [p + + p*)*] 
—re paaoat he orks, (7) 


kv? cos? « 


where ¢ is the constant of integration whose value 


= tan @ sec « + log (tan @ + sec a) + ee (8) 
From (5) we have 
Sh Ps Bes (24); 
2? COS? @& dx \da}? 


which in (7) gives 


p+ pi + bog tp +t ey] 0 = 2@, 
d, 
- hdr, (9) 


" pdtp +bg(p+ +P] —c | 
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a ——____2 = hedy. 10 
p(l +p)? + log [p + (1 + pp] —c y. (10) 


From (4) we have 


dz-dp = — gdé. 


Substituting this value of dz in (9) and solving for dt we 
get 


le—p( +p)? — bog [p + (+p) 


= (kg)# dt. (11) 


the negative sign of dp being taken because p is a decreas- 
ing function of f. 


Replacing the value of p = dy » (9), (10), and (11) become 


dx 
cae oi) 
“ha Hf) + toe [SE + (1 + 38)"] 
dy 4 dy 
Pe dx dx. eae) 
PE (1+ Ge) + woe SE + (1 + $8)" |—« 
d 
: ie se A) 


~ Go fod SE 


from which equations, were it possible to integrate them, 
LAM 

z, y, and ¢ might be found in terms of a ; and if ~ were 

eliminated from the two integrals, of (A) and (B), the re- 

sulting equation in terms of and y would be that of the 
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required trajectory. But these equations cannot be inte- 
grated in finite terms; only approximate solutions of them 
can be made ; and by means of these the path of the pro- 
jectile may be constructed approximately. (See Venturoli’s 
Mechs., p. 92.) 

Squaring (A) and (B), and dividing their sum by the 
square of (C) we get 


dy? 
ds? g 2 dx (D) 
de ok dy vay dy dy?\* 
o— Tal + Gs) — eee + (1+ Se) | 
ee ener dy 
which gives the velocity in terms of ae 


179. Motion of a Projectile in the Atmosphere 
under a small Angle of Elevation.—The case fre- 
quently occurs in practice where the angle of projection is 
very small, and where the projectile rises but a very little 
above the horizontal line. In this case the equation of the 
part of the trajectory that lies above the horizontal line 
may easily be found; for, the angle of projection being 


Dye 
very small, will be very small, and therefore, throughout 
the path on the upper side of the axis of 2, powers of 
dy 


- higher than the first may be neglected. In this case 


then 
GS 0 se esa er 


which in (5) of Art, 178, becomes 
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Integrating, we get 


dy g 
xe anos ke .4)< 
ee ate 
since when z = 0, ey ==) tan aw: 
dz 


Integrating again we get 


neyo Gt 
a OR es. Qhv costa 4h? cx = (a — 1). (1) 


Expanding ¢?*" in a series, (1) becomes 


gx gkas 
2v? cos? a 3? cos? « 


¥y = @ tan a — 


the first two terms of which represent the trajectory in 
vacuo. [See (3) of Art. 151.] 
From (3) of Art. 178, we have 


a= dx 
v COS @ 
eke — J 
Spe a kv C08 « (3) 


which gives the time of flight in terms of the abscissa. 

The most complete and valuable series of experiments 
on the motion of projectiles in the atmosphere that has yet 
been made, is that of Prof. F. Bashforth at Woolwich. 


EX AMP £.E:S’: 


1. Find how far a force equal to the weight of 7 Ibs., 
would move a weight of m lbs. in ¢ seconds; and find the 


velocity acquired. 
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Here P = n, and W =m; therefore from (1) of Art 
25 we have 


eee 
ior CI Sone 


which in (4) and (5) respectively of (Art. 9), gives 


x= ug and so 4% 2. 
m m 


2. A body weighing 2 lbs. is moved by a constant force 
which generates in the body in one second a velocity of a 
feet per second ; find the force in pounds. aS “ ie 


3. Find in what time a force of 4 lbs. would move a 
weight of 9 lbs. through 49 ft. along a smooth horizontal 
plane; and find the velocity acquired. 


21 
Ans. t = -—=;3 v = $6. 
/ 2g 9 


4, Find the number of inches through which a force of 
one ounce, constantly exerted, will move a mass weighing 
one lb. in half a second. Ans. 3g (4)*. 


5. Two weights, P and Q, are connected by a string 
which passes over a smooth peg or pulley ; required to 
determine the motion. 

Since the peg or pulley is perfectly . 
smooth the tension of the string is the 
same throughout; hence the force which 
causes the motion is the difference between 
the weights, P and Q, the weight of the P 
string being neglected. The moving force 
therefore is P — Q; but the weight of the 
mass moved is P + @. Hence substituting | 
in (1) of Art. 25, we get 


Fig. 80a, 
Ie 
a Oi —tty; 
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= Py Q” (1) 
which is the acceleration. 
Substituting this in (4) and (5) of Art. 9, we have 


) ee 
8= tp 500 (3) 


which gives the velocity and spdce at the time ¢, the initial 
velocity v, being 0. 


6. A body whose weight is Q, rests on a smooth hori- 
zontal table and is drawn along by a weight P attached to 
it by a string passing over a pulley at the edge of the table; 
find the motion of the bodies. 

Since the weight Q is entirely supported by the resistance 
of the table, the moving force is the weight P, hanging 
vertically downwards, and the weight of the mass moved is 
P + Q; therefore from (1) we have 


P 
— «CO 1 
and this in (4) and (5) of Art. 9 gives the velocity and 


space. 


7. Required the tension, 7, of the string in the pre- 


ceding example. 
Here the tension is evidently that force which, acting 


along the string on the body whose weight is @, produces 
, £ A 
in it the acceleration, Pro g, and therefore is measured 


by the mass of Q into its acceleration. Hence 
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Q P PQ 
T=+ x59 = os 
PO eee 
8. Find the tension, 7’, of the string in Ex. 5. 
Here the tension equals the weight Q, plus the force 
which, acting along the string on Q, produces in it the 
acceleration 


PLY 
P+” 
ee Q P-9 
ee Pare 
= <oP¢ 
= 37 


or it equals P minus the accelerating force which, of course, 
gives the same result. 


9. Two weights of 9 Ibs: and 7 lbs. hang over a pulley, as 
in Ex. 5; motion continues for 5 secs., when the string 
breaks ; find the height to which the lighter weight will 
rise after the breakage. 

Substituting in (2) of Ex. 5 we have 


v= fe 82-5 = 203 


therefore each weight has a velocity of 20 feet, when the 
string breaks. Hence from (6) of Art. 9,. we have (calling 
g 32 ft.) 

$= 409 = 64; 


that is, the lighter weight will rise 64 feet before it begins 
to descend. 


10. A steam engine is moving on a horizontal plane at 
the rate of 30 miles an hour when the steam is turned off; 
supposing the resistance of friction to be 4, of the weight, 
find how long and how far the engine will run before it 
stops. 
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Let WW 6e the weight of the engine; then the resistance 


} epee ae ae 
ai friction is =, and this is directly opposed to motion, 


400 
W ae g 
400 — gy! l= 400 
The velocity, v, is 30 miles an hour = BO x Eee = 44 
60 x 60 


feet per second. Substituting these values of f and v in the 
equation v = ft, we get 


44 = St; 
= 550 secs., 


which is the time it will take to bring the engine to rest if 
the velocity be retarded #2, feet per second. 
Also v? = 2fs, therefore 


§ = 44%44x400 — 12100 feet. 


11. A man whose weight is W, stands on the platform 
of an elevator, as it descends a vertical shaft with a uniform 
acceleration of 49; find the pressure of the man upon the 
platform. 

Let P be the pressure of the man on the platform when 
it is moving with an acceleration of 3g; then the moving 
force is W — P; and the weight moved is W; therefore 

W 
Vi Pe gh Eft Wilemene 3 


12. A plane supporting a weight of 12 ozs. is descending 
with a uniform acceleration of 10 ft. per second; find the 


pressure that the weight exerts on the plane. 
Ans. 84 ozs. 
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13. A weight of 24 Ibs. hanging over the edge of a 
smooth table drags a weight of 12 lbs. along the table; 
find (1) the acceleration, and (2) the tension of the string. 

Ans. (1) 214 ft. per sec.; (2) 8 lbs. 


14. A weight of 8 lbs. rests on a platform; find 
its pressure on the platform (1) if the latter is de- 
scending with an acceleration of 49, and (2) if it is 
ascending with the same acceleration. 

Ans. (1) 7% lbs.; (2) 9 Ibs. 


15. Two weights of 80 and 70 lbs. hang over a smooth 
pulley as in Ex. 5; find the space through which they will 
move from rest in 3 secs. Ans. 9% ft. 


16. Two weights of 15 and 17 ounces respectively hang 
over a smooth pulley as in Ex. 5; find the space de: 
scribed and the velocity acquired in five seconds from rest. 

A eS 25, Vs sie 


17. Two weights of 5 lbs. and 4 lbs. together pull one 
of 7 lbs. over a smooth fixed pulley, by means of a con- 
necting string; and after descending through a given 
space the 4 Ibs. weight is detached and taken away without 
interrupting the motion; find through what space the 
remaining 5 lbs. weight will descend. ; 

Ans. Through $ of the given space. 


18. Two weights are attached to the extremities of a 
string which is hung over a smooth pulley, and the weights 
are observed to move through 6.4 feet in one second ; the 
motion is then stopped, and a weight of 5 Ibs. is added 
to the smaller weight, which then descends through the 
same space as it ascended before in the same time ; deter- 
mine the original weights. Ans. % lhs.; 2 Ibs.” = 


19. Find what weight must be added to the smaller 
weight in Ex. 5, so that the acceleration of the system may 
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have the same numerical yalue as before, but may be in 
the opposite direction. ret P? — Q@ 


Q 


20. A body is projected up a rough inclined plane with 
the velocity which would be acquired in falling freely 
through 12 feet, and just reaches the top of the plane ; 
the inclination of the plane to the horizon is 60°, and the 
coefficient of friction is equal to tan 30°; find the height of 
the plane. Ans. 9 feet. 


21. A body is projected up a rough inclined plane with 
the velocity 2g ; the inclination of the plane to the horizon 
is 30°, and the coefficient of friction is equal to tan 15°; 
find the distance along the plane which the body will 


describe. Ans. g(V3 + 1). 


22. A body is projected up a rough inclined plane; the 
inclination of the plane to the horizon is «, and the coef- 
ficient of friction is tan e; if m be the time of ascending, 
and w the time of descending, show that 


(2) = sin (@ — €) 


n} — sin (@ + €) 


23. A weight P is drawn up a smooth plane inclined at 
an angle of 30° to the horizon, by means of a weight @ 
which descends vertically, the weights being connected by 
a string passing over a small pulley at the top of the plane ; 
if the acceleration be one-fourth of that of a body falling 
freely, find the ratio of Q to P. ATS? Qs Fs 


24. Two weights P and @Q are connected by a string, 
and Q hanging over the top of a smooth plane inclined at 
30° to the horizon, can draw P up the length of the plane 
in just half the time that P would take to draw up Q; 
show that Q is half as heavy again as P. 
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25. A particle moves in a straight line under the action 
ef an attraction varying inversely as the (3)th power of 
the distance; show that the velocity acquired by falling 
from an infinite distance to a distance a from the centre is 
equal to the velocity which would be acquired in moving 


2 : a 
~ from rest at a distance a to a distance rt 


CAPA PP PER LT, 
CENTRAL FORCES.* 


180. Definitions.—A central force is one which acts 
directly towards or from a fixed point, and is called an 
attractive or a repulsive force according as its action on 
any particle is attraction or repulsion. The fixed point is 
called the Centre. The intensity of the force on any par- 
ticle is some function of its distance from the centre. 
Since the case of aétraction is the most important applica- 
tion of the subject, we shall take that as our standard case ; 
but it will be seen that a simple change of sign will adapt 
our general formule to repulsion. If the centre be itself 
in motion, we may treat it as fixed, in which case the term 
‘‘actual motion” of any particle means its motion “rela- 
tive” to the centre, taken as fixed. 

The line from the centre to the particle, is called a 
Radius Vector. The path of the particle under the action 
of an attraction or repulsion directed to the centre is 
sailed its Orbit.t All the forces of nature with which we 
are acquainted, are central forces; for this reason, and be- 
cause the motion of bodies under the action of central 
forces is a branch of the general theory of Astronomy, we 
shall devote this chapter to the consideration of their 


action. 


181. A Particle under the Action of a Central 
Attraction; Required the Polar Equation of the 
Path.—The motion will clearly take place in the plane 
passing through the centre, and the line along which the 


* This chapter contains the first principles of Mathematical Astronomy. It 
may, however, be omitted by the student of Engineering. 


+ Called Central Orbits. 
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particle is initially projected, as there is nothing to with. 
draw the particle from it. Let the centre of attraction, O, 
be the origin, and OX, OY, any 
two lines through O at right angles 
to each other, be the axes of co- 
ordinates. Let (z, y) be the 
position of the particle M at the 
time ¢, and (r, 6) its position 
referred to polar co-ordinates, —S 
OX being the initial line. Then, ee 
calling P the central attractive 

force, we have for the components parallel to the axes of z 


and y, respectively, — P =, _ pt, the forces being nega- 


tive, since they tend to diminish the co-ordinates. There- 
fore the equations of motion are 


ae Gees 3) oe y 
Ge Gage ee M1) 


Multiplying the former by y, and the latter by 2, and 
subtracting, we have 


d*y ax 
7 ap — Van = % @) 
Integrating we have 
dy da 
Ripe Tene (3) 


where @ is an undetermined constant. 
Since = r cos 0, and y = 7 sin 0, we have 
dx = cos 6dr — r sin 0 dé, 
dy = sin 0dr + r cos 0d0, (4) 
which in (3) gives 
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r—— A, (5) 


Again, multiplying the first and second of (1) by 2dz 
and 2dy respectively, and adding, we get 


2dx da + 2dy Py Py 2P (xdx + y dy) 
de aa a alee, 
ae | jail ; 
ne a(S ra a) = eyes (6) 
Substituting in (6) the values of dz? and dy? from (4), we 
have 
de? 
a{ (ia +") ga) = —2Par: 
Lere et 2P 
bake (— 4 =) = — 5 dr, by (5). (7) 
I 4 
Potr = +f and -.°. dr — a and (7) becomes 


ae ee v’) = eas 


performing the differentiation of the first member, and 
dividing by 2du, and transposing, we get 


— +u—-z5 = 9. (8) 


which is the differential equation of the orbit described ; 
and as, in any particular instance, the force P will be given 
in terms of 7, and therefore in terms of w, the integral of 
this equation will be the polar equation of the required 
path. 

Solving (8) for P we have 


- * 
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du 
Po a ( + u); (9) 


which is the same result that was found by a different pro- _ 
cess in Art. 163 for the acceleration along the radius 
vector. 


Cor. 1.—The general integrals of (1) will contain four 
arbitrary constants. One, 4, that was introduced in (5), 
and two more will be introduced by the integration of (8). 
If the value of 7 in terms of 6, deduced from the integral 
of (8), be substituted in (5), and that equation be then 
integrated, the fourth constant will be introduced, and the 
path of the particle and its position at any time will be 
obtained. The four constants must be determined from 
the initial circumstances of motion; viz, the initial 
position of the particle, dependmg on two independent 
co-ordinates, its initial velocity, and its direction of pro- 
jection. 


Cor. 2.—By means of (9) we may ascertain the law of 
the foree which must act upon a particle to cause it to 
describe a given curve. ‘To effect this we must determine 
the relation between w and @ from the polar equation of the 
orbit referred to the required centre as pole ; we must then 
differentiate «w twice with respect to 6, and substitute the 
result in the expression for P, eliminating 0,.if it. occurs, 
by means of the relation between w and 6. In this way we 
shall obtain P in terms of w alone, and therefore of 7 
alone. 


Cor. 3.—When we know the relation between r and. 
from (9), we may by (5) determine the time of describing 
a given portion of the orbit ; or, conversely, find the. posi- 
tion of the particle in its orbit at any time.* 


* See Tait and Steele’s Dynamics of a Particle, p. 119; also Pratt’s Mech’s 
p. 222. a 
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Cor. 4.—If p is the perpendicular from the origin to 
the tangent we have from Calculus, p. 176, 


zdy—ydx=pds; 


which in (3) gives 


ds _h 
a Pp? (10) 
and this in (6) gives 
2 
a” = — 2Pdr. 
Pp 


Differentiating, and solving for P, we have 


h? dp 
= dr? (11) 


which is the equation of the orbit between the radius vector 
and the perpendicular on the tangent at any point. 


182. The Sectorial Area Swept over by the 
Radius Vector of the Particle in any time is Pro- 
portional to the Time.— Let A denote this area; then we 
have from Calculus, p. 364, 


Aah 7 de 
= 4 /hdt, by (5) of Art. 181, 
= ht, 
if A and ¢ be both measured from the commencement of 
the motion. Therefore the areas swept over by the radius 


vector in different limes are proportional to the times, and 
equal areas will be described in equal times. 


Cor.—If ¢ = 1, we have A = $f. Hence h = twice 
the sectorial area described in one unit of time. 


183. The Velocity of the Particle at any Point 
of its Orbit.—We have for the velocity, 
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= 3 by (10) of Art. 181. (1) 


Hence, the velocity of the particle at each point of ts 
‘path is inversely proportional to-the perpendicular from the 
centre on the tangent at that point. 


Cor. 1.—We have, by Calculus, p. 180, 
1 1 Lindr® 
— = = + = —_ 
Fine Wie! ie ie 
du* . 1 
= w+ 7p Since 7 = = (Art. 181), 
which in (1) gives 


jis, aH) 
emits See ge ¢ 
ye ph tee h (x + Te)” (2) 


another important expression for the velocity. 


Cor. 2.—From (6) of Art. 181, we have 


a(35) = 4) = — 2Par. (3) 


Let V be the velocity at the point of projection, at 
which let = R, and since P is some function of 7, let 
P =f (r), then integrating (3) we get 


wa =~ 2 ff () ars 
oe P— VW? = 2[f, (BR) —f, (r)], (4) 


which is another expression for the velocity ; and since this 
is a function only of the corresponding distances, R and 7, 
it follows that the velocity at any point of the orbit 4s 
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independent of the path described, and depends solely on the 
magnitude of the attraction, the distance of the point from 
the centre, and the velocity and distance of projection. 

From (4) it appears that the velocity is the same at all 
points of the same orbit which are equally distant from the 
centre; if r = f&, the velocity = V; and thus if the orbit 
is a re-entering curve, the particle always, in its successive 
revolutions, passes through the same point with the same 
velocity. 

If the velocity vanishes at a distance a from the centre 
(4) becomes ; 

| Y= 2[f@ —A@] (5) 


and a is called the radius of the circle of zero velocity. 


Cor. 3.—From (3) we have 
d (v*?) = — 2Pdr; 
vdv = — Pdr. (8) 
Taking the logarithm of (1) we have 
| log v = log h — log p. 


Differentiating we get — 


dv —s-_ dp 
oN ap. (@) 
Dividing (6) by (7), we get 
dr pdr 
2 5 tae 
i Ppa = 2 E 3 dp 


= 2P x41 chord of curvature* through the centre; (8) 


* To prove that 2 e is one-fourth the chord of curvature. 


Let MD (Fig. 81), be the tangent to the orbit, and C the centre of curvature ; let 
OD =p, OM = p, the radius of curvature ; and the angle MEN=¢, Then MS, the 
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and, comparing this with (6) of Art. 140, it appears that 
the particle at any point has the same velocity which it 
would have if it moved from rest at that point towards the 
centre of force, under the action of the force continuing 
constant, through one-fourth of the chord of the circle of 
curvature, 


Hence, the velocity of a particle at any point of a central 
orbit is the same as that which would be acquired by a 
particle moving freely from rest through one-fourth of the 
chord of curvature at that point, through the centre, under 
the action of a constant force whose magnitude is equal ta 
that of the central attraction at the point. 


Cor. 4.—If the orbit is a circle having the centre of force 


part of the radius vector OM, which is intercepted by the circle of curvature is 
called the chord of curvature. Its value is determined as follows: 


We have (Fig. 81) 
¢=6+ OMD 


= ese 
rp? 


wf. dp = ao + Par a) 
r Vr? —p? 
From Calculus, p. 180, (10), we bave 
dé = EARS @) 
r Vr? =p 4 

P. ley paen @) 

Substituting (2) in (1) we get 
dp = Ss (4) 

4 Vr? —p? 
But Calculus, p, 221, we have 
SCE GRR 

ca ap ee 6) 


Now MS (Fig. 81) = 2MC sin OMD, 


Dp 


adr 
Sel Dap eae = 
Pps ge re) 


s the chord of curvature ; therefore 


ar 
4 a = one-fourth the chord of curvature, 
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in the centre, and R, V, P, are respectively the radius, 
velocity and central force, we have 


Vea hh. 


Cor. 5.—From (5) of Art. 181, we have 
(9) 


The first member, being the actual velocity of a point 
on the radius vector at the unit’s distance from the centre, 
is the angular velocity of the particle (Art. 160). Hence 
the angular velocity of a particle varies inversely as the 
square of the radius vector. 


Scu.—A point in a central orbit at which the radius 
vector is a maximum or minimum is called an Apse ; the 
radius vector at an apse is called an Apsidal Distance ; and 
the angle between two consecutive apsidal distances is called 
an Apsidal Angle of the orbit. The analytical conditions 

du : 
for an apse are, of course, that aa 0, and that the first 
derivative which does not vanish should be of an even 
order. The first condition ensures that the radius vector 
at an apse is perpendicular to the tangent. 


184. The Orbit when the Attraction Varies In- 
versely as the Square of the Distance.—4A particle is 
projected from a given point in a given direction with a given 
velocity, and moves under the action of a central attraction 
varying inversely as the square of the distance ; to determine 
the orbit. 


Let the centre of force be the origin; V = the velocity 
of projection ; & = the distance of the point of projection 
from the origin; @ = the angle between F# and the line of 
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projection; and let » = the absolute force and ¢= 6 
when the particle is projected. Then since the velocity = 
if (Art. 183), and at the point of projection p = RF sin B, 


we have 
h 


eee agi b= VRein 8. (1) 


"As the force varies inversely as the square of the distance, 
we have 


fe , 1 
P= A= pu, (since r= -): . (2) 
which in (9) of Art. 181 gives 


Pu Ue 
77 cota Xs 8) 


Multiplying by 2dw and integrating, we get 


it 1 2 ve 
when ¢ = 0, u = => and ==— + w = —,, (Art. 183, 
Cor. 1); therefore 
Vee EE V?R — 2p 
ee eee ee 


Substituting this value for ¢ we get 


du* aha R—2y | we 
Dh Sp eae 4 


Therefore (Art. 183, Cor. 1) we have 


(velocity)? = V? + 2u ( _ +) ) (5) 
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which shows that the velocity is the greatest when r ts the 
least, and the least when ry is the greatest. 
Changing the form of (4) we have 


du* VeR—w ee py 3 
am euk aaa) 6) 


To express this in a simpler form, let 


Ve 2p pg 
pa? and —Tap _ +a = 9%: and (6) becomes 
du? ‘ 


uw 


[2@—@— at 


the negative sign of the radical being taken. Integrating 
we have, 


where c’ is an arbitrary constant; 
u=b+ccos (0—e’). (7) 


Replacing in (7) the values of } and c, and the value of h, 
from (1), and dividing both terms of the second member by 
#t, we have for the equation of the path, 


t 
1+ & (V2?R — u) RV? sin? B + 1 1| cos (8@—c’) 


oer oe So a eV ae rr 


pe 


which is the equation of a conic section, the pole being at 
‘the focus, and the angle (@ — c’) being measured from the 
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shorter length of the axis major. For if ¢ is the eccentricity 
of a conic section, 7 the focal radius vector, and @ the 
angle between r and that point of a conic section which is 
nearest the focus, we have, 


1 + e cos o 


i] 
r 1vé (9) 


pecan) fp tomes 
Comparing (8) and (9), we see that 


@ = —(V2R — Ww) RV? sin? B +1; (10) 


& 


@¢=—6— ce. (11) 


Now the conic section is an ellipse, parabola, or hyper- 
bola, according as e is less than, equal to, or greater than 
unity; and from (10) e is less than, equal to, or greater 
than, unity according as V?R — 2u is negative, zero, or 
positive; therefore we see that if 


VE e <1, and the orbit is an ellipse, (12) 


v= a é = 1, and the orbit isa parabola, — (13) 


Ves 2 e > 1, and the orbit is a hyperbola. (14) 


Cor. 1.—By (1) of Art. 173, we see that the square of 
the velocity of a particle falling from infinity to a distance 
‘R from the centre of force, for the law of attraction we 


are considering, 18 * Hence the above conditions may 


be expressed more concisely by saying that the orbit, 
described about this centre of force, will be an ellipse, a 
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parabola, or a hyperbola, according as the velocity is less 
than, equal to, or greater than, the velocity from infinity. 

The species of conic section, therefore, does not depend 
on the position of the line in which the particle is pro- 
jected, but on the velocity of projection in reference to the 
distance of the point of projection from the centre of 
force. 


Cor. 2.—From (11), we see that @—c’ is the angle 
between the focal radius vector, 


r, and that part of the principal 
axis which is between the focus / Ge 
and the point of the orbit which A e\ 


is nearest to the focus; 7.¢., it A F ue R 
is the angle PFA (Fig. 82); and ih sa 
therefore if the principal axis is the initial line c’ = 0. 


185. Suppose the Orbit to be an Ellipse.—Here 
Va so that from (10) we have 


RSET ee 2 (20 — V2R) RV? sin? B, (1) 


Now the equation of an ellipse, where r is the focal 
radius vector, 9 the angle between 7 and the shorter seg- 
ment of the major axis, 2a the major axis, e the eccen- 
tricity, is 


BCS Seed Wp 
~~ 1+ ecos0’ 
1 é cos 8 
Le eer aa @) 


comparing (2) with (8) of Art, 184, we have 


il — fe : 
a(l—@&)”~ RV? sin? B’ 


334 THE ORBIT AN ELLIPSE. 


substituting for 1 — @ its value from (1), and solving for 
a, we have 
Bie Loc 
pie Qu — V2RR’ @) 


which shows that the major axis is independent of the direc- 
tion of projection. 


We may explain the several quantities which we have 
used, by Fig. 82. 

B is the point of projection; FB = R; DB is the line 
‘ along which the particle is projected with the velocity V; 
FBD = 8B, the angle of projection; FP = r; PFA =@; 
FD = Pf sin B; if B = 90°, the particle is projected from 
an apse, ?. ¢., from A or A’. 


Cor. 1—To determine the apsidal distances, FA and 


FA’, we must put - = 0, (Art. 183, Sch.), and (4) of 


Art. 184 give us the quadratic equation 


Dat (oie eh Ve 


Y ion. baled De MES Ne [eS 
UE ee ai ae 


0. (4) 


the two roots of which are the reciprocals of the two apsidal 
distances, a (1 — e) and a(1 + e). 


Cor. 2.—Since the coefficient of the second term of (4) 
is the sum of the roots with their signs changed, we have 


Loe Le pe 
a=) ' 6 48) name 


ala) ="; (5) 


which gives the latus rectum of the orbit. 
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Cor. 3.—From Art. 182 we have, calling 7' the time, 


2A 
T ==, 


where A is the area swept over by the radius vector in the 
time 7. Therefore for the time of describing an ellipse, 


we have 
2 area of ellipse 


—— h 
oe vl-@ "aad , from (5), 
Va A — @) 
78 
= 27 i. 


which ts the time occupied by the particle im passing from 
any point of the ellipse around to the same point again.* — 


186. Kepler’s Laws.—By laborious calculation from 
an immense series of observations of the planets, and of 
Mars in particular, Kepler enunciated the following as the 
laws of the planetary motions about the Sun. 


I. The orbits of the planets are ellipses, of which 
the Sun occupies a focws. 

TIT. The radius vector of each planet describes 
equal areas tn equal times. 

TIT. The squares of the periodic times of the 
planets are as the cubes of the major axes of their 


orbits. 


187. To Determine the Nature of the Force which 
Acts upon the Planetary System.—(1) From the 


* Called Periodic Time. 
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second of these laws it follows that the planets are retained 
in their orbits by an attraction tending to the Sun. 

Let (z, y) be the position of a planet at the time ¢ 
referred to two co-ordinate axes drawn through the Sun in 
the plane of motion of the planet; XY, Y, the component 
accelerations due to the attraction acting on it, resolved 
parallel to the axes; then the equations of motions are 

da dy 


d?y i 
tae — Yap = tY — yX. (1) 


ars 


But, by Kepler’s second law, if A be the area described 


by the radius vector is constant, 


dA 
2 GHG 
dA, 10 
dt 


y | = a constant. 


Differentiating, we have 


ed dx 
de 4 ap = 


which shows that the axial components of the acceleration, 
due to the attraction acting on the planet, are proportional 
to the co-ordinates of the planet; and therefore, by the 


parallelogram of forces (Art. 30), the resultant of X and Y 
passes through the origin. 
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Hence the forces acting on the planets all pass through 
the Sun’s centre. 


(2) From the first of these laws it follows that the 
central attraction varies inversely as the square of the 
distance. 


The polar equation of an ellipse, referred to its focus, is 


eee) 
~ 1+ ecos@’ 
__ 1+ 4 cos 8 
~ ada 
Pu 1 
Hence ee ey 


and therefore, if 7 is the attraction to the focus, we have 
[Art. 181, (9)], 
du 
Be eh Ts Waals 
Fae (Fa +1) 
SE eTERS oC aS 
~ a(l—@) r 


Hence, if the orbit be an ellipse, described about a centre 
of attraction at the focus, the law of intensity is that of the 
inverse square of the distance. 


(3) From the third law it follows that the attraction of 
the San (supposed fixed) which acts on a unit of mass of 
each of the planets, is the same for each planet at the same 


distance. 
By Art. 185, Cor, 3, we have 


Arn2 
eae 
pu 


15 
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But by the third law, 7? « a’, and therefore u must be 
constant; 7. ¢., the strength of attraction of the Sun must 
be the same for all the planets. Hence, not only is the law 
of force the same for all the planets, but the absolute force - 
is the same. 

This very brief discussion of central forces is all that we 
have space for. To pursue these enquiries further would 
compel us to omit matters that are more especially entitled 
to a place in this book. The student who wishes to pursue 
the study further is referred to Tait and Steele’s Dynamics 
of a Particle, or Price’s Anal. Mech’s, Vol. I, or to any 
work on Mathematical Astronomy. We shall conclude 
with the following examples. 


EXAMPLES, 


1. A particle describes an ellipse under an attraction 
always directed to the centre ; it is required to find the law 
of the attraction, the velocity at any point of the orbit, and 
the periodic time. 


(1) The polar equation of the ellipse, the pole at the 
centre, is 


Ue ee (1) 
du i Ne 
0% u Sh = (F— 4) sin 0 cos 6, (2) 
fu du peed 2 
and = té aa alpen Gs _ =) (cos? 6 — sin? 6). (3) 


But [Art. 181, (9)] we have 


du h? du 
em Boye = 
P= hu (u ar am) = “(uw + wor) 
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h? dv. fl a ; 
= = | + we] — a3 + (5 — *) (cos? 6 — gin? 0) |. 
by (3), 
hi 1 ib Ne 1 1 
= Tm — (aa a) sin’ # cost 0 + #(5-3) 


(cos? 6 — sin? @)], by (2), 


= Ele+ G4) oe Gawd 


by factoring, 
ap Boat? PY Ub Saat @) 
and therefore the attraction varies directly as the distance. 
If » = the absolute force we have, by (4), 
ht = poo. (5) 
(2) Ifv = the velocity, we have, by Art. 183, 


lida 


v fe [age (Anal. Geom., p. 133) 


_” 
oa 
== p07, by-{5), 
where 0’ is the semi-diameter conjugate to r. 
vv. 
(3) If 7 = the periodic time, we have, by Art. 182, 


2nab Qr 


and hence the periodic time is independent of the magni- 
tude of the ellipse, and depends only on the absolute 
central attraction. (See Tait and Steele’s Dynamics of a 
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Particle, p. 144, also Price’s Anal. Mech’s, Vol. 
p. 516.) 


2. A particle describes an ellipse under an attraction 
always directed to one of the foci ; it is required to find the 
law of attraction, the velocity, and the periodic time. 


(1) Here we have 


1 + e.cos 6 ~ | dur | esind | 
emery Gear ates are hea (1) 
au — ecos 9 


and IF a a(l — &)’ 


which in (9) of Art. 181 gives 


Soa ee a ee 
ai ~at—a @) 


hence the attraction varies inversely as the square of the 
distance. If = the absolute force, we have by (2) 


h2 — La (1 —— é”). (3) 
(2) By Art. 183, Cor. 1, we have 


1 dw Rau — a 
P — Th + de® = (1 — is y? bY (hs (4) 
h2 7 ‘2, af and 
: oe P = HC <e by (3) and (4). (5) 


(3) If 7’ = the periodic time we have (Art. 182) 


T= 2ra? Bes es 


__ 2na? (1 — et Qn 4 
[ua (1 — e)]? Vu u Peet (9) 
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and hence the periodic time varies as the square root of 
the cube of the major axis. 


3. Find the attraction by which a particle may describe 
a circle, and also the velocity, and the periodic time, (1) 
when the centre of attraction is in the centre of the circle, 
and (2) when the centre of attraction is in the cireum- 
ference. 


(1) Let a = the radius; then the polar equation, the 
pole at the centre, is 


ed ee ee eee 
tap. tS 3, = a — 95 
Fa 
Cs P = hae (u + Sh) = 5 (1) 
h Qra? 
Also ve = ry ans ce ya (2) 


From (1) and (2) we have 


no 


Vv 


tea 


and hence the central attraction is equal to the square of 
the velocity divided by the radius of the circle.* 
(2) The equation, is 


r = 2acos0; .*. 2au = secdO, 


au 
and uw + im 8a2u? 5 
272 
. P= 8eahe = = a 


- and hence the attraction varies inversely as the fifth 


————— 


* Called the Centrifugal Force. See Art. 198. 
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power of the distance; and if ~ = the absolute force, wa 
have p = 8a*h?; 


h? = ret and w= 


ee 2 
If 7 = the periodic time, we have 
Q2ra3 eee 
i Pre me (See Price’s Anal. Mech., Vol. I., p, 518.) 
wu 


4. Find the attraction by which a particle may describe 
the lemniscate of Bernouilli and also the velocity, and the 
time of describing one loop, the centre of attraction being 
in the centre of the lemniscate, and the equation being 
= a cos 20; 


274 
UO eg ea ye (2)*a 
re are ju 


5. Find the attraction by which a particle may describe 
the cardioid and also the velocity, and the periodic time, 
the equation being 7 = a (1 + cos 8). 


3ah? Qu = t 
6 Pe es el ee 
Ans pre Pe 3,33 se, ) 


6. Find the attraction by which a particle may describe 
a parabola, and also the velocity, the centre of attraction 


being at the focus, and the equation being 7 = pot 
A stile Lis Tere 
USES srg) Oe Compare (18) of Art. 184. 


%. Find the attraction by which a particle may describe 
a hyperbola, and the velocity, the centre of attraction being 


at the focus, and the equation being r = CGMS 
1 + €cos 0 
Ans. P = a 1 Rete (2aw + 1). 


a(1—@) P? a 
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8. If the centre of attraction is at the centre of the 
_ hyperbola, find the attraction, and velocity, the equation 
cos? 0 sin? 6 = 


ee P= —a—r = — Pr e=p(r—a+ PB). 


9. Find the attraction to the pole under which a particle 
will describe (1) the curve whose equation is 7 = 2a cos n6, 


Sin as 2a 
i id 2 the } =" ——______.______—*., 
and (2) the curve whose equation is 7 eae 
_ seer 1 — yi. = hen’ 


ee) Be 
ee) That is, the attraction in the first curve varies 
partly as the inverse fifth power, and partly as the inverse 
cube, of the distance ; and in the second it varies partly as 
the inverse square, and partly as the inverse cube, of the 
distance. 


10. A planet revolved round the sun in an orbit with a 
major axis four times that of the earth’s orbit ; determine 
the periodic time of the planet. Ans. 8 years, 


11. If a satellite revolved round the earth close to its 
surface, determine the periodic time of the satellite. 


Ans. ae of the moon’s period, 
(60)# 
12. A body describes an ellipse under the action of a 
force in a focus: compare the velocity when it is nearest 
the focus with its velocity when it is furthest from the 


focus. 
Ans. As 1+ ¢: 1—e, where e is the eccentricity. 


13. A body describes an ellipse under the action of a 
force to the focus 8; if H be the other focus show that the 
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velocity at any point P may be resolved into two velocities, 
respectively at right angles to SP and AP, and each vary- 
ing as HP. 


14. A body describes an ellipse under the action of a 
force in the centre: if the greatest velocity is three times 
the least, find the eccentricity of the ellipse. Ans. % V2. 


15. A body describes an ellipse under the action of a 
force in the centre: if the major axis is 20 feet and the 
greatest velocity 20 feet per second, find the periodic time. 

Ans. 7 seconds. 


16. Find the attraction to the pole under which a par- 
ticle may describe an equiangular spiral. Une = 


Vili = = (57" — 8¢*), and a particle be projected 


from an apse at a distance ¢ with the velocity from infinity ; 
prove that the equation of the orbit is 


t= 5 (e+ e—9), 


2 
1S = Ou i _ “). and the particle be projected 


from an apse at a distance a with velocity a prove that 


it will be at a: distance r after a time 


CHAPTER. I1F. 
CONSTRAINED MOTION. 


188. Definitions.—A particle is constrained in its mo- 
tion when it is compelled to move along a given fixed curve 
or surface. Thus far the subjects of motion have been 
particles not constrained by any geometric conditions, but 
free to moye in such paths as are due to the action of the 
impressed forces. We come now to the case of the motion 
or a particle which is constrained; that is, in which the 
motion is subject, not only to given forces, but to undeter- 
mined reactions. Such cases occur when the particle is in 
asmall tube, either smooth or rough, the bore of which is 
supposed to be of the same size as the particle; or when a 
small rmg slides on a curved wire, with or without friction ; 
or when a particle is fastened to a string, or moves on a 
given surface. If we substitute for the curve or surface a 
force whose intensity and direction are exactly equal to 
those of the reaction of the curve, the particle will describe 
the same path as before, and we may treat the problem as 
if the particle were free to move under the action of this 
system of forces, and therefore apply to it the general equa- 
tions of motion of a free particle. 


189. Kinetic Energy or Vis Viva (Living Force), 
and Work.— A particle is constrained to move on a given 
smooth plane curve, under given forces vn the plane of the 
curve, to determine the motion. 


Let APC be the curve along which the particle is com- 
pelled to move when acted upon by any given forces. Let 
Ox and Oy be the rectangular axes in the plane of the- 
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curve, the axis y positive up- 
wards, and (#, y) the place of 
the particle, P, at the time ¢; 
let X, Y, parallel respectively to 
the axes of x and y, be the axial 
components of. the forces, the 
mass of the particle being m ; 
let R be the pressure between T  Fig.83 

the curve and particle, which 

acts in the normal to the curve, since it is smooth. Then 
the equations of motion are 


Pz dy 
Py dz 
ama ag rs &) 


Multiplying (1) and (2) respectively by dz and dy, and — 
adding, we have 


mo d?z + dy d’y 
dt? 


= Xdz + Yay. 


Integrating between the limits ¢ and ¢,, and calling v, the 
initial velocity, we have 


mg 2 =f (Hae + Yay) (3) 


The term 3 v is called the vis viva*, or Kinetic Energy 


of the mass m; that is, vis viva or kinetic energy is a 
quantity which varies as the product of the mass of the 
particle and the square of its velocity. There is particular 
advantage in- defining ° vis viva, or kinetic energy, as half 


* See Thomson and Tait’s Nat. Phil., p. 299, 
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the product of the mass and the square of its velocity.* 
The first member, therefore, of (3) is the vis viva or kinetic 
energy of m acquired in its motion from (2), y,) to (2, y) 
under the action of the given forces. 

The terms Xdz and Ydy are the products of the axial 
components of the forces by the axial displacements of the 
mass in the time dé, and are therefore, the elements of work 
done by the accelerating forces XY and Y in the time dé, 
according to the definition of work given in Art. 101, Rem.; 
so that the second member of (3) expresses the work done 
by these forces through the spaces over which they moved 
the mass in the time between ¢, and ?¢. This equation is 
called the equation of kinetic energy and of work ; it shows 
that the work done by a force exerting action through a 
given distance, is equal to the increase of kinetic energy 
which has accrued to the mass in its motion through that 
distance. 

If in the motion, kinetic energy is lost, negative work is 
done by the force; 7. e., the work is stored up as potential 
work in the mass on which the force has acted. Thus, if 
work is spent on winding up a watch, that work is stored 
in the coiled spring, and is thus potential and ready to be 
restored under adapted circumstances. Also, if a weight is 
raised through a vertical distance, work is spent in raising 
it, and that work may be recovered by lowering the weight 
through the same vertical distance. 

This theorem, in its most general form, is the modern 
principle of conservation of energy ; and is made the funda- 
mental theorem of abstract dynamics as applied to natural 
philosophy. 

In this case we have an instance of space-integrals, which, 
as we have seen, gives us kinetic energy and work; the 
solution of problems of kinetic energy and work will be 
explained in Chap. V. 


ae Some writers define vis viva as the whole product of the mass and the square 
of the velocity. See Routh’s Rigid Dynamics, p. 259. 
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Now if Xand VY are functions of the co-ordinates w and 
y the second member of (3) can be integrated ; let it be the 
differential of some function of x and y, as ¢ (a, y).  Inte- 
grating (3) on this hypothesis, and supposing v and v, to 


be the velocities of the particle at the points (z, y) and ~ 


(Zo, Yo) Corresponding to ¢ and Z9, we have. 
™ (et — 0,2) = o(2 ) — $ (29s Yo) (4) 
3 ues eo, o Yo 


which shows that the kinetic energy gained by the particle 
constrained to move, under the forces XY, Y, along 
any path whatever, from the point (%), y,) to the point 


(z, y), is entirely independent of the path pursued, and. 


depends only upon the co-ordinates of the points left and 
arrived at; the reaction & does not appear, which is clearly 
ag it should be, since it does no work, because it acts in a 
line perpendicular to the direction of motion. 


190. To Find the Reaction of the Constraining 


Curve.—For convenience, the mass of the particle may be 
taken as unity. Multiplying (1) and (2) of Art. 189 by 


. and aS subtracting the former from the latter, and 
solving for R, we have, 
_ &y dx — dx dy dy dz 
diides a 5 cigs ee 
. v dy dx ; f 


in which p is the radius of curvature at the point P. The 
last two terms of (1) are the normal components of the 
impressed forces; and therefore, if the particle were at rest, 
they would denote the whole pressure on the curve; but 


ac uaedl 
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the particle being in motion, there is an additional pressure 
v2 
p 

In the above reasoning we have considered the particle to 
be on the concave side of the curve, and the resultant of 
and Y to act towards the convex side along some line as PF 
so as to produce pressure against the curve. If on the ° 
contrary, this resultant acts towards the concave side, along 
PF’ for example, then, whether the particle be on the 
concave or convex side, the pressure against the curve will 


on the curve expressed by 


2 
be the difference between ; and the normal resultant of X 
and Y. 


191. To Find the Point where the Particle Will 
Leave the Constraining Curve.—It is evident that at 
that point, R = 0, as there will be no pressure against the 
curve. Therefore (1) of Art. 190 becomes 


pe PTL Le dy 
img ite A 
= F’ cos F'PR 


if F"’ be the resultant of X and Y. 
ee i or eos ft de 
= 2F’-} chord of curvature in the direction PF”. 


Comparing this with (6) of Art. 140, we see that the 
particle will leave the curve at the point where its velocity is 
such as would be produced by the resultant force then acting 
on it, if continued constant during its fall from rest through 
a space equal to 4 of the chord of curvature parallel to that 
resultant. (See Tait and Steele’s Dynamics of a Particle, 


p- 170.) 
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192. Constrained Motion Under the Action of 
Gravity.— When gravity is the only force acting on the 
particle, the formule are simplified. Taking the axis of y 
vertical and positive downwards, the forces become 


Xs -0chand “AV Se sg 
and for the velocity we have, by (3) of Art. 189, 
$v? — 309° = 9 (Y — Yo) (1) 


where y, is the initial space corresponding to the time ¢,. 
For the pressure on the curve we have, by (1) of Art. 190, 


2 
Rae gS, (2) 


If the origin be where the motion of the particle begins, 
the initial velocity and space are zero, and (1) becomes 


4? = gy. (3) 


This shows that the velocity of the particle at any time 
is entirely independent of the form of the curve on which 
it moves; and depends solely on the perpendicular distance 
through which it falls. 


193. Motion on a Circular Arce in a Vertical 
Plane.—Take the vertical diameter as axis of y, and its 
lower extremity as origin ; then the equation of the circle is 


2 = ray — yy; 


sae = (1) 
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Let (&, h) be the point A where 
the particle starts from rest, and (2, y) 
the point P where it is at the time ¢. 
Then the particle will have fallen 
through the height HM =h —y, 
and hence from (3) of Art. 192 we 
have 


Sav = Vy hy. (2) 
Hence the velocity is a minimum when y = f, and a 
maximum when y = 0; and this maximum velocity will 
carry the particle through O to A’ at the distance h above 
the horizontal line through 0. 
To find the time occupied by the particle in its descent 
from £X to the lowest point, O, we have from (2) 


ds 


O— 
/ 2g (h — Y) 


— ady 


= by (1) (3 
=Vei-new—p? © 


the negative sign being taken since ¢ is a decreasing func- 
tion of s. 

This expression does not admit of integration ; it may be 
reduced to an elliptic integral of the first kind, and tables 
are given of the approximate values of the integral for 
given values of y.* 

If, however, the radius of the circle is large, and. the 
greatest distance KO, over which the particle moves, is 
small, we may develope (3) into a series of terms in ascend- 


ing powers of x, and thus find the integral approximately. 


* See Legendre’s Traité des Fonctions Elliptiques. 
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Let 7 be the time of motion of the particle from K to K’, 
i.e. from y = h, through y = 0, to y = h again, then (3) 
becomes 


+ 
r= —/% lala 
aa/t Pliseds ng. oe 


‘integrating each term separately we have 


2 a yee ey es 
ihe na/2 E + G)og + Nava) Naa 
1-3-5\" ( h y y 
a Ga) 2a) 7 at. | (4) 
which is the complete expression for the time of moving 
from the extreme position & on one side of the vertical to 
the extreme position A’ on the other; this is called an 


oscillation. (See Price’s Anal. Mechs., Vol. I., p. 518.) 
If the arc is very small, 2 is very small in comparison 


with a, and all the terms containing = will be very small, 


and by neglecting them (4) becomes 


T= 4/2 | (5) 


194. The Simple Pendulum.—Instead of supposing 
the particle to move on a curve, we may imagine it sus- 
pended by -a string of invariable length, or a thin rod 
considered of no weight, and moving in a vertical plane 
about the point C; for, whether the force acting on the 
particle be the reaction of the curve or the tension of the 
string, its intensity is the same, while its direction, in 
either case is along the normal to the curve. 
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When the particle is supposed to be suspended by a 
thread without weight, it becomes what is termed a simple 
pendulum ; and although such an instrument can never be 
perfecily attained, but exists only in theory, yet approxima- 
tions may be made to it sufficiently near for practical pur- 
poses, and by means of Dynamics we may reduce the 
calculation of the motion of such a pendulum to that of 
the simple pendulum. 

If 7 is the length of the rod, the time of an oscillation is 
approximately given by the formula 


ravi © 


when the angle of oscillation is very small, 7. ¢., not ex- 
ceeding about 4°;* and therefore, for ull angles between 
this and zero, the times of oscillation of the same pene 
dulum will not perceptibly differ ; 7. e., in very small ares 
the oscillations may be regarded as isochronal, or as all 
performed in the same time. 


195. Relation of Time, Length, and Force of 
Gravity.—From (1) of Art. 194, we have 7’« Vif g is 


constant; 7'« eae if 7 is constant; g « Jif T is constant, 
g 


that is 
(1) For the same place the times of oscillation are as the 
square roots of the lengths of the pendulums. 


(2) For the same pendulum the times of oscillation are 
inversely as the square roots of the force of gravity at 
different places. 


* If the initial inclination is 5°, the second term of (4) is only 0.000476 ; if 1° the 
second term is only 0.000019. 
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(3) For the same time the lengths of pendulums vary as 
the force of gravity. 


Hence by means of the pendulum the force of gravity at 
different places of the earth’s surface may be determined. 
Let ZL be the length of a pendulum which vibrates seconds 
at the place where the value of g is to be found; then from 
(1) of Art. 194 we have 


and from this formula g has been calculated at many places 
on the earth. The method of determining ZL accurately 
will be investigated in Chap. VII. 


Cor.—If be the number of vibrations. performed dur- 
ing WV seconds, and 7’ the time of one vibration, 


we. N g at 
then n = = a by (1) of Art. 194 = = Vie pe 


Since gravity decreases according to a known law, as we 
ascend above the earth’s surface, the comparison of the 
times of vibration of the same pendulum on the top of a 
mountain and at its base, would give approximately its 
height. 


196. The Height of a Mountain Determined with 
the Pendulum.—4d seconds pendulum is carried to the top 
of a mountain ; required to find the height of the mountain 
by observing the change in the time of oscillation. 


Let r be the radius of the earth considered spherical ; / 
‘he height of the mountain above the surface; 7 the length 
of the pendulum; g and g’ the values of gravity on, the. 
earth’s surface, and at the top of the mountain respectively. 
Then (Art. 174) we have 
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, 7; 


Ge Pa ay ere oe 
( ; i ee = 4 aye (1) 


which is the force of gravity at the top of the mountain. 
Let x = the number of oscillations which the seconds 
pendulum at the top of the mountain makes in 24 hours; 
: ay ae 24 x 60 x 60 
then the time of oscillation = —* ee a 


(1) of Art. 195, we have 


24 x 60 x 60 | 1 reheat ; 
i a a Visors. 


h = 24 x 60 x 60 1 (since x /" = 1), (2) 
: : j 


which gives the height of the mountain in terms of the 
radius of the earth. For the sake of an example, suppose 
the pendulum to lose 5 seconds in a day; that is, to make 
5 oscillations less than it would make on the surface of the 
earth. 


Hence from 


Then n — 24 x 60 x 60 — 5; 
which in (2) gives 


he, 24 X60 x 60 ; 
r 24x 60x 60—5 


= (1 : in 1. SS s nearly ; 
=\" — 24x60 x 12 FU ARO Doe a 
4000 F 
eee ee 
PO eee ae: mile, nearly, 


r being 4000 miles (approximately). 


'197. The Depth of a Mine Determined by Ob- 
serving the Change of Oscillation in a Seconds 
Pendulum.—Let 7 be the radius of the earth as in the 
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last case ; 4 the depth of the mine; g and g’ the values of 
gravity on the earth’s surface and at the bottom of the 
mine. Then (Art. 171) we have 


ee (1) 


Let » = the number of oscillations which the seconds 
pendulum at the bottom of tne mine makes in 24 hours. 


60 r= 
Then a —_ m/e 


eee 
LAG, ES OAL OBO SBOP 


from which / can be found. If, as before, the pendulum 
loses 5 seconds a day, we have 


h 1 2 
7=1-(t-s-5s) 


1 
= Tex 60 x 12 NOY 
h = 4 mile nearly. 


(See Price’s Anal. Mech’s, Vol. I, p. 590, also Pratt’s 
Mech’s, p. 376.) 


198. Centripetal and Centrifugal Forces.—Since 
2 
the pressure *) at any point, depends entirely upon the 


velocity at that point and the radius of curvature, it would 
remain the same if the forces X and Y were both zero, in 
which case it would be the. whole normal pressure, FR, 
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against the curve. It is easily seen, therefore, that this 
pressure arises entirely from the inertia of the moving 
particle, 7. e., from its tendency at any point, to move in 
the direction of a tangent; and this tendency to motion 
along the tangent necessarily causes it to exert a pressure 


against the deflecting curve, and which requires the curve 
2 

: v , tantnae 

to oppose the resistance —- Hence, since the particle if 
p 


left to itself, or if left to the action of a force along the tan- 
gent, would, by the law of inertia, continue to move along 


2 
that tangent, 5 is the effect of the force which deflects the 


particle from its otherwise rectilinear path, and draws it. 
towards the centre of curvature. This force is called the® 
Centripetal Force, which, therefore, may be defined to be 
the force which deflects a particle from its otherwise recti- 
linear path. The equal and opposite reaction exerted away 
from the centre is called the Centrifugal Force, which may 
be defined to be the resistance which the inertia of a particle 
in motion opposes to whatever deflects it from tts rectilinear 
path. Centripetal and centrifugal are therefore the same 
quantity under different aspects. The action of the former 
is towards the centre of curvature, while that of the latter 
is from the centre of curvature. The two are called central 
forces. They determine the direction of motion of the par- 
ticle but do not affect the velocity, since they act continu- 
ally at right angles to its path. Ifa particle, attached to a 
string, be whirled about a centre, the intensity of these 
central forces is measured by the tension of the string. If 
the string be cut, the particle will move along a tangent to 
the curve with unchanged velocity. 


Cor. 1.—If m be the mass moving with velocity v, its 


2 
centrifugal force is m = If w be the angular velocity 
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described by the radius of curvature, then (Art. 160, Ex. 1), 
v = ow, and consequently 


the centrifugal force of m = mop, (1) 


_ Cor. 2.—Let m move in a circle with a constant velocity, 
v; let a = the radius of the circle, and 7’ the time of a 

complete revolution; then 27a = vT; 

2 
the centrifugal force of m = m = (2) 
and thus the centrifugal force in a circle varies directly as 
the radius of the circle, and inversely as the square of the 
\ »pertodic time. 


Cor. 3.—If m moves in the circle with a constant 
angular velocity, w, then (Art. 160, Ex. 1), v = aw; 


the centrifugal force of m = m wta; (3) 


aud therefore varies directly as the radius of the cirele. 
Thus if a particle of mass m is fastened by a string of 
length @ to a point in a horizontal plane, and describes a 
eircle in the plane about the given point as centre, the cen- 
trifugal force produces a tension of the string, and if @ is 
the constant angular velocity, the tension = m wa. 


199. The Centrifugal Force at. the Equator.—Let 
Rk denote the equatorial radius of the earth = 20926202* 
feet, Z’ the time of. revolution upon its axis = 86164 
seconds, and 7 = 3.1415926. Substituting these values in 
(2) of Art. 198, and denoting the centrifugal force at the 
equator by /, and the mass by unity, we have ; 

2 
fs = = (0.11126 feet. (1) 


ee —_ <= a 


Nd 


* Ency. Brit., Art. Geodesy. 


CENTRIFUGAL FORCE. 359 


‘The force of gravity at the equator has been found to be 
32.09022 ; if this force were not diminished by the cen- 
trifugal force; 7. ¢., if the earth did not revolve on its 
axis the force of gravity at the equator would be 


G = 32.09022 + 0.11126 = 32.20148 feet. (2) 


To determine the relation between the centrifugal force 
and the force of gravity, we divide (1) by (2) which gives 


ste sa a hse le ato 
G aN 32.20148 — 989’ nearly. (3) 


that is, the centrifugal force at the equator is xh, of that 
which the force of gravity at the equator would be if the 
earth did not rotate. 


200. Centrifugal Force at Differ- 
ent Latitudes on the Barth.—Let 
P ve any particle on the earth’s surface 
describing a circumference about the 
axis, NWS, with the radius PD. Let 
@ = ACP = the latitude of P; RK 
the radius, 4C, of the earth; and R’ 
the radius PD of the parallel of lati- 
tude passing through P. Then we have 


R= _F cos 4. (1) 


Let the centrifugal force at the point P, which is exerted 
in the direction of the radius DP, be represented by the 
line PB. Resolve this into the two components P/, act- 
ing along the tangent, and P#, acting along the normal, 
Then by (2) of Art. 198 we have 

An? R! 
IP IES — ry ie 
_ 4? Re 


= ae by (1). ees 
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Hence, the centrifugal force at any point on the earth’s 
surface varies directly as the cosine of the latitude of the 
place. 


For the normal comporent we have 
PE = PB cos 


4n?R cos? b 
— ij by (2) 


= f cos* ¢, by (1) of Art. 199. (8) 


Hence, the component of the centrifugal force which directly 
opposes the force of gravity, at any point on the earth’s sur- 
face, is equal to the centrifugal force at the equator, mul- 
tiplied by the square of the cosine of the latitude of the 
place. 


Also PPS PB apo 


4n?h sin } cos d 
= VE » by (2) 


= E sin 26, by (1) of Art. 199 ; (4) 


that is, the component of the centrifugal force which tends 
to draw particles from any parallel of latitude, P, towards 
the equator, and to cause the earth to assume the figure 
of an oblate spheroid, varies as the sine of twice the 
latitude. 


The preceding calculation is made on the hypothesis that 
the earth is a perfect sphere, whereas it is an oblate 
spheroid ; and the attraction of the earth on particles at 
its surface decreases as we pass from the poles to the 
equator, The pendulum furnishes the most accurate 
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method of determining the force of gravity at different 
places on the earth’s surface. 


201. The Conical Pendu- 
lum.—The Governor.—Suppose 
a particle, P, of mass m, to be at- 
tached to one end of a string of 
length 7, the cther end of which is 
fixed at A. The particle is made 
to describe a horizontal circle of 
radius PO, with uniform velocity 
round the vertical axis 4 O,so that 
it makes 7 revolutions per second. 
It is required to find the inclina- 
tion, 6, of the string to the vertical, 
and the tension of the string. 

The velocity of P in feet per second = 27™m-OP = 2nn ; 
sin 6. The forces acting upon it are the tension, 7; of the 
string, the weight, m, of the particle, and the centrifugal 
4r°n? P sin? 0 

1 sin 6 


force, m (Art. 198). Hence resolving, we ae 


for horizontal forces, 7’ sin 0 = m-4n°n?1 sin 6; (1) 


for vertical forces, T cos 0 = mg. (2) 
From (1) T = m- 4n'7? I, (3) 
which in (2) gives 

cos 0 = Ger (4) 


where 7' and @ are completely determined. 


If the string be replaced by a rigid rod, which can turn 
about A in a ball and socket joint, the instrument is called 
a conical pendulum, and occurs in the governor of the 
steam-engine. 

16 
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EXAMPLES. 


1. If the length of the seconds pendulum be 39.1393 
inches in London, find the value of g to three places of 
decimals. Ans. 32.191 feet. 


2. In what time will a pendulum vibrate whose length is 
15 inches ? Ans. 0.62 sec. nearly. 


3. In what time will a pendulum vibrate, whose length is 
double that of a seconds pendulum ? Ans. 1.41 secs. 


4. How many vibrations will a pendulum 3 feet long 
make in a minute ? Ans. 62.55. 


5. A pendulum which beats seconds, is taken to the top 
of a mountain one mile high; it is required to find the 
number of seconds which it will lose in 12 hours, allowing 
the radius of the earth to be 4000 miles. Ans. 10.8 secs. 


6. What is the length of a pendulum to beat seconds at 
the place where a body falls 167, ft. in the first second ? 
. Ans. 39.11 ins. nearly. 


_%. If 39.11 ins. be taken as the length of the seconds 
pendulum, how long must a pendulum be to beat 10 times 
jn a minute ? Ans. 117% ft. 


8. A particle slides down the are of a circle to the 
lowest point; find the velocity at the lowest point, if the 
angle described round the centre is 60°. Ans. Vgr. 


9. A pendulum which oscillates in a second at one place, 
is carried to another place where it makes 120 more oscil- 
lations in a day; compare the force of gravity at the latter 
place with that at the former. Ans. (§8§2)*, 


i 10. Find the number of vibrations,2,,which a pendulum 
‘will gain in WN seconds by shortening the length of ‘the 
pendulum, Lars 
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Let the length, J, be decreased by a small quantity, 
,, and let » be increased by 2, ; then from (2) of Art. 195 
we get 


g 


N 
n+n== ] 73 
a ae MSN 


which, divided by (2) of Art. 195, gives 


: ~ mt = (, = r= (1 = Ale = ft phe 7 nearly. 


Hence Nn, =>: 


11. If a pendulum be 45 inches long, how many vibra- 
tions will it gain in one day if the bob* be screwed up one 
turn, the screw having 32 threads to the inch ? 

Ans. 28. 

12. Ifa clock loses two minutes a day, how many turns 
to the right hand must we give the nut in order to correct 
its error, supposing the screw to have 50 threads to the 
inch ? Ans. 5-4 turns. 


13. A mean solar day contains 24 hours, 3 minutes, 
56-5 seconds, sidereal time ; calculate the length of the 
pendulum of a clock beating sidereal seconds in London. 
See Ex. 1. Ans. 38-925 inches, 


14. A heavy ball, suspended by a fine wire, vibrates in a 
small arc; 48 vibrations are counted in 3 minutes. Cal- 
culate the length of the wire. Ans. 45-87 feet. 


15. The height of the cupola of St. Paul’s, above the 
floor, is 340 ft.; calculate the number of vibrations a heavy 
body would make in half an hour, if suspended from the 
dome by a fine wire which reaches to within 6 inches of 
the floor. Ans. 176-4. 


* The lower extremity of the pendulum. 
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16. A seconds pendulum is carried to the top of a 
mountain m miles high; assuming that the force of 
gravity varies inversely as the square of the distance from 
the centre of the earth, find the time of an oscillation. 

4000 + m 
Ans. ( Te 


) secs. 


17. Prove that the lengths of pendulums vibrating dur- 
ing the same time at the same place are inversely as the 
squares of the number of oscillations. 


18. In a series of experiments made at Harton coal-pit, a 
pendulum which beat seconds at the surface, gained 24 
beats in a day at a depth of 1260 ft.; if g and q’ be the 
force of gravity at the surface and at the depth mentioned, 
show that 


sea hae at 
g 9200 


19. A pendulum is found to make 640 vibrations at the 
equator in the same time that it makes 641 at Greenwich ; 
if a string hanging vertically can just sustain 80 lbs. at 
Greenwich, how many lbs. can the same string sustain at 
the equator ? Ans. 804 Ibs. about. 


20. Find the time of descent of a particle down the are 
of a cycloid, the axis of the cycloid being vertical and vertex 
downward; and show that the time of descent to the lowest 
point is the same whatever point of the curve the particle 


starts from. s 
Ans. 7 \/ _ 


21. If in Ex. 20 the particle begins to move from the 
extremity of the base of the cycloid find the pressure at the 
lowest point of the curve. 

Ans. 2g; 1. e, the pressure is twice the,weight of the 
particle. 
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22. Find the pressure on the lowest point of the curve 
in Art. 193, (1) when the particle starts from rest at the. 
highest point, A, (Fig. 84), (2) when it starts from rest at 
the point B. 

Ans. (1) 593 (2) 3g; 7. e., (1) the pressure is five times 
the weight of the particle and (2) it is three times the 
weight of the particle. 


23. In the simple pendulum find the point at which the 
tension on the string is the same as when the particle 
hangs at rest. 

Ans. y = %h, where f is the height from which the 
pendulum has fallen. 


24. If a particle be compelled to move in a circle with a 
velocity of 300 yards per minute, the radius of the circle 
being 16 ft., find the centrifugal force. 

Ans. 14-06 ft. per sec. 


25. If a body, weighing 17 tons, move on the circum-' 
ference of a circle, whose radius is 1110 ft., with a velocity 
of 16 ft. per sec., find the centrifugal force in tons (take 
g = 32-1948). Ans. 0-1217 ton. 


26. If a body, weighing 1000 lbs., be constrained to move 
in a circle, whose radius is 100 ft., by means of a string 
capable of sustaining a strain not exceeding 450 lbs., find 
the velocity at the moment the string breaks. 

Ans. 38-06 ft. per sec. 


27. If a railway carriage, weighing 7-21 tons, moving at 
the rate of 30 miles per hour, describe a portion of a circle 
whose radius is 460 yards, find its centrifugal force in tons. 

Ans. 0-314 ton. 


28. If the centrifugal force, in a circle of 100 ft. radius, 


be 146 ft. per sec., find the periodic time. 
Ans.. 5+2 sees. 
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.-29. If the centrifugal force be 131 ozs., and the radius 
of the circle 100 ft., the periodic time being one hour, find 
the weight of the body. — - Ans. 386-309 tons. 


30. Find the force towards the centre required to make 
a body move uniformly in a circle whose radius is 5 ft., 
with such a velocity as to complete a revolution in 5 secs. 
4 An? 
: ns. hae 
31. A stone of one Ib. weight is whirled round horizon- 
tally by a string two yards long having one end fixed; find 
the time of revolution when the tension of the string is 3 lbs. 


Ans. 27 \/2 secs. 
g » 


$2. A weight, w, is placed on a ported bar, OA, 
which is made to revolve round a vertical axis at O, with 
the angular velocity w; it is required to determine the 
position, A, of the See when it is upon the point of 
sliding, the coefficient of friction being /f. 


Ans. OA = a 


33. Find the diminution of gravity at the Sun’s equaor 
caused by the centrifugal force, the radius of the Sun being 
441000 miles, and the time of revolution on his axis bee 
607 h. 48 m. Ans. 0-0192 ft. per sec. 


34, Find the centrifugal force at the equator of Mercury, 
the radius being 1570 miles, and the time of revolution 
24h. 5 m. Ans. 0.0435 ft. per sec.” 


35. Find the centrifugal force at the equator, (1) of. 
Venus, radius being 3900 miles and time of revolution 
23 h. 21 m., (2) of Mars, radius being 2050 miles ‘and 
periodic time 24 h. 37 m., (8) of Sarton radius being 
43500 miles and periodic time 9 h. 56 m., and (4) of Saturn,: 
radius being 39580 miles and periodic time 10 h. 29 m. 
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Ans. (1) 0-11504 ft. per sec.; (2) 0-0544 ft. per sec.; 
(3) 7- 0907 ft. per sec.; (4) 5- 7924 ft. per sec. 
36. Find the effect of centrifugal force in diminishing 
gravity in the latitude of 60°. [See (3) of Art. 200). 
Ans. 0-028 ft. per sec. 


{ 


37. Find (1) the diminution of gravity caused by cen-, 
trifugal force, and (2) the component which urges particles 
towards the equator, at the latitude of 23°. 

Ans. (1) 0-09 ft. per sec.; (2) 0-04 ft. per sec.” 


38. A railway carriage, weighing 12 tons, is moving, 
along a circle of radius 720 yards, at the rate of 32 milea 
an hour; find the horizontal pressure on the rails. 

Ans. 0-38 ton, nearly. 


cy 


39. A railway train is going smoothly along a curve of 
500 yards radius at the rate of 30 miles an hour; find at: 
what angle a plumb-line hanging in one of the carriages 
will be inclined to the vertical. Ans. 2° 18’ nearly. 

40. The attractive force of a mountain horizontally is f 
and the force of gravity is g; show that the time of vibra- 

= 
tion of a pendulum will be AV a being the length 


of the pendulum. 


41, In motion of a particle down acycloid prove that the 
vertical velocity is greatest when it has completed half its 
vertical descent. 

42. When a particle falls from the highest to the lowest: 
point of a cycloid show that it describes half the path in 
two-thirds of the time. 

43, A railway train is moving smoothly along a curve at, 
the rate of 60 miles an hour, and in one of the carriages a 
pendulum, which would ordinarily oscillate owe ig, 
observed to oscillate 121 times in two minutes. Show that 
the, radius of the curve is very. nearly a quarter of a mile. 
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44. One end of a string is fixed; to the other end a 
particle is attached which describes a horizontal circle with 
uniform yelocity so that the string is always inclined at an 
angle of 60° to the vertical; show that the velocity of the. 
particle is that which would be acquired in falling freely 
from rest through a space equal to three-fourths of the 
length of the string. | 


45. The horizontal attraction of a mountain on a particle 
at a certain place is such as would produce in it an accelera- 


tion denoted by” f. Show that a seconds pendulum at that 


place will gain 2160 ue beats in a day, very nearly. 

46. In Art. 201, suppose 7 equal to 2 ft. and m to be 20 
}bs., and that the system makes 10 revolutions per sec., and. 
g = 32; find 6 and 7. 

Ans. 0 = cos a T == 5007? pounds. 

47, A tube, bent into the form of a plane curve, revolves 
with a given angular velocity, about its vertical axis; it is 
required to determine the form of the tube, when a heavy 
particle placed in it remains at rest in all parts of the 
tube. 

(Take the vertical axis for the axis of y, and the axis of z 
horizontal, and let = the constant angular velocity). 
Ans. 2%" = 2gy, if « = 0 when y = 0, 7. e., the curve 
is a parabola whose axis is vertical and vertex downwards. 


48. A particle moves in a smooth straight tube which 
revolves with constant angular velocity round a vertical 
axis to which it is perpendicular, to determine the curve 
traced by the particle. 

Let » = the constant angular velocity; and (7, 0) the: 
position of the particle at the time ¢, and let 7 = a when! 
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= 0. Then since the motion of the particle is due 
entirely to the centrifugal force, we have 
2 
= = wr ; a = @ (r+ a?) 
ar 


if > 0, when 7 = a. Hence we have 


;=e (e* + e-™), 


2 


CIDA PTR sae 
IMPACT. 


202. An Impulsive Force.—Hitherto we have con- 
sidered force only as continuous, 0. ¢., as acting through a 
definite and finite portion of time, and producing a finite 
change of velocity in that time. Such a force is measured 
at any instant by the mass on which it acts multiplied by 
the acceleration which it causes. If a particle of mass m be 
moving with a velocity v, and be retarded by a constant 
force which brings it to rest in the time ¢, then the measure 


of this force is > (Art. 20). Now suppose the time ¢ dur- 


ing which the particle is brought to rest to be made very 
small; then the force required to bring it to rest must be 
very large ; and if we suppose ¢ so small that we are unable 
to measure it, then the force becomes so great that we are 
unable to obtain its measure. A typical case is the blow of 
ahammer. Here the time during which there is contact is 
apparently infinitesimal, certainly too small to be measured 
by any ordinary methods; yet the effect produced is con- 
siderable. Similarly when a cricket ball is driven back by 
a blow from a bat, the original velocity of the ball is 
destroyed and a new velocity generated. Also when a bul- 
let is discharged from a gun, a large velocity is generated 
in an extremely brief time. Forces acting in this way are 
called impulsive forces. An impulsive force may therefore 
be defined to be a force which produces a finite change of 
motion in an indefinitely brief time. An Impulse is the 
effect of a blow. 

In such cases as these it is impossible accurately to 
determine the force and time; but we can determine 
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their product, or P#, since this is merely the change 
in velocity caused by the blow (Art. 20). Hence, in 
the case of blows, or impulsive forces, we do not attempt 
to measure the force and the time of action separately, but 
simply take the whole momentum produced or destroyed, as 
the measure of the impulse. Because impulsive forces pro- 
duce their effects in an indefinitely short time they are 
sometimes called instantaneous forces, 7. ¢., forces requiring 
no time for their action. But no such force exists in 
nature ; every force requires ¢ime for its action. There is 
no case in nature in which a finite change of motion is 
produced in an infinitesimal of time; for, whenever a 
finite velocity is generated or destroyed, a finite time is 
occupied in the process, though we may be unable to 
measure it, even approximately. 


203. Impact or Collision.—When two bodies in rela- 
tive motion come into contact with each other, an. impact 
or collision is said to take place, and pressure begins to act 
between them to prevent any of their parts from jointly 
occupying the same space. This force increases from zero, 
when the collision begins, up to a very large magnitude at 
the instant of greatest compression. If, as is always the 
case in nature, each body possesses some degree of elasticity, 
and if they are not kept together after the impact by 
cohesion or by some artificial means, the mutual pressure 
between them, after reaching a maximum, will gradually 
diminish to zero. The whole process would occupy not 
greatly more or less than an hour if the bodies were of such 
dimensions as the earth, and such degrees of rigidity as 
copper, steel, or glass. In the case, however, of globes of 
these substances not exceeding a yard in diameter, the 
whole process is probably finished within a thousandth of 
a second.* 

The impulsive forces are so much more intense than the 


* Thomson and Tait’s Nat. Phil., p. 274. 
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ordinary forces, that during the brief time in which the 
former act, an ordinary force does not produce an effect 
comparable in amount with that produced. by an impulsive 
force. For example, an impulsive force might generate a 
velocity of 1000 in less time than one-tenth of a second, 
while gravity in one-tenth of a second would generate a 
velocity of about three. Hence, in dealing with the effects 
of impulses, finite forces need not be considered. 


204. Direct and Central Impact.— When two bodies 
impinge on each other, so that their centres before impact 
are moving in the same straight line, and the common tan- 
gent at the point of contact is perpendicular to the line of 
motion, the impact is said to be direct and central. When 
these conditions are not fulfilled, the impact is said to be 
oblique. 

When two bodies impinge directly, one upon the other, 
the mutual action between them; at any instant, must be 
in the line joining their centres; and by the third law - 
(Art. 166), it must be equal in amount on the two bodies. 
Hence, by Law II, they must experience equal changes of 
motion in contrary directions. 

We may consider the impact as consisting of two parts ; 
during the first part the bodies are coming into closer con- 
tact with each other, mutually diepone the particles in 
the vicinity of the point of contact, producing a compres- 
sion and distortion about that point, which increases till it 
reaches a maximum, when the molecular reactions, thus 
called into play, are. sufficient to resist further compression 
and distortion. At this instant it ig evident that the 
points in contact are moving with the same velocity. No 
body in nature is perfectly ¢nelastic ; and hence, at the 
instant of greatest compression, the elastic forces of resti- 
tution are brought into action ; and during the second part 
of the impact the mutual pressure, piodeecd by the elastic 
forces, which were brought into action by the compression 
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during the first part of the impact, tend to separate the 
two bodies, and to restore them to their original form. 
/ 


205. Elasticity of Bodies.—Coefficient of Resti- 
tution.—It appears from experiment that bodies may be 
compressed in various degrees, and recover more or less. 
their original forms after the compressing force has ceased , 
this property is termed elasticity. The force urging the 
approach of bodies is called the force of compression ; the 
force causing the bodies .to separate again is called the 
force of restitution. Elastie bodies are such as regain a 
part or all of their original form when the compressing 
force is removed. The ratio of the force of restitution to 
that of compression is called the Coefficient of Restitution.* 
It has been found that this ratio, in the same bodies, is 
constant whatever may be their velocities. 

When this ratio is unity the two forces are equal, and the 
body is said to be perfectly elastic ; when the ratio is zero, 
or the force of restitution is nothing, the body is said to be 
non-elastic ; when the ratio is greater than zero and less 
than unity, the body is said to be imperfectly elastic. There 
are no bodies either perfectly elastic or perfectly non-elas- 
tic, all being more or less elastic. 

In the cases discussed the bodies will be supposed spher- 
ical, and in the case of direct impact of smooth spheres it 
is evident that they may be considered as particles, since 
they are symmetrical-with respect to the line joining their 
centres. 

The theory of the impact of bodies is chiefly due to 
Newton, who found, in his experiments, that, provided the 
impact is not so violent as to make any sensible indentation 
in either body, the relative velocity of separation after the 
impact bears a ratio to the relative velocity of approach 
‘before the impact, which is constant for the same two 


* Sometimes called Coefficient of Elasticity. "Todhunter’s Mech.. p. 272. 
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bodies. In Newton’s experiments, however, the two bodies 
seem always to have been formed of the same sub- 
stance. He found that the value of this ratio (the coeff- 
cient of restitution), for balls of compressed wool was about 
, steel about the same, cork a little less, ivory 8, glass 43. 
.The results of more recent experiments, made by Mr. 
Hodgkinson, and recorded in the Report of the British 
Association for 1834, show that the theory may be received 
as satisfactory, with the exception that the value of the 
ratio, instead of being quite constant, diminishes when the 
velocities are very large. 


206. Direct Impact of Inelastic Bodies.— 4 sphere 
of mass M, moving with a velocity v, overtakes and impinges 
directly on another sphere of mass M', moving in the same 
direction with velocity v', and at the instant of greatest 
mutual compression the spheres are moving with a common 
velocity V. Determine the motion after tmpact, and the 
impulse during the compression. 


Let & denote the.impulse during the compression, which 
acts on each body in opposite directions; and let us sup- 
pose the bodies to be moving from left to right. Then, 
since the impulse is measured by the amount of momentum 
gained by one of the impinging bodies or lost by the other 
(Art. 202), we have 


Momentum lost by M= M(v — V) = R, (1) 


« ~ gained by 4’ = M'(V —v') = Rk, (2) 


M(v—V) = VU'(V—Y). (3) 
Solving (3) for V we get 

Mv + M'd' : 

aM a? (4) 


which in (1) or (2) gives 
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_ MM’ (v —v’) 
i= YU + M’ i (5) 


Hence the common velocities of the two bodies after impact 
is equal to the algebraic sum of their momenta, divided by 
the sum of their masses, and also, from (4), the whole 
momentum after impact is equal to the sum of the momenta 
before. 


Cor. 1.—Had the balls been moving in opposite direc- 
tions, for example had J’ been moving from right to left, 
v’ would have been negative, in which case we would have 


Mv — M'd' | ae p— va (v + v') 


— ——— ee 
ane ary ca M+ (6) 


From the first of these it follows that both balls will be 
reduced to rest if 

Mv = MV; 
that is, if before impact they have equal and opposite 
momenta. 


Cor. 2.—If Jf’ is at rest before impact, v’ = 0, and (4) 


becomes 
My 


hee SY 
If the masses are equal we have from (4) and (6) 


eee V0 
V= a or ae (8) 


according as they move in the same or in opposite direc- 
tions. 


207. Direct Impact of Elastic Bodies.— When the 
balls are elastic the problem is the same, up to the instant 
of greatest compression, as if they were inelastic; but at 
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this instant, the force of restitution, or that tendency which 
elastic bodies have to regain their original form, begins to 
throw one ball forward with the same momentum that it 
throws the other back, and this. mutual pressure is propor-- 
tional to & (Art. 205). 

Let e be the coefficient of restitution ; then during the 
second part of the impact, an impulse, ef, acts on each 
ball in the same direction respectively as R acted during 
the compression. Let v, and v,' be the velocities of the 
balls Wand M' when they are finally separated. Then we 
have, as before, 


Momentum lost by M= M(V—v)=eR, (1) 
« gained by M’ = M'(v — V) = eR. (2) 


From (1) we have 
eR 


%= V7 


— Mo+ UM eM ) 
WLM Uae 
by (4) and (5) of Art. 206, 


/ 


=v — wor (1 + e) (v —v’). (3) 


Similarly from (2) we have 


' i M ; 
OSE aap eee) Coma (4) 


which are the velocities of the balls when finally separated. 
These results may be more easily obtained by the con- 
sideration that the whole impulse is (1 + ¢) R; for this 
gives at once the whole momentum lost by M or gained by - 
M' during compression and restitution as follows: 


M(v — ) = (1 +e) R, (5) 
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and M' (v,' — ops (f+ 2) RB. (6) 
Substituting in (5) and (6) the value of R from (5) of Art. 


206, we have the values of v and »,’ immediately. 


Cor. 1.—If the balls are moving in opposite directions, 
v' becomes negative. If the balls are non-elastic, e = 0, 
and (3) and (4) reduce to (4) of Art. 206, as they should. 


Cor. 2.—If the balls are perfectly elastic, e = 1, and (8) 
and (4) become 
2M' 


Vv; = v— M+ ZS MM (v — v'), (7) 
! 7 2M / 
Oy, it + M+ mM (v — ). (8) 


Cor. 3.—Subtracting (4) from (3) and reducing, we get 
vy, — 4 =v—v' — (1+ e)(v—1), 

= —e(v—'). (9) 

Hence, the relative velocity after impact is —e times the 
relative velocity before impact. 

Cor. 4.—Multiplying (3) and (4) by Mand M’, respect- 

ively, and adding, we get 

My, + M's! = Mo + Md’. (10) 

Hence, as in Art. 206, the algebraic sum of the momenta 

after impact is the same as before; 1. ¢., there 1s no mo- 


mentum lost, which of course is a direct consequence of the 
third law of motion (Art. 169). 


Cor. 5.—Suppose v' = 0, so that the body of mass M, 
moving with velocity », impinges on a body of mass M" at 
rest, then (3) and (4) become 
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_ M—eM' aa ee) 
Y= Wim Vy and v yer Wa (11) 


Hence the body which is struck goes onwards; and the 
striking body goes onwards, or stops, or goes backwards, 
according as M is greater than, equal to, or less than eM’. 
If M' = eM, then (11) becomes 


v, = (l—e)v, and », =v. (12) 


Cor. 6.—If M = M and ¢e = 1; that is, if the balls 
are of equal mass, and perfectly elastic,* then (7) and (8) 
become, respectively, 

0) == .0 wean AU aoe ° (13) 


that is, the balls interchange their velocities, and the 
motion is the same as if they had passed through one 
another without exerting any mutual action whatever. 


Cor. 7.—If MW’ be infinite, and v’ = 0, we have the case 
of a ball impinging directly upon a fixed surface ; substi- 
tuting these values in (3) it becomes 


v, = — ev; (14) 


that is, the ball rebounds from the fixed surface with a veloc- 
ity e times that with which it impinged. 


208. Loss of Kinetic Energy}{ in the Impact of 
Bodies.—Squaring (9) of Art. 207, and multiplying it by 
MM", we have 

MM’ (v, — v,')? = MM' & (v — v'P 


= MM' (v —v')— (1 — 2) MM'(v —v'p. (A) 


* This is the usual phraseology, but misleading, Ency. Brit., Vol. XV, Art. 
Mech’s. 


+ See Art. 189. 
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Squaring (10) of Art. 207, we have 
(Mr, + M'v'P = (Mo + M'v'p. (2) 
Adding (1) and (2), we get . 
(M+ MW) (Mo? + Mr?) = (M+ Ml’) (Me? + Yr’) 
— (1—eé) MM' (v —v'); 
ote $M? + 40'0,?2 = 4M? + 4M'y”? 


SNM = 
= CT aie (v—v')?, (3) 


the last term of which is the loss of kinetic energy by 
impact, since e can never be greater than unity. Hence, 
there is always a loss of kinetic energy by impact, except 
when e = 1, in which case the loss is zero; 7. e., when the 
coefficient of restitution is unity, no kinetic energy is lost. 
When e = 0 the loss is the greatest, and equal to 


MM' 


fap ee v')P. (4) 

From (3) we see that during compression kinetic energy 
MM' aa 

to the amount of 4 Ui (v —v’)? is lost; and then 


during restitution, ¢ times this amount is regained. 


Reu.—From the theory of kinetic energy it appears 
that, in every case in which energy is lost by resistance, 
heat is generated; and from Joule’s* investigations we 
learn that the quantity of heat so generated is a perfectly 
definite equivalent for the energy lost; and also that, in 


* See ‘“*The Correlation and Conservation of Forces,’ by Helmholtz, Faraday, 
Liebig, etc. ; also “‘ Heat as a Mode'of Motion,” by Prof. Tyndall. Also B, Stewart's 
“ Conservation of Energy.” 
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any natural action, there is never a development of energy 
which cannot be accounted for by the disappearance of an 
equal amount elsewhere by means of some known physical 
agency. Hence, the kinetic energy which appears to be 
lost in the above cases of impact, is only transformed, 
partly into heating the bodies and the surrounding air, and 
partly into sonorous vibrations, as in the impact of a ham- 
mer on a bell. 


209. Oblique Impact of Bodies—The only other 
case which we shalf treat of is that of oblique impact when 
the bodies are spherical and perfectly smooth. 


A particle impinges with a given velocity, and in a given 
direction, on a smooth plane; required to determine the 
motion after impact. 

Let AC represent the direc- 
tion of the velocity before im- 
pact, meeting the plane at C, 
and CB the direction after 
impact. Draw CD perpen- 
dicular to the plane; then 
since the plane is smooth its impulsive reaction will be 
along CD. 

“ Tet v and v, denote the velocities before and after 
impact, respectively ; and let @ and 6 denote the angles 
ACD and BCD. 

Resolve v along the plane and perpendicular to it. The 
former will not be altered, since the impulsive force acts 
‘perpendicular to the plane; the latter may be treated as in 
‘the case of direct impact, and will therefore, after impact, 
be e times what it was before (Art. 207, Cor. 7). Hence, 


resolving v, along, and perpendicular to the plane, we 
have 


ULE OP S10 ee, (1) 


v, cos B = —ev cos a. (2) 
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Dividing (2) by (1), we get 
cot 8 = — e cota, (3) 
Squaring (1) and (2), and adding, we get 
v; = v* (sin? @ + é cos? @), (4) 


Thus (3) determines the direction, and (4) the magnitude 
of the velocity after impact. 

The angle ACD is called the angle of incidence, and the 
angle BCD the angle of reflexion. 


Cor. 1—If the elasticity be perfect, or e = 1, we have 
from (3) and (4), 


cot B = — cot a, or B = — @; (5). 


and Ofa— OL as (6) 
Hence, in perfectly elastic balls the angles of incidence 
and reflexion are numerically equal, and the velocities before 
and after impact are equal. This is the ordinary rule in 
the case of a billiard ball striking the cushion. ; 


Cor. 2.—Suppose e = 0; then from (3), 6B = 90°. 
Thus, if there is no elasticity, the body after impact moves 
along the plane with the velocity v sin «. 

If « = 0, so that the impact is direct, we have from (4), 
v, = ev; i.e., after the impact the body rebounded along 
its former course with ¢ times its former velocity. 

If « = 0, and e = 0, then from (4), v; = 0, and the 
body is brought to rest by the impact. 


Scu.—Of course the results of this article are applicable 
to cases of impact on any smooth surface, by substituting 
for the plane on which the impact has been supposed to 
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take place the plane which is tangent to the surface at the 
point of impact. 


210. Oblique Impact of Two Smooth Spheres.— 
Two smooth spheres, moving in given directions and with 
given velocities, impinge ; to determine the impulse and the 
subsequent motion. 


Let the masses 
of the spheres be 
M, M' ; their cen- 
tres C, ©’; their 
velocities before 
impact v and v’, 
and after impact Fig 06 
v, and v,’. Let ED be the line which joins their centres at 
the instant of impact (called the line of impact): CA and 
CB the directions of motion of the impinging sphere, J, 
before and after impact; and C’A’ and C’B’ those of the 
other sphere; let «, «' be the angles, ACD and A’C'D, 
which the original directions of motion make with the line 
of impact; 6B, B’ the angles, BOD and B’O’D, which their 
directions make after the impact. 

It is evident that, since the spheres are smooth, the 
entire mutual impulsive pressure takes place in the line 
joining the centres at the instant of impact. Let R be the - 
impulse, and e the coefficient of restitution. Resolve all 
the velocities along the Jine of impact and at right angles 
to it; the latter will not be affected by the impact, and the- 
former will be affected exactly in the same. way as if the 
impact had been direct. Hence, since the velocities in the 
line of impact are v cos a, v' cos @’, v; cos B, v;' cos B’, we 
have, by substituting in (3) and (4) of Art. 207, 


, 


M ; ; 
v, cos B = v cos a — Wim (1+ e) (v cos a—v’ cos a’), (1) 
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' t f) ! M ! ' 
v, cos 8’ = v' cosa + (1+e) (v cos e—v’' cos @’), (2) 


which are the final velocities of the two spheres along the line 
of impact ED. 
Also, from (5) of Art. 206, we obtain by substitution, 
MM 


gg) Se — 1s ), (3) 


(See Tait and Steele’s Dynamics of a Particle, p. 323.) 


Cor. 1—Multiplying (1) by ¥% and (2) by M’, and add- 
ing we get 


Mv, cos B + M'v,' cos B' = Mv cos « + M'v' cos @’, (4) 


which shows that the momentum of the system resolved 
along the line of impact is the same after impact as before. 


Cor. 2.—Subtracting (2) from (1) we obtain, 
v, cos B — v,' cos B’ = — e(v cosa —v’ cosa’). (5) 


That is, the relative velocity, resolved along the line of 
impact, after impact is — e times its value before. 


BEBXAMPLES. 


1. A body* weighing 3 lbs. moving with a velocity of 
10 ft. per second, impinges on a body weighing 2 lbs., and 
moving with a velocity of 3 ft. per second; find the com- 
mon velocity after impact. Ans. 74 ft. per second. 


2. A body weighing 7 lbs. moving’ 11 ft. per second, 
impinges on another at rest weighing 15 lbs.; find the com- 
mon velocity after impact. Ans. 34 ft. per second. 


* The bodies are inelastic unless otherwise stated. The first 27 examples are in 
direct impact. 
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, 3. A body weighing 4 lbs. moving 9 ft. per second, 
impinges on another body weighing 2 Ibs. and moving in 
the opposite direction with a velocity of 5 ft. per second; 
find the common velocity after impact. 

Ans. 44 ft. per second. 


4, A body, M’, weighing 5 lbs. moving 7 ft. per second, 
18. impinged upon by a body, &, ie 6 lbs. and mov- 
ing in the same direction; after impact the velocity of L/’ 
is doubled: find the velocity of M before impact. 

Ans. 19% ft. per second. 


5. Two bodies, weighing 2 lbs., and 4 Ibs., and moving in 
the same direction with the velocities of 6 and 9 ft. respec- 
tively, impinge upon each other; find their common 
velocity after impact. Ans. 8 ft. per second. 


"6. A weight of 2 lbs., moving with a velocity of 20 ft. 
per second, overtakes one of 5 lbs., moving with a velocity 
of 5 ft. per second ; find the common velocity after impact. 

Ans. 92 ft. per second. 


1%. If the same bodies met with the same velocities find 
the common velocity after impact. 
Ans. 24 ft. per second in the direction of the first. 


8. Two bodies of different masses, are moving towards 
each other, with velocities of 10 ft. and 12 ft. per second 
respectively, and continue to move after impact with a 
velocity of 1-2 ft. per second in the direction of the greater; 
compare their masses. Ans. As 3 to 2. 


9. A body impinges on another of twice its mass at rest: 
show that the impinging body loses two-thirds of its 
velocity by the impact. 


10. Two bodies of unequal masses moving in opposite 
directions with momenta numerically equal meet; show 
that the momenta are numerically equal after impact. 
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11. A body, M, weighing 10 Ibs. moving 8 ft. per second, 
~iImpinges on MM’, weighing 6 lbs. and moving in the same 
direction 5 ft. per sevond ; find their velocities after impact, | 
supposing e = 1. 

Ans. Velocity of M = 53; velocity of M’ = 83. 


12. A body, M, weighing 4 lbs. moving 6 ft. per second, 
meets M' weighing 8 lbs. and moving 4 ft. per second; 
find their velocities after impact, e = 1. 

Ans. Each body is reflected back, M with a velocity of 
74 and’ with a velocity of 2%. 


13. Two balls, of 4 and 6 lbs. weight, impinge on each 
other when moying in the same direction with velocities of 
9 and 10 ft. respectively ; find their velocities after impact, 


supposing ¢ = 4. Ans. 10-08 and 9-28, 
14. Find the kinetic energy lost by impact in example 5, 
Ans. #5. 


15. Two bodies weighing 40 and 60 lbs. and moving in 
the same direction with velocities of 16 and 26 ft. respec- 
tively, impinge on each other: find the loss of kinetic 
energy by impact. Ans. 37-3 


16, An arrow shot from a bow starts off with a velocity 
of 120 ft. per second; with what velocity will an arrow 
twice as heavy leave the bow, if sent off with three times 
the force? Ans. 180 ft. per second. 


17. Two balls, weighing 8 ozs. and 6 ozs. respectively, 
are simultaneously projected upwards, the former rises to a 
height of 324 ft. and the latter to 256 ft.; compare the 
forees of projection. Ans. As 3 to 2. 


18. A freight train, weighing 200 tons, and traveling 20 
miles per hr. runs into a passenger train of 50 tons, stand- 
ing on the same track; find the velocity at which the 
remains of the passenger train will be propelled along the 
track, supposing ¢ = }. . Ans. 19-2 miles per hr, 
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19. There is a row of ten perfectly elastic bodies whose 
masses increase geometrically by the constant ratio 3, and 
the first’ impinges on the second with the velocity: of 
5 ft. per second ; find the velocity of the last body. 

Ans. sy ft. per second. 


20. A body weighing 5 lbs. moving with a velocity of 14 
ft. per second, impinges on a body weighing 3 lbs., and 
moving with a velocity of 8 ft. per second; find the veloci- 
ties after impact supposing ¢ = 4. Ans. 11 and 13. 


21. Two bodies are moving in the same direction with 
the velocities 7 and 5; and after impact their velocities 
are 5 and 6; find e, and the ratio of their masses. 

Ans. @= 4; M = 2H. 


22. A body weighing two Ibs. intpinges on a body weighing 
one lb.; ¢ is 4, show that v, = }(v + v’), and that 2,’ = v. 


23. Two bodies moving with numerically equal velocities 
in opposite directions, impinge on each other; the result is 
that one of them turns back with its original velocity, and 
the other follows it with half that velocity; show that one 
body is four times as heavy as the other, and that e = 4. 


24, A strikes B, which is at rest, and after impact the ~ 


velocities are numerically equal; if. r be the ratio of B’s 


‘mass to A’s mass, show that ¢ is ae , and that B’s mass 
is at least three times A’s mass. 
25. A body impinges on an equal body at rest; show 


that the kinetic energy before impact cannot be greater 
than twice the kinetic energy after impact. 


26. A series of perfectly elastic balls are arranged in the 
same. straight line; one of them impinges on the next, 


then this on the next and so on; show_that if their masses 


forrh a geometric progression of which the common ratio 
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is r, their velocities after impact form a geometric progres- 


sion of which the common ratio is wees 
r+i1 
27. A ball falls from rest at a height of 20 ft. above a 
fixed horizontal plane; find the height to which it will 
rebound, e being #, and g being 382. Ans. 114 feet. 


28. A ball impinges on an equal ball at rest, the elas- 
ticity being perfect; if the original direction of the strik- 
ing ball is inclined at an angle of 45° to the straight line 
joming the centres, determine the angle between the 
directions of motion of the striking ball before and after 
impact. Ans. 45°. ~ 


29. A ball falls from a height / on a horizontal plane, 
and then rebounds; find the height to which it rises in its 
ascent. Ans. @h. 


30. A ball of mass , impinges on a ball of mass M’, at 
rest ; show that the tangent of the angle between the old 
and new directions of the motion of the impinging body is 


tees M' sin 2« 
2 M + M' (sin? & — @ cos* @) 


31. A ball of mass impinges on a ball of mass M’ at 
rest; find the condition in order that the directions of 
motion of the impinging ball before and after impact may 


be at right angles, o. . He—M 
Ans. tan? « = a 


32. A ball impinges on an equal ball at rest, the angle 
between the old and new directions of motion of the 
impinging ball is 60°; find the velocity after impact, e 
being 1. Ans. v sin 30°. 


33. A ball impinges on an equal ball at rest, ¢ being 1 ; 
find the condition under which the velocities will be equal 
after impact. Ans. «@ = 45° 
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34, A ball is projected from the middle point of one side 
of a billiard table, so as to strike first an adjacent side, and 
then the middle point of the side opposite to that from 
which it started; find where the ball must hit the adjacent 
side, its length being 0. 

Ans. At the distance 


opposite side. 


from the end nearest the 


b 
1 +e 


be 1 RV. 


WORK: AND ENERGY, 


211. Definition and Measure of Work.—Work is 
the production of motion against resistance. A force is said 
to do work, if it moves the body to which it is applied ; 
and the work done by it is measured by the product of the 
force into the space through which it moves the body 
(Art. 101, Rem.). 

Thus, the work done in lifting a weight through a ver- 
tical distance is proportional to the weight lifted and 
the vertical distance throngh which it is lifted. The unit 
of work used in England and in this country is that which 
is required to overcome the weight of a pound through the 
vertical height of a foot, and is called a foot-pound. For 
instance, if a weight of 10 lbs. is raised to a height of 
5 ft., or 5 lbs. raised to a height of 10 ft., 50 foot-pounds or 
work must have been expended in overcoming the resist- 
ance of gravity. Similarly, if it requires a force of 50 lbs. 
to move a load on a horizontal plane over a distance of 
100 ft., 5000 foot-pounds of work must have been done. 
If a carpenter urges forward a plane through 3 ft. with a 
force of 12 lbs., he does 36 foot-pounds of work ; or, if a 
weight of 7 lbs. descends through 10 ft., gravity does 
70 foot-pounds of work on it. 

Hence, the number of units of work, or foot-pounds, 
necessary to overcome a constant resistance of P pounds 
through a distance of S feet is equal to the product PS. 

From this it appears that, if the point of application 
move always perpendicular to the direction in which the 
force acts, such a force does no work. Thus, no work is 
done by gravity in the case of a particle moving on a 
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horizontal plane, and when a particle moves on any smooth 
surface no work is done by the force which the surface 
exerts upon it. 

Neither force nor motion alone is sufficient to constitute 
work ; so that aman who merely supports a load without 
moving it, does no work, in the sense in which that term is 
used mechanically, any more than a column does which 
sustains a heavy weight upon its summit. 

If a body is moved in the direction opposite to that im 
which its weight acts, the agent raising it does work upon 
it, while the work done by the earth’s attraction is nega- 
dive. When the work done by a force is negative, 1. @., 
when the point of application moves in the direction oppo- 
site to that in which the force acts, this is frequently 
expressed by saying that work is done against the force. 
In the above case work is done dy the force lifting the 
body, and against the earth’s attraction. 


212. General Case of Work done by a Force.— 
When either the magnitude or direction of a force varies, or 
if both of them vary, the work done by the force during any 
finite displacement cannot be defined as in Art. 211. In 
this case the work done during any indefinitely small dis- 
placement may be found by supposing the magnitude and 
direction of the force constant during the displacement, and 
finding the work done as in Art. 211; then taking the sum 
of all such elements of work done during the consecutive 
small displacements, which together make up the finite 
displacement, we obtain the whole work done by the force 
during such finite displacement, 


Thus let a force, P, act at a point, O, in the direction OP (Fig. 50) 
and let us suppose the point, O, to move into any other position, A, 
very near 0. If @ be the angle between the direction, OP, of the 
force and the direction, OA, of the displacement of the point of appli- 
cation, then the product, P- OA cos 6, is called the work done by the 
force. If we drop a perpendicular, AW, on OP, the work done by the 
force is also equal to the product P-ON, where OW is to be esti- 
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mated as positive when in the direction of the iorce. If several forces 
act, the work done by each can be found in the same way ; and the 
sum of all these is the work done by the whole system of forces, 

It appears from this that the work done by any force during an 
infinitesimal displacement of the point of application, is the product 
of the resolved part of the force in the direction of the displacement 
mto the displacement ; and this is the same as the virtual moment of 
the force, which has been described in Art. 101. In Statics we are 
concerned only with the small hypothetical displacement whivh we 
give the point of application of the force in applying the principle of 
virtual velocities. But in Kinetics the bodies are in motion; the 
force actually displaces its point of application in such a mauner that 
the displacement has a projection along the direction of the force. If 
@s denote the projection of any elementary arc of a curve along the 
direction of P, the work done by P in this displacement is Pds. The 
sum of all these elements of work done by P in its motion over a 
finite space is the whole work found by taking the integral of Pds 
between proper limits. 

Hence generally, if s be an arc of the path of a particle, P the 
tangential component of the forces which act on it, the work done on 
the particle between any two points of its path is 


J Pas, (1) 


the integral being taken between limits corresponding to the initial 
and final positions of the particle. 


213. Work on an Inclined Plane.—Let « be the 
inclination of the plane to the horizon, W the weight 
moved, s the distance along the plane through which the 
weight is moved. Resolve W into two components, one 
along the plane and the other perpendicular to it; the 
former, W sin «, is the component which resists motion 
along the plane. Hence the amount of work required to 
draw the weight up the plane = W sinea-s = Wxthe 
vertical height of the plane; 7. ¢., the amount of work 
required is unchanged by the substitution of the oblique path 
for the vertical. Hence the work in moving a body up an 
inclined plane, without friction, is equal to the product of 
the weight of the body the vertical height through which 
tt-ts ravsed. 


as 
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Cor. 1.—If the plane be rough, let » = the coefficient 
of friction ; then since the normal component of the weight 
is W cos a, the resistance of friction is » W cos « (Art. 92). 
The work required consists of two parts, (1) raising the 
weight along the plane, and (2) overcoming the resistance 
of friction along the plane, the former = W sin e& - s, and 
the latter is ~W cos a+s. Hence the whole work necessary 
to move the weight up the plane 1s 


W (sin @ + pf COS @) s. (1) 


Since s sin @ represents the vertical height through 
which the weight is raised, and s cos @ the horizontal space 
through which it is drawn, this result may be stated thus: 
The work expended is the same as that which would be 
required to raise the weight through the vertical height of 
the plane, together with that which would be required to 
draw the body along the base of the plane horizontally 
against friction. 


Cor. 2.—If a body be dragged through a space, s, down 
an inclined plane, which is too rough for the body to slide 
down by itself, the work done is 


W (u cos @ — sin @) s. (2) 


Cor. 3.—If h = the height of the inclined plane, and 

b = its horizontal base, then the work done against gravity 

to move the body up the plane = Wh; and the work done 

against friction to move the body along the plane, suppos- 

ing it to be horizontal, = ubW. Hence (Cor. 1) the total 
work done is 

Wh + poW. (3) 


If the body be drawn down the plane, the total work 
expended (Cor. 2) is 
— Wh + wbW. (4) 
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If in (4) the former term is greater than the latter, 
gravity does more work than what is expended on friction, 
and the body slides down the plane with accelerated 
velocity. 


Scu. 1.—If the inclination of the plane is small, as it is 
in most cases which occur in practice, as in common roads 
and railroads, cos « may without any important error be 
taken as equal to unity, and the expression for the work 
becomes (Cors. 1 and 2) 


W (us + s sin @), : (5) 


the upper or lower sign being taken according as the body 
is dragged up or down the plane. ; 


Scu. 2.—If the inclination of the plane is small, as in 
the case of railway gradients, the pressure upon the plane 
will be very nearly equal to the weight of the body; and 
the total work in moving a body along an inclined plane 
will be from (3) and (4), 


WW + Wh, (6) 


where plW is the work due to friction along the plane 
of length 7, and Wh is the work due to gravity, the proper 
sign being taken as in (5). — 


EXAMPLES.* 


1. How much work is done in lifting 150 and 200 lbs. 
through the heights of 80 and 120 ft. respectively. 


The work done = 150 x 80 + 200 x 120 
= 36000 foot-pounds, Ans. 


2. A body weighing 500 lbs. slides on a rough horizontal 
plane, the coefficient of friction being 0.1; how much work 
must be done against friction to move the body over 
100 ft.? 
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Here the friction is a force of 50 lbs. acting directly 
opposite to the motion ; hence the work done against fric- 
tion to move the body over 100 ft. is 

50 x 100 = 5000 foot-pounds, Ans. 


3. A train weighs 100 tons; the total resistance is 8 lbs. 
per ton; how much work must be expended in raising it 
to-the top of an inclined plane a mile long, the inclination 
of the plane being 1 vertical to 70 horizontal. 


Here the work done against friction (Sch. 2) 
= 800 x 5280 = 4224000 foot-pounds, 
and the work done against gravity 
= 224000* x 5280 x y = 16896000 foot-pounds, 
go that the whole work = 21120000 foot-pounds. 


4. A train weighing 100 tons moves 30 miles an hour 
along a horizontal road; the resistances are 8 lbs. per ton; 
find the quantity of work expended each hour. 

Ans. 126720000 foot-pounds. 


5. If 25 cubic feet of water are pumped every 5 minutes 
from a mine 140 fathoms deep, required the amount -of 
work expended per minute, a cubic foot of water weighing 
624 lbs. Ans. 262500 foot-pounds. 


6. How much work is done when an engine weighing 
10 tons moves half a mile ona horizontal road, if the 
total resistance is 8 lbs. per ton. 

Ans. 211200 foot-pounds. 


_% Ifa weight of 1120 lbs. be lifted up by 20 men, 20 ft. 
high, twice in a minute, how much work does each man 
do per hour ? Ans. 134400 foot-pounds. 


* One ton being 2240 lbs. unless otherwise stated. 
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8. A body falls down the whole length of an inclined 
plane on which the» coefficient of friction is 0.2. The 
height of the plane is 10 ft. and the base 30 ft. On reach- 
ing the bottom it rolls horizontally on a plane, having the 
same coefficient of friction. Find how far it will roll. 

Ans. 20 ft. 


9. How much work will be required to pump 8000 eubic 
feet of water from a mine whose depth is 500 fathoms. 
Ans. 1500000000 foot-pounds. 


10. A horse draws 150 lbs. out of a well, by means of a 
rope going over a fixed pulley, meving at the rate of 
2$ miles an hour; how many units of work does this horse 
perform a minute, neglecting friction. 

Ans. 33000 units of work. 


214. Horse Power.—It would be inconvenient to 
express the power of an engine in foot-pounds, since this 
unit is so small; the term Horse Power is therefore used 
in measnring the performance of steam engines. From 
experiments made by Boulton and Watt it was estimated 
that a horse could raise 33000 Ibs. vertically through one 
foot in one minute. This estimate is probably too high on 
the average, but it is still retained. Whether it is greater 
or less than the power of a horse it matters littie, while it 
is a power so well defined. A Horse Power therefore means 
a power which can perform 33000 foot-pounds of work in a 
minute. Thus, when we say that the actual horse power 
of an engine is ten, we mean that the engine is able to per- 
form 330000 foot-pounds of work per minute. 


It has been estimated that 2 of the 33000 foot-pounds would be 
about the work of a horse of average strength. A mule will perform 
2 the work of a horse. An ass will perform about 4 the work of a 
horse. A man will do about 1; the work of a horse, or about 3300 
units of work per minute. See Evers’ Applied Mech’s; also Byrne’s 
Practical Mech’s. i 


396 WORK OF RAISING A SYSTEM OF WEIGHTS. 


215. Work of Raising a System of Weights.— 
Let P, Q, R, be any three weights at the distances, p, q, 
r, respectively above a fixed horizontal plane. Then [Art. 
59 (3)] or (Art. 73, Cor. 3), the distance of the centre of © 
gravity of P, Q, R, above this fixed horizontal plane is 


Pp + Q9 + Rr (1) 
P+Q+Rh 


Now suppose that the weights are raised vertically 
through the heights a, 0, c, respectively. Then the dis- 
tance of the centre of gravity of the three weights, in the 
new position, above the same fixed horizontal plane is 


P(pt+ay+Q(q+5+R(r+eo) (2) 
Late Ee yaely 


Subtracting (1) from (2), we have 


Pa+ Qb+ Re (3) 
PA Ota 


for the vertical distance between the two positions of the 
centre of gravity of the three bodies. 

Now the work of raising vertically a weight equal to the 
sum of P, Q, &, through the space denoted by (3) is the 
product of the sum of the weights into the space, which is 


Pa+ Qb + Re, (4) 


but (4) is the work of raising the three weights P, Q, R, 
through the heights a, 6, c, respectively. In the same way 
this may be shown for any number of weights. 


Hence when several weights are raised vertically through 
different heights, the whole work done is the same as that of 
raising a weight equal to the sum of the weights vertically 
Srom the first position of their centre of gravity to the last 
position. (See Todhunter’s Mech’s, p. 338.) 
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I. How many horse-power would it take to raise 3 cwt | 
of coal a minute from a pit whose depth is 110 fathoms? 


Depth = 110 x 6 = 660 feet. 
3 cwt. = 112 x 3 = 336 lbs. 
Hence the work to be done in a minute 
= 660 x 336 = 221760 foot-pounds. 
Therefore the horse-power 
= 221760 + 33000 = 6.72, Ans. 


2. Find how many cubic feet of water an engine of 
40 horse-power will raise in an hour from a mine 80 
fathoms deep, supposing a cubic foot of water to weigh 
1000 ozs. 


Work of the engine per hour = 40 x 33000 x 60 foot- 
pounds. 

Work expended in raising one cubic foot of water 
through 80 fathoms = 142° x 80 x 6 = 30000 foot- 
pounds. 

Hence the number of cubic feet raised in an hour 


= 40 x 33000 x 60 + 30000 = 2640, Ans. 


3. Find the horse-power of an engine which is to move 
at the rate of 20 miles an hour up an incline which rises 
1 foot in 100, the weight of the engine and load being 
60 tons, and the resistance from friction 12 lbs. per ton. 

The horizontal space passed over in a minute = 1760 ft. ; 
the vertical space is one-hundredth of this = 17.60 ft. 
Hence from (6) of Art. 213, we have 


12 x 1760 x 60 + 60 x 2240 x 17.6=1760 x 2064 foot-pounda, 
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Therefore the horse-power 
= 1760 x 2064 + 33000 = 110.08, Ans. 


4, A well is to be dug 20 ft. deep, and 4 ft. in diameter ; 
find the work in raising the material, supposing that a 
cubic foot of it weighs 140 lbs. 


Here the weight of the materia] to be raised 
= 47 x 20 x 140 = 140 x 807 lbs. 


The work done is equivalent to raising this through the 
height of 10 ft. (Art. 215). Hence the whole work 


= 140 x 807 x 10 = 1120007 foot-pounds, Ans. 


5. Find the horse-power of an engine that would raise 
'T tons of coal per hour from a pit whose depth is a 
fathoms. 


T x 2240 x ax 6 


Work per minute = 50 — = 224aT; 
224aT 
the horse-power = 33000’ Ans. 


6. Required the work in raising water from three different 
levels whose depths are a, 0, c fathoms. respectively ; from 
the first A, from the second B, from the third 0, cubic 
feet of water are to be raised per minute. 


Work in raising water from the first level 
= 62.5 A Xo0 % Oyo oes 
and so on for the work in the other levels ; . 
work per min. = 375 (A-a+ B-b+4 (-c) boot ponnige 


?. Find the horse-power of an engine which draws a 
toad of 7’ tons along a level road at the rate of m miles 
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an hour, the friction being p pounds per ton, all other 
resistances being neglected. 
Work of the engine per minute 


5280 m 


= Tp 60 


= 88 Tpm. 


88 Tpm — 8 Tpm 
33000 ~~ 3000 ’ 


re ge Ans 
8. Required the number of horse-power to raise 2200 


cubic ft. of water an hour, from a mine whose depth is 63 
fathoms. Ans. 264. 


9. What weight of coal will an engine of 4 horse-power 
raise in one hour from a pit whose depth is 200 ft. ? 
Ans. 39600 Ibs. 


10. In what time will an engine of 10 horse-power raise 
5 tons of material from the depth of 132 ft.? 
Ans. 4-48 minutes. 


11. How many cubic feet of water will an engine of 36 
horse-power raise in an hour from a mine whose depth is 40 
fathoms ? Ans. 4752 cubic feet. 


12. The piston of a steam engine is 15 ins. in diameter ; 
its stroke is 24 ft. long; it makes 40 strokes per minute ; 
the mean pressure of the steam on it is 15 lbs. per square 
inch; what number of foot-pounds is done by the steam 
per minute, and what is the horse-power of the engine ? 

Ans. 265072-5 foot-pounds ; 8-03 H.-P. 


13. A weight of 14 tons is to be raised from a depth of 
50 fathoms in one minute; determine the horse-power of 
the engine capable of doing the work. 

. Ans. 30-8, H.-P. 


* The letters H.-P. are often used as abbreviations of the words horse-power. .- 
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14, The resistance to the motion of a certain~bedyis. 
440 lbs; how many. foot-pounds must be expended in 
making this body move over 30 miles in one hour? What 
must be the horse-power of an engine that does we same 
number of foot-pounds in the same time ? 

Ans. 69696000 foot-pounds; 354 H.-P. 


15. An engine draws a load of 60 tons at the rate of 20 
miles an hour; the resistances are at the rate of 8 lbs. per 
ton ; find the horse-power of the engine. Ans, 25-6. 


16. How many cubic feet of water will an engine of 256 
horse-power raise per minute from a depth of 200 fathoms? 
Ans. 110 cubic ft. 


17. There is a mine with three shafts which are respec- 
- tively 300, 450, and 500 ft. deep; it is required to raise 
from the first 80, from the second 60, from the third 40 
cubic ft. of water per minute; find the horse-power of the 
engine. Ans. 13434. 


216. Modulus* of a Machine.—The whole work per- 
formed by a machine consists of two parts, the wseful work 
and the lost work. The useful work is that which the 
machine is designed to produce, or it is that which is 
employed in overcoming useful resistances ; the lost work 
is that which is not wanted, but och is unavoidably 
produced or it is that which is spent in overcoming waste- 
ful resistances. or instance in drawing a train of cars, the 
useful work is performed in moving the train, but the lost 
work is that which is done in overcoming the friction of 
the train, the resistance of gravity on up grades, the resist- 
ance of the air, etc. The work applied to a machine is 
equal to the whole work done by the machine, both useful 
and lost, therefore the useful work is always less than the: 
work applied to the machine. | 


* Sometimes called Efficiency. (Art. 108.) 


EXAMPLES. 401°. 


The Modulus of a machine is the ratio of the useful work 
done to the work applied. Thus, if the work applied to an» 
engine be 40 horse-power, and the engine delivers only 30 
horse-power, the modulus is 3, 7. e., one-quarter of the work 
applied to the machine is lost by friction, ete. 

Let W be the work applied to the machine, W, the use- 
ful work, and m the modulus. Then we have from the 
_ above definition 
W, 


If a machine were perfect, 1. ¢., if there were no lost work, 
the modulus would be unity; but in every machine, some 
of the work is lost in overcoming wasteful resistances, 
so that the modulus is always less than unity ; and it is of 
course the object of inventors and improvers to bring this 
fraction as rear to unity as possible. 


BXAMPLES. 


1. An engine, of N effective horse-power, is found to 
pump A cubic ft. of water per min., from a mine a fathoms 
deep; find the modulus of the pumps. 


Work of the engine per min. = 33000 JW H.-P. 
The useful work, or work expended in pumping water, 
= 62-5A x 6a = 375 A-a; 
hence from (1) we have 


375 A-a Ava 
33000 N88 NV’ 


2. There were A cubic ft. of water in a mine whose depth 
is a fathoms, when an engine of NV horse-power began to 
work the pump; the water continued to flow into the mine 
at the rate of B cubic ft. per minute; required the time 


hil = Ans. 
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in which the mine would be cleared of water, the modulus — 
of the pump being m. 

Let z = the number of minutes to clear the mine sae 
water. Then 


weight of water to be pumped = 62-5 (A 4+ Bz); 
work in pumping water = 375a(A + Bz) foot-pounds ; 
effective work of the engine = m- V-33000z ; 


33000 m Na = 3%5a(A + Bz) ; 


A-a 


i SomeN Hea ae 


3. An engine has a 6 foot cylinder; the shaft makes 30 
revolutions per minute; the average steam pressure is 25 
lbs. per square inch ; required the horse-power when the 
area of the piston is 1800 square inches, the modulus of 
the engine being 44. 

Work done in one minute = 1800 x 25 x 6 x 2 x 30 
foot-pounds. We multiply by twice the length of the 
stroke, because the piston is driven both up and down in 
one revolution of the shaft. 

The effective horse-power = 1800;25x42x30 x 41 


0 
== 450, Ans. 


4, The diameter of the piston of a steam engine is 60 
ins.; it makes 11 strokes per minute; the length of each 
stroke is 8 ft.; the mean pressure per square in. is 15 lbs.; 
required the number of cubic ft. of water it will raise per 
hour from a depth of 50 fathoms, the modulus of the 
engine being 0-65. 


The number of foot-pounds of useful work done in one hour and 
spent in raising water = 7 x 80? x 8x 15 x 11 x 60 x 0° 65, therefore, etc. 


Ans. %V%63 cubic ft. 
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5. An engine is required to pump 1000000 gallons of 
water every 12 hours, from a mine 132 fathoms deep ; find 
the horse-power if the modulus be 13, and a gallon of 
water weighs 10 lbs. Ans. 3634 H.-P. 


6. What must be the horse-power of an engine working 
e hours per day, to supply » families with g gallons of 
water each per day, supposing the water to be raised to the 
mean height of / feet, and that a gallon of water weighs 10 
lbs., the modulus being mm. ve ngh 
~~" 198000 em 


7. Water is to be raised from a mine at two different 
levels, viz., 50 and 80 fathoms, from the former 30 cubic ft., 
and from the latter 15 cubic ft. per minute ; find the horse- 
power of the machinery that will be required, assuming 
the modulus to be 0-6. Ans. 51-14 H.-P. 


8. The diameter of the piston of an engine is 80 ins., the 
mean pressure of the steam is 12 IJbs. per square inch, the 
length of the stroke is 10 ft., the number of strokes made 
per minute is 11; how many cubic ft. of water will it raise 
per minute from a depth of 250 fathoms, its modulus being 
0-6? Ans. 42-46 cubic ft. 


9. If the engine in the last example had raised 55 cubic 
ft. of water per minute from a depth of 250 fathoms, what. 
would have been its modulus? Ans. 0-V771. 


10. How many strokes per minute must the engine in 
Ex. 8 make in order to raise 15 cubic ft. of water per 
minute from the given depth ? Ans. 4. 


11. What must be the length of the stroke of an engine 
whose modulus is 0-65, and whose other dimensions and 
conditions of working are the same as in Ex. 8, if they both 
do the same quantity of useful work ? Ans. 9-23 ft. 
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217. Kinetic and Potential Energy. Stored 
Work.— The energy of a body means its power of doing 
work ; and the total amount of energy possessed by the body 
is measured by the total amount of work which it is capable 
of doing in passing from its present condition to some 
standard condition. 


Every moving body possesses energy, for it can be made 
to do work by parting with its velocity. The velocity of 
the body may be used for causing it to ascend vertically 
against the attraction of the earth, 7. e., todo work against 
the resistance of gravity. A cannon ball in motion can 
penetrate a resisting body; water flowing against a water- 
wheel will turn the wheel; the moving air drives the ship 
through the water. Wherever we find matter in motion 
we have a certain amount of energy. 

Energy, as known to us, belongs to one or the other of 
two classes, to which the names kinetic* energy and 
potential energy are given. 

Kinetic energy is energy that a body possesses in virtue of 
its being in motion. It is energy actually in use, energy 
that is constantly being spent. The energy of a bullet in 
motion, or of a fly-wheel revolving rapidly, or of a pile- 
driver just before it strikes the pile, are examples of kinetic 
energy. The work done by a force on a body free to move, 
exerted through a given distance, is always equal to the 
corresponding increase of kinetic energy [Art. 189 (3)]. If 
amass, m, is moving with a velocity, v, its kinetic energy 
is mv? [(3) of Art. 189]. If this velocity be generated by a 
constant force, P, acting through a space, s, we have, 
(Art. 211) 

Ps = Ame; (1) 


that is, the work done on the body is the exact equivalent 
of the kinetic energy, and the kinetic energy is recon- 


* Called also actual energy, or energy of motion. 
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yertible into the work; and the exact amount of work 
which the mass m, with a velocity v, can do against resist: 
ance before its motion is completely destroyed is 4mv% 
This is called stored work,* and is the amount of work that . 
any opposing force, P, will have to do on the body before 
bringing it to rest. Thus, when a heavy fly-wheel 1s in 
rapid motion, a considerable portion of the work of the 
engine must have gone to produce this motion ; and before 
the engine can come to a state of rest all the work stored 
up in the fly-wheel, as well as in the other parts of the 
machine, must be destroyed. In this way a fly-wheel acts 
as a reservoir of work. : 

If a body of mass m, moving through a space s, change 
its velocity from v to v, the work done on the body as it 
moves through that space, (Art. 189), is 


gin (v® — 147). (2) 


If the body is not perfectly free, 7. ¢., if there is one force 
urging the body on, and another force resisting the body, 
the kinetic energy, $v, gives the excess of the work done 
by the former force over that done by the latter force. 
Thus, when the resistance of friction is overcome, the 
moving forces do work in overcoming this resistance, and 
all the work done, in eavcess of that, is stored in the moving 
mass. 

Potential energy is energy that a body possesses in virtue 
of its position. The energy of a bent watch-spring, which 
does work in uncoiling; the energy of a weight raised 
above the earth, as the weight of a clock which does work 
in falling ; the energy of compressed air, as in the air-gun, 
or in an air-brake on a locomotive, which does work in 
expanding; the energy of water stored in a mill-dam, and 
of steam in a boiler, are all examples of potential energy. 


* Called also accumulated work, See Todhunter’s Mechs., also stored energy and 
not work. Browne’s Mechanics, p. 178. 
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Such energy may or may not be called into action, it may 
be dormant for years; the power exists, but the action will 
begin only when the weight, or the water, or the steam is 
released. Hence the word potential, is significant, as 
expressing that the energy is in existence, and that a new 
power has been conferred upon it by the act of raising or 
confining it. 

For example suppose a weight of 1 lb. be projected 
vertically upwards with a velocity of 32-2 ft. per second. 
The energy imparted to the body will carry it to a height 
of 16-1 ft., when it will cease to have any velocity. The 
whole of its kinetic energy will have been expended; but 
the body will have acquired potential energy instead ; 7. e., 
the kinetic energy of the body will all have been converted 
into potential energy, which, if the weight be lodged for 
any time, is stored up and ready to be freed whenever the 
body shall be permitted to fall, and bring it back to its 
starting point with the velocity of 32-2 ft. per second; and 
thus the body will reacquire the kinetic energy which it 
originally received. Hence kinetic energy and potential 
energy are mutually convertible. 

Let # be the height through which a body must fall to 
acquire the velocity v, m and W the mass and weight, 
respectively. Then since v? = 2gh, we have, for the stored 
work, ; 

im? = ae = Le 2gh = Wh. (3) 
Hence we may say that the work stored in’ a moving body 
is measured by the product of the weight of the body into the 
height through which it must fall to acquire the velocity. 


% 
SE OCA MP ES. 


1. Let a bullet leave the barrel of a gun with the velocity 
of 1000 ft. per second, and suppose it to weigh 2 ozs.; find 
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the work stored up in the bullet, and the height from which 
~ it must fall to acquire that velocity. 
Here we have from (3) for the stored work 


as 
Tx tty (1000) = Wa 


= 1941 foot-pounds, 
= 15528 feet. 


2. A ball weighing w lbs. is projected along a horizontal 
plane with the velocity of v ft. per second ; what space, s, 
will the ball move over before it comes to a state of rest, 
the coefficient of friction being f? 

Here the resistance of friction is fw, which acts directly 
opposite to the motion, therefore the work done by friction 
while the body moves over s feet = fws; the work stored 

2 
up in the ball = 4mv? = a7 ; therefore from (1) we have 
ve. . el 


Ws => os. Sos —— 
f 2g” 2of 


3. A railway train, weighing 7’ tons, has a velocity of v 
ft. per second when the steam is turned off ; what distance, 
s, Will the train have moved on a level ls whose friction 
is p lbs. per ton, when the velocity is v, ft. per second ? 

Here the work done by friction = p7s; hence from (2) 


we have 
OIPIN DY ef ft 


(% — %") 3 


_ 1120 (vo? — 9,2). 
x gp 
4. A train of Z tons descends an incline of s ft. in 


length, having a total rise of / ft.; what will be the velocity, 
v, acquired by the train, the friction being p lbs. per ton? 


oe 
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(Here we have (Art. 213, Sch. 2), the work done on thu 
train = the work of gravity — the work of friction . 


= 2240 Th — pTs; g 
which is equal to the work stored up in the train. Henice 


Tyy2 
ae — 2240 Th — pTs3 


v = V 2h — reaps. 


5. If the velocity of the train in the last example be 
Vy ft. per second when the steam is turned off, what will be 
its velocity, v, when it reaches the bottom of the incline? 


Ans. v = V9? + 2gh — tPsngps. 


6. A body weighing 40 lbs. is projected along a rough 
horizontal plane with a velocity of 150 ft. per sec.; the 
coefficient of friction is 4; find the work done against 
friction in five seconds. Ans. 3500 foot-pounds. 


%. Find the work accumulated in a body which weighs 
300 Ibs. and has a velocity of 64 ft. per second. 
Ans. 19200 foot-pounds. 


218. Kinetic Energy of a Rigid Body revolving 
round an Axis.—Let m be the mass of any particle of 
the body at the distance 7 from the axis, and let » be the 
angular velocity, which will be the same for every particle, 
since the body is rigid; then the kinetic energy of m = 
4m (re), The kinetic energy of the whole body will be 
found by taking the sum of these expressions for every 
particle of the body. Hence it may be written 


2 
3 pre? = = = mr. Q) 
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X mr? is galled the moment of inertia of the body about the 
axis, and will be explained in the next chapter. 

Hence the kinetic energy of any rotating body = 41%, 
where 1 ts the moment of inertia round the axis, and w the 
angular velocity. 

In the case of a fly-wheel, it is sufficient in practice to 
treat the whole weight as distributed uniformly along the 
circumference of the circle described by the mean radius 
of the rim. Let r be this radius; then the moment of 
inertia of any particle of the wheel = mr?, and the moment 
of inertia of the whole wheel = Mr?, where WM is the total 


2 
mass. Hence, substituting in (1) we have 5 Ur, which 


is the kinetic energy of the fly-wheel. 


EXAMPLES. * 


1. Two equal particles are made to revolve on a vertical 
axis at the distances of a and 6 feet from it; required the 
point where the two particles must be collected so that the 
work may not be altered. 


Let m = the mass of each particle, & = the distance of 
the required point from the axis, and » = the angular veloc- 
ity; then we have 


Work stored in both particles = 4m (aw)? + 4m (bw)? ; 
Work stored in both particles collected at point = m (ka)?; 
m (kw)? = 4m (aw)? + $n (bo)?; 
k= V4(@ + P). 


This point is called the centre of gyration. (See next 
chapter.) 


2. The weight of a fly-wheel is w lbs., the wheel makes 
n revolutions per minute, the diameter is 2r feet, diameter 
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of axle a inches, and the coefficient of friction on the axle 
f; how many revolutions, z, will the wheel make before it 
stops ? 


2 
Work stored in the wheel = & a) 7, 
2g \ 60 


w mney? 
2g 900 
Work done by friction in 2 revolutions 


TH 


and when the wheel stops, we have 


Fi ee eee 
12° ~ 2g 900’ 
od 


Oo eta L50fag’ 


3. Required the number of strokes, 7, which the fly-wheel 
in the last example, will give to a forge hammer whose 
weight is W lbs. and lift 2 feet, supposing the hammer to 
make one lift for every revolution of the wheel. 


Here the work due to raising hammer = Waza. ee SC 


Ww m2)? 


SB 150g (12Wh + ra fw) 


4, The weight of a fly-wheel is 8000 lbs., the diameter 
20 feet, diameter of axle 14 inches, coefficient of friction 
0.2; if the wheel is separated from the engine when mak- 
ing 27 revolutions per minute, find how many revolutions 
it will make before it stops (g taken = 32.2). 

Ans. 16.9 revolutions. 
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219. Force of a Blow.—In order to express the 
amount of force between the face of a hammer, for in- 
stance, and the head of a nail, we must consider what 
weight must be laid upon the head of the nail to force it 
into the wood. <A nail requires a large force to pull it out, 
when friction alone is retaining it, and to force it in must 
of course require a still larger force. 

Now the head of the hammer, when it delivers a blow 
upon the head of the nail, must be capable of developing a 
force equal for a short time to the continued pressure that 
would be produced by a very heavy load. Hence, the effect 
of the hammer may be explained by the principles of energy. 
When the hammer is in motion it has a quantity of kinetic 
energy stored up in it, and when it comes in contact with 
the nail this energy is instantly converted into work which 
forces the nail into the wood. 


EXAMPLES. 


1. Suppose that a hammer weighs 1 1b., and that it is 
impelled downwards by the arm with considerable force, so 
that, at the instant the head of the hammer reaches the 
nail, it is moving with a velocity of 20 ft. per second ; find 
the force which e hammer exerts on the nail if it is 
driven into the wood one-tenth of an inch. 


Let P be the force which the hammer exerts on the nail, 
then the work done in forcing the nail into the wood = 
P x x4, and the energy stored up in the hammer 


: 2 
— 4mv? = = =——aQnes 


Since the work done in forcing the nail into the wood 
must be equal to all the work stored in the hammer, (Art. 
217), we have 


F 62; ., P= 144 lbs 
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Hence the force which the hammer exerts on the head of 
the nail is at least 744 lbs. 


2. If the hammer in the last example forces the nail into 
the wood only 0.01 of an inch, find the force exerted on 
the nail. Ans. 7440 lbs. 


Hence, we see that, according as the wood is harder, 7. ¢., accord 
ing as the nail enters less at each stroke, the force of the blow 
becomes greater. So that when we speak of the “ force of a blow,” 
we must specify how soon the body giving the blow will come to 
rest, otherwise the term is meaningless. Thus, suppose a ball of 
100 lbs. weight have a velocity that will cause it to ascend 1000 ft.; 
if the ball is to be stopped at the end of 1000 ft., a force of 100 Ibs. 
will doit; but if it is to be stopped at the end of one foot, it will 
need a force of 100000 Ibs. to do it; and to stop it at the end of one 
. inch will require a force of 1200000 Ibs., and so on. 


220. Work of a Water-Fall.—When water or any 
_body falls from a given height, it is plain that the work 
which is stored up in it, and which it is capable of doing, is 
equal to that which would be required to raise it to the 
height from which it has fallen; 7. ¢, if 1 lb. of water 
descend through 1 foot it must accumulate as much work 
as would be required to raise it through 1 foot. Hence 
when a fall of water is employed to drive a water-wheel, or 
any other hydraulic machine, whose modulus is given, the 
work done upon the machine is equal to the weight of the 
water in pounds x its fall in feet x the modulus of the 
machine. 


En SAS MOP EES 


1. The breadth of a stream is 6 feet, depth a feet, mear 
velocity v feet per minute, and the height of the fall h feet ; 
find (1) the horse-power, WN, of the water-wheel whose 
modulus is m, and (2) find the number of cubic feet, A, 
which the wheel will pump per minute from the bottom of 
the fall to the height of A, feet. 
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Weight of water going over the fall per min. = 62.5 abv. 


Work of wheel per min. = 62.5 abvhm. (1) 
62.5 abvhm 
N= 33000 @) 


Work in pumping water per min. = 62.5 Ah,; 


which must = the work of the wheel per min.; hence 
from (1) we have 


62.5 Ah, = 62.5 abvhm; 


abvhm 
2 hare (3) 


2. The mean section of a stream is 5 ft. by 2 ft.; its 
mean velocity is 35 ft. per minute ; there is a fall of 13 ft. 
on this stream, at which is erected a water-wheel whose 
modulus is 0.65 ; find the horse-power of the wheel. 

Ans. 5.6 H.-P. 


3. In how many hours would the wheel in Ex. 2 grind 
8000 bushels of wheat, supposing each horse-power to grind 
1 bushel per hour ? Ans. 14284 hours, 


4. How many cubic feet of water must be made to 
descend the fall per minute in Ex, 2, that the wheel may 
grind at the rate of 28 bushels per hour ? . 

Ans. 1750 cu. ft. 


5. Given the stream in Ex. 2, what must be the height 
of the fall to grind 10 bushels per hour, if the modulus of 
the wheel is 0.4 ? Ans. 37.7 feet. 


6. Find the useful horse-power of a water-wheel, sup- 
posing the stream to be 5 ft. broad and 2 ft. deep, and to 
flow with a velocity of 30 ft. per minute; the height of the 
fall being 14 ft., and the modulus of the machine 0.65. 

Ans. 5.2 nearly. 


Al4 EXAMPLES. 


221. The Duty of an Engine.— Zhe duty of an engine 
is the number of units of work which it 1s capable of doing 
by burning a given quantity of fuel.—lt has been found by 
experiment that, whatever may be the pressure at which 
the steam is formed, the quantity of fuel necessary to 
evaporate a given volume of water is always nearly the 
same; hence it is most advantageous to employ steam of ¢ 
high pressure.* 


In good ordinary engines the duty varies between 200000 and 
500000 units of work for a lb. of coal. The extent to which the 
economy of fuel may be carried is well illustrated by the engines em- 
ployed to drain the mines in Cornwall, England. In 1815, the 
average duty of these engines was 20 million units of work for a 
bushel} of coal; in 1843, by reason of successive improvements, the 
average duty had become 60 millions, effecting a saving of £85000 
per annum. It is stated that in the case of one engine, the duty was 
raised to 125 millions. The duty of the engine depends largely on 
the construction of the boiler; 1 1b. of coal in the Cornish boiler 
evaporates 111 lbs. of water, while in a differently-shaped boiler 8.7 
is the maximum.t 


EXAMPLES. 


1. An engine burns 2 lbs. of coal for each horse-power 
per hour ; find the duty of the engine for a lb. of coal. 


Here the work done in one hour 


= 60 x 33000 foot-pounds ; 


therefore the duty of the engine = 30 x 33000 foot-pounds, 
= 990000 foot-pounds. 


. How many bushels of coal must be expended in a 
aay of 24 hours in raising 150 cubic ft. of water pene minute 


* See Tate in Mechanics’ Magazine, in the year 1841. 


t One bushel of coal = 84 or 94 Ibs., depending upon where it is, Goodeve, 
p. 120. 


¢ Bourne on the Steam Engine, p. 171, and Fairbairn, Useful Information, 
p. 17 
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from a depth of 100 fathoms; the duty of the engine 
being 60 millions for a bushel of coal ? 
Ans. 135 bushels. 


3. A steam engine is required to raise 70 cubic ft. of 
water per minute from a depth of 800 ft.; find how many 
tons of coal will be required per day of 24 hours, supposing 
the duty of the engine to be 250000 for a lb. of coal. 

Ans. 9 tons. 


222. Work of a Variable Force.—When the force 
which performs work through a given space varies, the 
work done may be determined by multiplying the given 
space by the mean of all the variable forces. 


Let AG represent the space in units 
of feet through which a variable 
force is exerted. Divide AG into 
six equal parts, and suppose P,, P,, 

P,, etc., to be the forces in pounds ao ead pia 
applied at the points A, B, C, etc., é 
respectively. At these points draw the ordinates ¥,, Y, Y3, 
etc., te represent the forces which act at the points A, B, 
C, ete. Then the work done from A to B will be equal to 
the space, AB, multiplied by the mean of the forces P, 
and P,, 0. ¢., the work will be represented by the area of 
the surface AajB. In like manner the work done from 
. B to © will be represented by the area BdcC, and so 
on; so that the work done through the whole space, AG, 
by a force which varies continuously, will be represented by 
the area AagG. This area may be found approximately by 
the ordinary rule of Mensuration for the area of a curved 
surface with equidistant ordinates, or more accurately by 
Simpson’s* rule, the proof of which we shall now give. 


gb OG eas 


223. Simpson's Rule.—Let ¥,, Ys, ys, etc, be the 


* Although it was not invented by Simpson. See Todhunter. 
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equidistant ordinates (Fig. 89) and 7 the distance between 
any two consecutive ordinates; then by taking the sum of 
the trapezoids, AabB, BdcO, etc., we have for the area of 
AagG, 

HY. + Ye) + (Ye + Ys) + 37(Ys + Ya) + ete. 

= (Ys, + 22 + 2Y3 + 2Y4 + 2Y5 + 2Ye— + Y1)5 CL) 
which is the ordinary formula of mensuration. 


‘Now it is evident that when the curve is always concave 
to the line AG (1) will give too small a result, and if con- 
vex it will give too large a result. 


Let Fig. 90 represent the space between any two odd 
consecutive ordinates, as Ce and Ee (Fig. 89); divide CH 
into three equal perts, CK = KL = LE, k dj 


and erect the ordinates Kx and LI, dividing i ~ 
the two trapezoids CedD and DdeE into the E 
three trapezoids CckK, KklL, and LleE. pte 
The sum of the areas of these three trapezoids Fig.90 


= 40K (Ce + 2Kk + 2L1 + Ee) 
= 41 (Ce + 2Kk + 2L1 + He), (since {CK = 4CD = I) 
= 41(Ce + 4Do + Ke), (since 2K& + 2L1 = 4Do), = (2) 


which is a closer approximation for the area of CceK 
than (1). 


Now when the curve is concave towards CE, (2) is 
smaller than the area between CE and the curve ckdle; if 
we substitute for Do, the ordinate Dd, which is a little 
greater than Do and which is given, (2) becomes 


41(Co-+ 4Dd + Eo), (3) 


which is a still closer approximation than (2). 
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Similarly we have for the areas of AacC and EegG, 
41 (Aa + 4Bd + Ce), and 4/ (Ke + 4Ff + Gg). (4) 


Adding (3) and (4) together, we have for an pee 
value of the whole area, 


MES FYat 2 (Ys + Ys) + 4(Y2 + Ya + ¥6)], (5) 


which is Simpson’s Formula. Hence Simpson’s rule for 
finding the area approximately is the following: Divide the 
abscissa, AG, into an even number of equal parts, and erect 
ordinates at the points of division ; then add together the 
first and last ordinates, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
multiply the sum by one-third of the common distance 
between any two adjacent ordinates. (See Todhunter’s 
Mensuration, also Tate’s Geometry and Mensuration, also 
Morin’s Mech’s, by Bennett. ) 


EXAMPLES, 


1. A variable force has acted through 3 ft.; the value of 
the force taken at seven successive equidistant points, 
including the first and the last, is in lbs. 189, 151.2, 126, 
108, 94.5, 84, 75.6; find the whole work done. 

Ans. 346.4 foot-pounds, 


2. A variable force has acted through 6 ft.; the value of 
the force taken at seven successive equidistant points, 
including the first and the last, is in Ibs. 3, 8, 15, 24, 35, 
48, 63; find the whole work done, 

Ans. 162 foot-pounds. 


3. A variable force has acted through 9 ft.; the value of 
the force taken at seven successive equidistant points, 
including the first and the last, is in lbs. 6.082, 6.164, 
6.245, 6.325, 6.403, 6.481, 6.557; find the whole work done. 

Ans. 56.907 foot-pounds; 
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Should any of the ordinates become zero, it will not pre- 
vent the use of Simpson’s rule. 

Simpson’s rule is applicable to other investigations as 
well as to that of work done by a variable force. For 
example, if we want the velocity generated in a given time 
ima particle by a variable force, let the straight line AG 
represent the whole time during which the force acts, and 
let the straight lines at right angles to AG represent the 
force at the corresponding instants; then the area will 
represent the whole space described in the given time. 


EXAMPLES. 


1. The ram of a pile-driving engine weighs half a ton,* 
and has a fall of 17 ft.; how many units of work are per- 
formed in raising this ram ? Ans. 19040 foot-pounds. 


‘2. How many units of work are required to raise 7 cwt. 
of coal from a mine whose depth is 13 fathoms ? 
Ans. 61152 foot-pounds, 


3. A horse is used to lift the earth from a trench, whicb 
he does by means of a cord going over a pulley. He pulls 
up, twice every 5 minutes, a man weighing 130 lbs., and a 
barrowful of earth weighing 260 lbs. Each time the horse 
goes forward 40 ft.; find the units of work done by the 
horse per hour. Ans. 374400. 


4. A railway train of 7’ tons ascends an inclined plane 
- which has a rise of e ft. in 100 ft., with a uniform speed of 
m miles per hour; find the horse-power of the engine, the 
friction being p Ibs. per ton. 
mT (p + 22.4e) 
Ans, ——~—__— + 
AS ite 375 os 
5. A railway train of 80 tons ascends an incline which 
rises one foot in 50 ft., with the uniform rate of 15 miles 


-P. 


* One ton = 20 cwt. = 2240 Ibs. 
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per hour ; find the horse-power of the engine, the friction 
being 8 lbs. per ton. Ans. 168.96 H.-P. 


6. Ifa horse exert a traction of ¢ lbs., what weight, w, 
will he pull up or down a hill of small inclination which 
has a rise of ¢ in 100, the coefficient being f? 


Ans: w= _ 
100f +e 

7. From what depth will an engine of 22 horse-power 
raise 13 tons of coalin an hour? - Ans. 1496 ft. 


8, An engine is observed to raise 7 tons of material an 
hour from a mine whose depth is 85 fathoms; find the 
horse-power of the engine, supposing } of its woik to be 
lost in transmission. Ans. 4.8465 H.-P. 


9. Required the horse-power of an engine that would 
supply a city with water, working 12 hours a day, the 
water to be raised to a height of 50 ft.; the number of 
inhabitants being 130000, and each person to use 5 gallons 
of water a day, the gallon weighing 8} Ibs. nearly. 

Ans. 11.4 H.-P. 


10. From what depth will an engine of 20 horse-power 
raise 600 cubic feet of water per hour? Ans. 1056 feet. 


~ 11. At what rate per hour will an engine of 380 horse- 
power draw a train weighing 90 tons gross, the resistance 
being 8 Ibs. per ton ? Ans. 15.625 miles. 


—. 42. What is the gross weight of a train which an engine 
of 25 horse-power will draw at the rate of 25 miles an 
hour, resistances being 8 lbs. per ton? 

Ans. 46.875 tons. 


~~ 13. A train whose gross weight is 80 tons travels at the 
rate of 20 miles an hour; if the resistance is 8 lbs. 
per ton, what is the horse-power of the engine ? 

Ans. 34,% H.-P. 
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14. What must be the length of the stroke of a piston 
of an engine, the surface of which is 1560 square inches, 
which makes 20 strokes per minute, so that with a mean 
pressure of 12 lbs. on each square inch of the piston, the 
engine may be of 80 horse-power ? Ans. 7 ft. 


15. The diameter of the piston of an engine is 80 ins., 
the length of the stroke is 10 ft. it makes 11 strokes per 
minute, and the mean pressure of the steam on the piston 
is 12 lbs. per square inch ; what is the horse-power ? 

Ans, 201-06 H.-P. 


' 16. The cylinder of a steam engine has an internal 
diameter of 3 ft., the length of the stroke is 6 ft., it makes 
6 strokes per minute; under what effective pressure per 


square inch would it have to work in order that 75 horse-- iy i? 


power may be done on the piston ? Ans. 67-54 lbs. 


17%. It is said that a horse, walking at the rate of 24 miles 
an hour, can do 1650000 units of work in an hour; what 
force in pounds does he continually exert ? 

Ans. 125 lbs. 


“18. Find the horse-power of an engine which is to move 
at the rate of 30 miles an hour, the weight of the engine 
and load being 50 tons, and the resistance from friction 
16 lbs. per ton. Ans. 64 H.-P. 


19. There were 6000 cubic ft. of water in a mine whose 
depth is 60 fathoms, when an engine of 50 horse-power 
began to work the pump; the engine continued to work 5 
hours before the mine was cleared of the water ; required 
the number of cubic ft. of water which had run into the 


mine during the 5 hours, supposing } of the work of the 


engine to be lost by transmission. Ans. 10500 cubic ft. 


20. Find the horse-power of a steam engine which will 
raise 30 cubic ft. of water per minute from a mine 440 ft 


deep. Ans. 25 H-P, =? 


Ne 
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21. If a pit 10 ft. deep with an area of 4 square ft. be 
excavated and the earth thrown up, how much work will 
haye been done, supposing a cubic foot of earth to weigh 
90 lbs. Ans. 18000 ft.-lbs. 


22. A well-shaft 300 ft. deep and 5 ft. in diameter is full 
of water; how many units of work must be expended in 
getting this water out the well; (7. e, irrespectively of any 
other water flowing in)? Ans. 55223262 ft.-lbs. 


23. A shaft a ft. deep is full of water; find the depth of 
the surface of the water when one-quarter of the work 
required to empty the shaft has been done. Ane oe 

. 9 le 


24, The diameter of the cylinder of an engine is 80 ins., 
the piston makes per minute 8 strokes of 104 ft. under a 
mean pressure of 15 lbs. per square inch; the modulus of 
the engine is 0-55; how many cubic ft. of water will it 
raise from a depth of 112 ft. in one minute? 

Ans. 485-78 cub. ft. 


25. Ifin the last example the engine raised a weight of 
66433 lbs. through 90 ft. in one minute, what must be the 


mean pressure per square inch on the piston ? 
Ans. 26-37 lbs. 


26. If the diameter of the piston of the engine in Ex. 24 
had been 85 ins., what addition in horse-power would that 


make to the useful power of the engine ? 
Ans. 13-28 H.-P. 


27. If an engine of 50 horse-power raise 2860 cub. ft. of 
water per hour from a mine 60 fathoms deep, find the 
modulus of the engine. Ans. +65. 


28. Find at what rate an engine of 30 horse-power could 
draw a train weighing 50 tons up an incline of 1 in 280, 
the resistance from friction being 7 Ibs. per ton. 

Ans. 1320 ft. per minute. 
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29. A forge hammer weighing 300 lbs. makes 100 lifts a 
minute, the perpendicular height of each lift being 2 ft.; 
what is the horse-power of the engine that gives motion to 
20 such hammers ? Ans. 36-36 H.-P. 


30. An engine of 10 horse-power raises 4000 lbs. of coal 
from a pit 1200 ft. deep in an hour, and also gives motion 
to a hammer which makes 50 lifts in a minute, each lift 
having a perpendicular height of 4 ft.; what is the weight 
of the hammer ? Ans. 1250 lbs. 


31. Find the horse-power of the engine to raise 7’ tons of 
coal per hour from a pit whose depth is a fathoms, and at 
the same time to give motion to a forge hammer weighing 
w lbs., which makes x lifts per minute of / ft. each. 

| 224aT + nhw 
ANS 33000 

32. Find the useful work done by a fire engine per 
second which discharges every second 13 lbs. of water with 
a velocity of 50 ft. per second. Ans. 508 nearly. 


H.-P. 


33. A railway truck weighs m tons; a horse draws it 
along horizontally, the resistance being ” lbs. per ton; in 
passing over a space s the velocity changes from w to v; 
find the work done by the horse in this space. 

Was 2240m » 
2g 

34. The weight of a ram is 600 lbs. and at the end of 
the blow has a velocity of 324 ft.; what work has been 
done in raising it ? Ans. 9650. 


(v? — w®) + mns. 


+35. Required the work stored in a cannon ball whose 
weight is 324 Ibs., and velocity 1500 ft. Ans. 1125000. 


36. A ball, weighing 20 lbs., is projected with a velocity 
of 60 ft. a second, on a bowling-green ; what space will the 
ball move over before it comes to rest, allowing the friction 
to be zy the weight of the ball? Ans. 1007-3 ft. 
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37, A train, weighing 193 tons, has a velocity of 30 
miles an hour when the steam is turned off; how far will 
the train move on a level rail before coming to rest, the 
‘riction being 54 Ibs. per ton ? Ans. 12256 ft. 


38. A train, weighing 60 tons, has a velocity of 40 miles 
an hour, when the steam is turned off, how far will it 
ascend an incline of 1 in 100, taking friction at 8 lbs. a ton? 

Ans. 39424 ft. 


39. A carriage of 1 ton moves on a level rail with the 
speed of 8 ft. a second; through what space must the 
carriage move to have a velocity of 2 ft., supposing friction 
to be 6 lbs. a ton? Ans. 348 ft. 


40. If the carriage in the last example moved over 400 
feet before it comes to a state of rest, what is the resistance 
of friction per ton ? Ans. 5.57 lbs. 


41. A force, P, acts upon a body parallel to the plane; 
tind the space, s, moved over when the body has attained a 
given velocity, v, the coefficient of friction being f, and the 
body weighing w lbs. sap eee 

ANS 5 = OG E re) 

42. Suppose the body in the last example to be moved 
for £ seconds ; required (1) the velocity, v, acquired, and 
(2) the work stored. 

Es 
dns, (1) =P, ey POEs 

43. A body, weighing 40 me is projected ae a rough 
horizontal plane with a velocity of 150 ft. per second ; the 
coefficient of friction is 4; find the work done against fric- 
tion in 5 seconds. Ans, 3500 foot-pounds. 


44. A body weighing 50 lbs., is projected along a rough 
horizontal plane with the velocity of 40 yards per second ; 
nad the work expended when the body comes to rest. 

Ans. 11250 ft.-lbs, 


ake eee EXAMPLES. 


45. If a train of cars weighing 100000 lbs. is moving ox 
a horizontal track with a velocity of 40 miles an hour when 
the steam is turned off; through what space will it move 
before it is brought to rest by friction, the friction being 
8 lbs. per ton ? Ans. 18374.8 ft. 


46. What amount of energy is acquired by a body weigh 
ing 30 lbs. that falls through the whole length of a rough 
inclined plane, the height of which is 30 ft., and the base 
100 ft., the coefficient of friction being 4 ? 

Ans. 300 ft-lbs. 


47. Ifa train of cars, weighing 7’ tons, ascend an incline 
having a raise of e ft. in 100 ft., with the velocity v, ft. per 
second when the steam is turned off; through what space, 
x, will it move before it comes to a state of rest, the friction 
being p lbs. per ton ? 1120v,? 


g (22.4e + p) - 


48. Suppose the train, in Ex. 4, Art. 217, to be attached 
to a rope, passing round a wheel at the top of the incline, 
which has an empty train of 7, tons attached to the other 
extremity of the rope; what velocity, v, will the train 
acquire in descending s ft. of the incline ? 


ey hae. 
WANS Vim = 4/ 2h TH T. = 190° 
49. An engine of 35 horse-power makes 20 revolutions 
per minute, the weight of the fly-wheel is 20 tons and the 
diameter is 20 ft.; what is the accumulated energy in foot- 
pounds? Ans, 307054. 


Ansa 


50. If the fly-whcel in the last example lifted a weight of 
4000 lbs. through 3 ft., what part of its angular velocity 
would it lose ? Ans. 2. 


51. If the axis of the above fly-wheel be 6 ins. in 
diameter, the coefficient of friction 0-075, what fraction, 
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approximately, of the 35 horse-power is expended in turn- 
ing the fly-wheel ? Ans. zy. 


52. In pile driving, 38 men raised a ram 12 times in an 
hour; the weight of the ram was 12 cwt., and the height 
through which it was raised 140 ft.; find the work done by 
one man in a minute. Ans. 990 ft.-lbs, 


53. A battering-ram, weighing 2000 lbs., strikes the 
head of a pile with a velocity of 20 ft. per second; how far 
will it drive the pile if the constant resistance is 10000 lbs.? 

Ans. 1.25 ft. 

54. A nail 2 ins. long was driven into a block by suc. 
cessive blows from a monkey weighing 5.01 Ibs.; after one 
blow it was found that the head of the nail projected 0-8 
of an inch above the surface of the block ; the monkey was 
then raised to a height of 1.5 ft., and allowed to fall upon 
the head of the nail; after this blow the head of the nail 
was 0.46 of an inch above the surface; find the force which 
the monkey exerted upon the head of the nail at this blow. 

Ans. 265.24 lbs. 


55. The monkey of a pile-driver, weighing 500 Ibs. is 
raised to a height of 20 ft., and then allowed to fall upon 
the head of a pile, which is driven into the ground 1 inch 
by the blow; find the force which the monkey exerted 
upon the head of the pile. Ans. 120000 lbs. 


56. A steam hammer, weighing 500 lbs., falls through a 
height of 4 ft. under the action of its own weight and a 
steam. pressure of 1000 lbs.; find the amount of work 
which it can do at the end of the fall. 
Ans. 6000 ft.-lbs. 

‘5%. The mean section of a stream is 8 square ft.; its 
mean velocity is 40 ft. per minute; it has a fall of 17} ft.; 
it is required to raise water to a height of 300 ft. by means 
of a water-wheel whose modulus is 0.7; how many cubic ft. 
will it raise per minute ? Ans. 13.07 cub. ft. 
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58. To what height would the wheel in the last example 
raise 24 cub. ft. of water per minute ? Ans. 17423 ft. 


59. The mean section of a stream is 14 ft. by 11 ft.; its 
mean velocity is 24 miles an hour ; there ison it a fall of 
6 ft. on which is erected a wheel whose modulus is 0.7; this 
wheel is employed to raise the hammers of a forge, each of 
which weighs 2 tons, and has a lift of 14 ft.; how many 

lifts of a hammer will the wheel yield per minute? 
Ans. 142 nearly. 


60. In the last example determine the mean depth of 
the stream if the wheel yields 185 lifts per minute. 
Ans. 1.438 ft. 


61. In Ex. 59, how many cubic ft. of water must descend 
the fall per minute to yield 97 lifts of the hammer per 
minute ? Ans. 2483 cub. ft. 


62. A stream is a ft. broad and 0 ft. deep, and flows at 
the rate of c ft. per hour; there is a fall of  ft.; the water 
turns a machine of which the modulus is e; find the num- 
ber of bushels of corn which the machine can grind in an 
hour, supposing that it requires m units of work per 
minute for one hour to grind a bushel. 1000abche 

- Ans. ————- 

16 x 60m 


63. Down a 14-ft. fall 200 cub. ft. of water descend every 
minute, and turn a wheel whose modulus is 0.6. The 
wheel lifts water from the bottom of the fall to a height of 
54 ft.; (1) how many cubic ft. will be thus raised per 
minute? (2) If the water were raised from the top of the 
fall to the same point, what would the number of cubic ft. 
‘then be ? Ans. (1) 31.1 cub. ft.; (2) 34.7 cub. ft. 

In the second case the number of cub. ft. of water taken from the 


“top of the fall being a, the number of ft. that will turn the wheel will 
‘be 200 — 2. 


64. Find bow many units of work are stored up in a 
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mill-pond which is 100 ft. long, 50 ft. broad, and 3 ft. deep, 
and has a fall of 8 ft. Ans. %500000. 


65. There are three distinct levels to be pumped in a 
mine, the first 100 fathoms deep, the second 120, the third 
150; 30 cub. ft. of water are to come from the first, 40 from 
the second, and 60 from the third per minute ; the duty of 
the engine is 70000000 for a bushel of coal. Determine (1) 
its working horse-power and (2) the consumption of coal 
per hour. Ans. (1) 191 H.-P.; (2) 5.4 bushels. 


66. In the last example suppose there is another level of 
160 fathoms to be pumped, that the engine does as much 
work as before for the other levels, and that the utmost 
power of the engine is 275 H.-P.; find the greatest number 
of cub. ft. of water that can be raised from the fourth level. 

Ans. 46} cub. ft. 


67. A variable force has acted through 8 ft.; the value 
of the force taken at nine successive equidistant points, 
including the first and the last, is in lbs. 10.204, 9.804, 
9.434, 9.090, 8.771, 8.475, 8.197, 7.937, 7.692; find the 
whole work done. Ans. 70.641 foot-pounds. 


68. The value of a variable force, taken at nine succes- 
sive equidistant points, including the first and the last 
points, is in Ibs. 2.4849, 2.5649, 2.6391, 2.7081, 2.7726, 
2.8332, 2.8904, 2.9444, 2.9957, the common distance between 
the points is 1 ft.; find the whole work done. 

Ans, 22.0957 foot-pounds. 


69. A train whose weight is 100 tons (including the 
engine) is drawn by an engine of 150 horse-power, the fric- 
tion being 14 lbs. per ton, and all other resistances neglect- 
ed; find the maximum speed which the engine is capable 
of sustaining on a level rail. Ans. 40%; miles per hour. 


70. If the train described in the last example be moving 
at a particular instant with a velocity of 15 miles per hour, 
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and the engine working at full power, what is the accelera- 
tion at that instant? (Call g = 32.) Ans. #¢;. 


71. Find the horse-power of an engine required to drag a 
train of 100 tons up an incline of 1 in 50 with a velocity of 
30 miles an hour, the friction being 1400 lbs. 

Ans. The engine must be of not less than 4702 horse- 
power. ‘This is somewhat above the power of most locomo- 
tive engines. 

72. A train, of 200 tons weight, is ascending an incline 
- of 1 in 100 at the rate of 30 miles per hour, the friction 
being 8 lbs. per ton. The steam being shut off and the 
break applied, the train is stopped in a quarter of a mile. 
Find the weight of the break-van, the coefficient of fric- 
tion of iron on iron being 4. Ans. 11,3; tons. 


Gla? aie VY; 
MOMENT OF INERTIA.* 


224. Moments of Inertia—The quantity Zmr? in 
which m is the mass of an element of a body, and r its 
distance from an axis, occurs frequently in problems of 
rotation, so that it becomes necessary to consider it in 
detail ; it is called the moment of inertia of the body about 
the axis (Art. 218). Hence, “moment of inertia” may be 
defined as follows: If the mass of every particle of a body be 
multiplied by the syuare of its distance from a straight line, 
the sum of the products so formed is called the Moment of 
Inertia of the body about that line. 

If the mass of every particle of a body be multiplied by 
the square of its distance from a given plane or froma 
given point, the sum of the products so formed is called the | 
moment of inertia of the body with reference to that plane 
or that point. 

If the body be referred to the axes of z and y, and if the 
mass of each particle be multiplied by its ¢wo co-ordinates, 
z, y, the sum of the products so formed is called the 
product of inertia of the body about those two axes. 

If dm denote the mass of an element, p its distance from 
the axis, and J the moment of inertia, we have 


I = Xpdin. (1) 


If the body be referred to rectangular axes, and 2, y, z, 
be the co-ordinates of any element, then, according to the 
definitions, the moments of inertia about the axes of 2, y, 
z, respectively, will be 


* This term was introduced by Euler, and has now got into general use when- 
ever Rigid Dynamics is studied. 
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L(y+7)dm, (24+ 2)dm, u(#+y¥)dm 


The moments of inertia with respect to the planes yz, 2a, 
zy respectively, are, 


sedm, Xydm, =X #dm. (3) 


The products of inertia with respect to the axes y and Z, 
wand x, «and y, are 


Lyzdm, Xzadm, Xaxydm. (4) 
The moment of inertia with respect to the origin is 
x (2? + y® + 2) dn = = redm, (5) 


where 7 is the distance of the particle from the origin. 

~The moment of inertia of a lamina, when the axis lies mm _ 
it, is called a rectangular moment of inertia, and when it is 
perpendicular to the lamina it is called a polar moment of 
inertia, and the corresponding axis is called the rectangular 
or the polar axis. 

The process of finding moments and products of Be 
is merely that of integration ; but after this has been accom- 
plished for the simplest axes possible, they can be found 
without integration for any other axes. 


EXAMPLES. 


1. Find the moment of inertia of a uniform rod, of mass 
m,and length /, about an axis through its centre at right 
angles to it. 

Let x be the distance of any element of the rod from the 
centre, and » the mass of a unit of length ; then dm = pda, 
which in (1) gives for the moment of inertia = pa?dz, or 


z 
z 
= 2 
1 Jj dz, 
a 
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remembering that the symbol of summation, », includes 
integration in the cases wherein the body is a continuous 
mass. 


Hence T= uh = zymP. 


If the axis be drawn through one end of the rod and 
perpendicular to its length we shall have for the moment 
of inertia 

i 4m? 


2. Find the moment of inertia of a rectangular lamina* 
about an axis through its centre, parallel to one of its sides. 

Let 4 and d denote the breadth and depth respectively of 
the rectangle, the former being parallel to the axis. Im- 
agine the lamina composed of elementary strips of length 6 
parallel to the axis. Let the distance of one of them from 
the axis be y, and its breadth dy ; then, denoting the mass 
of a unit of area by pw, we have dm = phdy, which in (1) 
gives 


1d 
ih a pbyedy = 7 subd> = pymd*. 
—id 


If the axis be drawn through one end of the rectangle, we 
shall have for the moment of inertia 


of me 4md’. 


3. Find the moment of inertia of a circular lamina with 
respect to an axis through its centre and perpendicular to 
its surface. 

Let the radius = a, and pw the mass of a unit of area as 
before, then we have 


an a Tpat = ma? 
ss 3 4 Ge eee 
f= if fi urs dr dd = ; 5 


* In all cases we shall assume the thickness of the lamine or plates to be : 
infinitesimal, © 
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‘4. Find the moment of inertia of a circular plate (1) 

about a diameter as an axis, and (2) about a tangent. 
Ans. (1) 4ma*; (2) $ma?... 

5. Find the moment of inertia of a square plate, (1) 
about an axis through its centre and perpendicular to its 
plane, (2) about an axis which joins the middle points of 
two opposite sides, and (3) about an axis passing through 
an angular point of the plate, and perpendicular to its 
plane. Let @ = the side of the plate and » the mass of a 
unit of area. 


a ‘a 
Pay >} 4 
(1) r= f So let pyltyuai= = a; 
av’ a | tO 6 
et | 


(2) ~sma?; (3) ¥ma?. 


6. Find the moment of inertia of an isosceles triangular 
plate, (1) about an axis through its vertex and perpen- 
dicular to its plane, and (2) about an axis which passes 
through its vertex and bisects the base. 

Let 26 = the base and a = the altitude, then 


b 
te (Pa ‘S m 
. af ise M22 + gf) dy da =F (Ba? +B) 5 (2) dnd 


225. Moments of Inertia relative to Parallel 
Axes, or Planes.—The moment of inertia of a body about 
any axis is equal to its moment of inertia about a parallel 
axis through the centre of gravity of the body, plus the 
product of the mass of the body into the square of the dis- 
tance between the axes. 


Let the plane of the paper pass Y 
through the centre of gravity of the P 
body, and be perpendicular to the two 
parallel axes, meeting them in O and 
G, and let P be the projection of any © G D) 
element on the plane of the paper. 


ee 
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Take the centre of gravity, G, as origin, the fixed axis 
through it perpendicular to the plane of the paper as the 
axis of z, and the plane through this and the parallel axis 
for that of zz; and let J, be the moment of inertia about 
the axis through G, J that for the parallel axis through O, 
a the distance, OG, between the axes, and (z, y) any point, 
P. Then we shall have 


I, = 2(2+ y)dm; [=X[(x + a)? + y?] dm. 
Hence I—I, = 2atadm + a&idm = an, 
since Lzdm == 0, as the centrs of gravity is at the origin. 
I= I, + am, (1) 


which is called the formula of reduction. 

Hence the moment of inertia of a body relative to any 
axis can be found when that for the parallel axis through 
its centre of gravity is known. 


Cor. 1.—The moments of inertia of a body are the same 
for all parallel axes situated at the same distance from its 
centre of gravity. Also, of all parallel axes, that which 
passes through the centre of gravity of a body has the least 
moment of inertia. 


Cor. 2.—It is evident that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 


EXAMPLES. 


1. The moment of inertia of a rectangle* in reference 
to an axis through its centre and parallel to one end is 


* See Note to Ex. 2, Art. 224; strictly speaking, an area has a moment of inertig i 
no more than it has weight. 
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~,md ; find the moment. of inertia in reference to a parallel 
axis through one end. 
From (1) we have 


2 
I = pPymd? + em = 4m’. 


2. The moment of inertia of an isosceles triangle about 
an axis through its vertex and perpendicular to its plane 
is 4m (3a + 0), (Art. 224, Ex. 6); find its moment about 
a parallel axis through the centre. 

From (1) we have 


~ 


I, = }m (3a? + &) — $0’m = 4m (fa? + &). 


3. Find the moment of inertia of a circle about an axis 
through its circumference and perpendicular to its plane 
(See Ex. 3, Art. 224). . Ans. 3ma*. 


4, Find the moment of inertia of a square about an axis 
through the middle point of one of its sides and perpen- 
dicular to its plane (Ex. 5, Art. 224). Ans. sma’. 


226. Radius of Gyration.—Let & be such a quantity 
that the moment of inertia = mk, then we shall have 


RS Sri =e, (1) 


The distance & is called the radius of gyration of the 
body with respect to the fixed axis, and it denotes the 
distance from the axis to that point into which if the whole 
mass were concentrated the moment of inertia would not be 
altered. The point into which the body might be concen- 
trated, without altering its moment of inertia, is called the 
centre of gyration. When the fixed axis passes through the 
centre of gravity, the length k and the poiné of concentra- 


tion are called principal radius and principal centre of 
gyration. 
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Let &, = the principal radius of gyration and r, the 
distance of an element from the axis through the centre of 
gravity; then from (1) we have 


mk? = = redm 
= Lr,*dm+meée, [by (1) of Art. 225] 
= mk? + me; 
a ea (2) 


from which it appears that the principal radius of gyration 
ts the least radius for parallel axes, which is also evident 
from Cor. 1, Art. 225. 


Scu.—In homogeneous bodies, since the mass of any part 
varies directly as its volume, (1) may be written 


rrdV = Ve, (3) 


where dV denotes the element of volume, and V the entire 
volume of the body. 

Hence, in homogeneous bodies, the value of % is inde- 
pendent of the density of the body, and depends only on its 
form; and in determining the moment of inertia, we may 
take the element of volume or weight for the element of 
mass, and the total volume or weight of the body instead 
of its mass. 

Also in finding the moment of inertia of a lamina, since 
k is independent of the thickness of the lamina, we may 
take the element of area instead of the element of mass, 
and the total area of the Jamina instead of its mass. 

From (1) we have 


Mf 

Cg afer 
= (4) 

ee ee 
Similarly, Pal eee (5) 


{ 
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hence, the square of the radius of gyration with respect to 
any axis equals the moment of inertia with respect to the 
same axis divided by the mass. 


EXAMPLES. 


1. Find the principal radius of gyration of a straight 
line. 
From Ex. 1, Art. 224, we have 


I, = zm; 
therefore from (5) we have k,*? = 747%. 


2. Find the principal. radius of gyration of a circle (1) 
with respect to a polar axis, and (2) with respect to a 
rectangular axis. Ans. (1) 4a*; (2) 402. 


3. Find the principal radius of gyration of a rectangle 
with respect to a rectangular axis. Ans. py. 


4, Find the principal radius of gyration (1) of a square 
with respect to a polar axis, and (2) of an isosceles triangle 
with respect to a polar axis. 


Ans. (1) 4a; (2) 4 (40? + ®). 


227. Polar Moment of Inertia.—If any thin plate, or 
lamina, be referred to two rectangular axes and 2, y be the 
co-ordinates of any element, then (Art. 224) the moments 
of inertia about the axes of z and y respectively, are 2 ydm 
and = 2%dm; and therefore the moment of inertia with 
respect to the axis drawn perpendicular to the plane at the 
intersection of the axes of z and y is 


= (2? + y?) dm. 


Hence the polar moment of inertia of any lamina ts equal 
to the sum of the moments of inertia with respect to any twa 
rectangular axes, lying in the plane of the lamina. 
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Cor.—For every two rectangular axes in the plane of 
the lamina, at any point, we have 


rvdm + XL ydm = const. 


that is, the sum of the moments of inertia with respect to u 
pair of rectangular axes is constant. Hence, if one be a 
maximum, the other is a minimum, and vice versa. 


BX AM PLES. 


1. Find the moment of inertia of a rectangle with respect 
to an axis through its centre and perpendicular to its plane. 
From Ex. 2, Art. 224, the rectangular moments of 
inertia are 
qimd* and +ymé? ; 


therefore the polar moment of inertia = ym (dad? + 6?) ; 
6,?=—=%4(C+ &). 


2. Find the moment of inertia of an isosceles triangle 
with respect to an axis through its centre parallel to its 
base, a being the altitude and and 20 the base. 

Ans. gma; hy? = aga. 


228. Moment of Inertia of a Solid of Revolution, 
with respect to its Geometric Axis.—Let the axis be 
that of ~; and let the equation of the generating curve 
be y =f (x). Let the solid be divided into an infinite 
number of circular plates perpendicular to the axis of 
revolution; let the density be uniform and w the mass of a 
unit of volume; and denote by z the distance of the centre 
of any circular plate from the origin, y its radius, and dx 
its thickness ; then the moment of inertia of this circular 
plate about an-axis through its centre and perpendicular tu 
its plane, by (Ex. 3, Art. 224), is 
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muy dx Th 
Be = Fela: 


therefore the moment of inertia of the whole solid is 
T 
H [LF wae (i) 

the integration being taken between proper limits. | 


EXAMP L ES). 
1. Find the moment of inertia of a right circular cone 
about its axis. . 
Let h = the height and 6 = the radius of the base; 


then the equation of the generating curve is y = ° a 


which in (1) gives for the moment of inertia, 


Feet 
= 3,mb, (since WY = 7 uh). 
Therefore &£,? = 33,6". 
2. Find the moment of imertia (1) of a solid cylinder 
about its axis, 0 being its radius and h its height, and (2) 


of a hollow cylinder, 6 and 0’ being the external and 
internal radii. Ans. (1) 4mé?; (2) $m (@ + 6”). ‘ 


3. Find the moment of inertia of a paraboloid about its 
axis, # being its altitude and 4 the radius of the base. 


229. Moment of Inertia of a Solid of Revolution, 
with respect to an Axis Perpendicular to its Geo, 
metric Axis.—Take the origin at the intersection of the 
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axis of revolution with the axis about which the moment 
of inertia is required ; and denoting by z the distance of 
the centre of any circular plate from the origin, y its 
radius and dz its thickness, we have for the moment of 
inertia of this circular plate, about a diameter, by Ex. 4, 
Art, 224, 

= dae: 


therefore (Art. 225) the moment of inertia of this plate 
about the parallel axis at the distance z from it is 


Se da + ™ yx dz; 


therefore the moment of inertia of the whole solid is 


TL 4 é + ye) dz, (1) 
the integration being taken between proper limits. 


EXAMPLES. 


1. Find the moment of inertia of a right circular cone 
about an axis through its vertex and perpendicular to its 
own axis. 

Let h = the height and 6 = the radius of the base, then 
the moment of inertia from (1) 


> = oe ‘ 
= wef (i+ Rae = OP a 
= a (4h? + 07). 


2. Find the moment of inertia of a cone, whose altitude 
= h, and the radius of whose base = 0, about an axig 
through its centre of gravity and perpendicular to its own 
axis. Ans. ym (h? + 40), 
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3. Find the moment of inertia of a paraboloid of revolu- 
tion about an axis through its vertex and perpendicular to 
its own axis, the altitude being # and the radius of me 


pee b. spe tee CO. if 312). 


230. Moment of Inertia of Various Solid Bodies. 


EXAMPLES, 


1. Find the moment of inertia of a rectangular parallel- 
opiped about an axis through its centre of gravity and par- 
allel to an edge. 

Let the edges be a, 0, ¢; since a parallelopiped may be 
conceived as consisting of an infinite number of rectangular 
lamine, each of which has the same radius of gyration 
relative to an axis perpendicular to its plane, it follows 
that the radius of gyration of the parallelopiped is the 
same as that of the lamine. Hence, the moments of 
inertia relative to three axes through the centre and par- 
allel to the edges a, 8, ¢, ee E are by Ex. 1, Art. 
227, zhi (08 + 2), alym (a? + 2), dpm (a? + B). 


2. Find the moment of inertia of a rectangular parallel- 
opiped about an edge. 

This may be obtained immediately from the last exam- 
ple by using Art. 225, or otherwise independently as 
follows : 

Take the three edges a, 0, ¢ for the axes of 2, y, 2, 
respectively ; let be the mass of a unit of volume, then 
the moment of inertia relative to the edge a is 


= fiat (y? + 2) dx dy dz 


b 
Saas ne 
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and similarly for the moments of inertia about the edges 
b and ¢. NG 

The moment of inertia of a cube whose edge is a with 
respect to one of its edges is 3a5 = $ma?. 


3. Find the moment of inertia of a segment of a sphere 
relative to a diameter parallel to the plane of section, the 
radius of the sphere being a and the distance of the plane 
section from the centre 0. . 

Ans. pgm (160° + 15atd + 100243 — 905), 


231. Moment of Inertia of a Lamina with respect 
to any Axis.—When the moment of inertia of a plane 
figure about any axis is known, we easily find the moment 
of inertia about any parallel axis (Art. 225); also, when 
the moments of inertia. about two rectangular axes in the 
plane of the figure are known, the moment of inertia about 
the straight line at right angles to the plane of these axes 
at their intersection is known immediately, (Art. 227) ; we 
now proceed to find the moment of inertia about any 
straight line in the plane inclined to these axes at any 
angle. 

Through any point, O, as 
origin, draw two rectangular, 
axes, OX, OY, in the plane of 
the lamina; and draw any 
straight line, Oz, in the plane. 
It is required to find the mo- Fig.92 
ment of inertia about Ox in 
terms of the moments of inertia about-OX and OY. 

Let P be any point of the lamina, z, y, its rectangular, 
and r, 9, its polar co-ordinates, p = PM,and e@ the angle 
zOX. Then if Z be the moment of inertia of the Jamina 
relative to Oz, aand 6 the moments of inertia relative to 
the axes of # and y respectively, and h the product of 
inertia relative to the same axes, we have 
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a x prdm = > 7 gin’ (0 —_ «) dm 
= X(y cos a@ — 2 sin «)? dm 
= cot « & yd + sin? « 3 adm — 2 sin a cos @ Xzydm 


= aco’? « + b sin? « — 2h sin « cos «. (1) 


’ If we choose the axes so that the term 4 or Laydm = 0, 
the expression for J becomes much simpler. The pair of 
axes so chosen are called the principal axes at the point; 
and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina, relative to the 
point. 

If A and B represent these pe moments of inertia, 


(1) becomes 
I= Aco*®a+ B sin? «. (2) 


Hence, the moment of inertia of a lamina with respect to, 


any axis through a point may be found when the principal. 
moments with respect to the point are determined. 


232. Principal Axes of a Body.—A/ any point of a 
rigid body and in any plane there is a pair of principal 
axes. 

Let OX, OY (Fig. 92), be any rectangular axes in the 
plane; let Oz, Oy, be another set of rectangular axes in 
the same plane, inclined to the former at an angle @; let 
a, b, and h, as before, denote the moments and product of 
inertia about OX, OY, and let (2’, y’) be any point, P, 
referred to the axes Oz, Oy. Then, using the notation of 
the last article, we have 


a’ =rcos(9—«); y' =rsin (@— a); 
La'y'dm = 42 r* sin 2 (0 — «) dm 
= cos 2a 2 7? sin 0 cos 8 dm 
— $sin 2a 2 7? (cos? 6 — sin? 6) dm. 


Putting this = 0, and solving for «, we obtain 
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2> r’ sin 4 cos aa 


tan es, (cos’ 6 — sin? o) dm j 
— 2h syd = Bh 1) 


As the tangent of an angle may have any value, positive 
or negative, from 0 to o, it follows that (1) will always 
give a real value for 2«, so there is always a set of princi- 
pal axes ; that is, at every point in a body there exists one 
pair of rectangular axes for which the quantity h or 
x aydm = 0. 


Cor.—It may also be shown that at every point of a 
rigid body there are three axes at right angles to one 
another, for which the products of inertia vanish. * 


* Let a,b,c, be the moments of inertia about three 
axes, OX, OY, OZ, at right angles to one another; d, e, 
J, the products of inertia (2myz, Xmzr, Umaxy, re- 
spectively). iet Oz be any line drawn through the 
origin, making angles a, 8, y, with the co-ordinate 
axes. 

Let OL, LM, MP, be the co-ordinates x, y, 2, of any 
point P of the body at which an element of mass m is 
situated. Draw PN perpendicular to Ox. 

Projecting the broken line, OLMP, on ON, (Art. 


102), we have Fig.91g 
ON = xcosa+ycosf + z2c08 y3 


also OP? = 2? + y? +22, and 1= cos? a + cos? B + cos? y. 
The moment of inertia I about Oz = = mPN? 


=m (OP? — ON?) 


=m [x2 + y? + 22— (2 cosa + ycos B + 2008 y)*] 


Em [(a? +y? +22)\(cos? a+cos? 8 +cos? y)—(a cos a+y cos 8 +z cos y)*] 


= Im (y? + 2") cos? a + Lm (z? + 2?) cos? B + Um (x? + y*) cos? y 

— 2=myz cos B cos y — 2=mzx cos y cos a — 22m cos u COS B 

= acos? a + bcos? B + ¢ cos? y — 2d cos B cos y 

— 2 cos y cos a — 2f cos a cos B. ()) 


To represent this geometrically, take a point Q on ON; and let its distance 
from O be 7, and its co-ordinates be #,, y,,2,. Then 


@,=rcosa, y¥,=7rcosf, 2, =rcosy. 
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Scu.—In many cases the position of the principal axes 
can be seen at once. Suppose, for example, we wish the 
principal axis for a rectangle when the given point is the 
centre. Draw through the centre straight lines parallel to 
the sides of the rectangle ; then these will be the principal 


Therefore (1) becomes 


re ax,2 + by,? + cZ,? — 2dy.2, — MzZ,@, — AYuiy; Q) 
7? 3 


But the equation 
ax,? + by,? + cz? — Wdy,2, — Mwz,u, — Wary, = 1, (3) 


denotes an ellipsoid whose centre is at O; because a, 0, c are necessarily positive, 
since a moment of inertia is essentially positive, being the sum of a number of 
squares. If then Q is a point on this ellipsoid, (2) becomes 


1 
I= 2mPN? =<; 


or the moment of inertia about any line through O, is: measured by the square of 
the reciprocal of the radius vector of this ellipsoid, which coincides with the 
jine. 

This is called the momental ellipsoid, and was first used by Cauchy, Exercises de 
HMath., Vol. If. It has no physical existence, but is an artifice to bring under the 
methods of geometry the properties of moments of inertia. The momental ellip- 
aoid has a definite form for every point of a rigid body. 

Now every ellipsoid has three axes, to which if it is referred, the coefficients of 
yz, 2x, xy vanish, and therefore (3), when transformed to these axes takes the 


form 
Avy? + By? + Cz,7=1; (4) 


and hence (1) or (2) when referred to these axes, becomes 
I= A cos? a + Bcos? 2 + C cos? y, (5) 


where A, B, C, are the moments of inertia of the body about these axes, 

When three rectangular axes, meeting in a given point, are chosen so that the 
products of inertia all vanish, they are called the principal axes at the given 
point. 

The three planes through any two principal axes are called the principal planes 
at the given point. 

The moments of inertia about the principal axes at any point are called the prin- 
cipal moments of inertia at that point. 

If the three principal moments of inertia of a body are equal to one another, the 
ellipsoid (4) becomes a sphere, since A = B= C; and therefore the moment of 
inertia about every other axis is equal to these, for (5) becomes 


I = A (cos? a + cos? B + cos? y) = A; 


and every axis 1s a principal axis. (See Routh’s Rigid Dynamics, p. 12, Price’s 
Anal. Mech’s, Vol. Il, p. 156, Pirie’s Rigid Dynamics, p. 76, etc.) 


THREE PRINCIPAL AXES. 445 


axes; because for every element, dm, on one side of the 
axis of a at the point (a, y), there is another element of 
equal mass on the other side at the point («, —y). Hence, 
= zy dm consists of terms which may be arranged in pairs, 
so that the two terms in a pair are numerically equal but 
of opposite signs; and therefore Saydm = 0. 

Again, if in any uniform body a straight line can be 
drawn with respect to which the body is exactly symmetri- 
cal, this must be a principal axis at every point in its 
iength. Any diameter of a uniform circle or sphere or the 
axis of a parabola or ellipse or hyperbola is a principal axis 
at any point in its line; but the diagonal of a rectangular 
plate is not for this reason a principal axis at its middle 
point, for every straight line drawn perpendicular to it is 
not equally divided by it. 

Let the body be symmetrical about the plane of zy, then 
for every element dm, on one side of the plane at the point. 
(z, y, z), there is another element of equal mass on the 
other side at the point (z, y, —z). Hence, for such a body 
Sazdm = Oand Lyzdm = 0. If the body be a lamina in 
the plane of zy, then z of every element is zero, and we 
have again 2 azdm = 0, Xyzdm = 0. 

Thus, in the case of the ellipsoid, the three principal 
sections are all planes of symmetry, and therefore the three 
axes of the ellipsoid are principal axes. Also, at every 
point in a lamina one principal axis is the perpendicular to 
the plane of the lamina. 


EXAMPLES. - 


1. Find the moment of inertia of a rectangular lamina 
about a diagonal. 

From Ex. 2, Art. 224, the moments of inertia about two 
lines through the centre parallel to the sides (princips’ 
moments of inertia) are 
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psmd? and zyme; 


where 0 and d are the breadth and depth respectively. 
_ Also, if @ be the angle which the diagonal makes with 
the side 6, we have 


si «¢ = cos? @ = --——: 
b+ de 


Una 

B+ dd?’ 
Substituting these values for A, B, sin? «, cos? «, in (2) of 
Art. 231, we have 


it re bala Le see 
; ESE NS 1 PL 
ba? 
= Mare 


2. Find the moment of inertia of an isosceles triangular 
plate about an axis through its centre and inclined at an 
angle « to its axis of symmetry, a being its altitude and 20 
its base. Ans. 4m (4a? cos? & + 0 sin? «). 


3. Find the moment of inertia of a square plate about a 
diagonal, a being a side of the square. Ans. yma’. 


233. Products of Inertia.—The value of the product 
of inertia at any point may be made to depend on the value 
of the product of inertia for parallel axes through the cen- 
tie of gravity. Let (2, y) be the position of any element, 
dm, referred to axes through any assigned point ; (2’, y’) the 
position of the element referred to parallel axes through 
the centre of gravity, and (h, k) the centre of gravity 
referred to the first pair of axes. Then 


Gt + hy aes 


therefore Xaydm = X(a' + h)(y’ + k)dm 
! = La'y’ dm + hk idm, (1) 


since & mz’ = 0, and = my’ = 0. 


EXAMPLES. 447 


Scu.—By (1) we may often find the product of inertia 
for an assigned origin and axes. Thus, suppose we require 
the product of inertia in the case of a rectangle, when the 
origin is at the corner, and the axes are the edges which 
meet at that corner. By Art. 232, Sch. we have Ea'y'dm 
= 0; therefore from (1) we have 


Lxaydm = hk=dm ; 


and as f# and & are known, being half the lengths of the 
edges of the rectangle to which they are ee yeh! 
parallel, the product of inertia is known. 


EXAMPLES. 


Find the expressions for the moments of inertia in the 
following, the bodies being supposed homogeneous in all 
cases. 

1. The moment of inertia of a rod of length a, with 
respect to an axis perpendicular to the rod and at a distance 
d from its middle point. a eae Ce a5 r). 


2. The moment of inertia of an are uf a circle whose 
radius is a and which subtends an angle 2@ at the centre, (1) 
about an axis through its centre perpendicular to its plane, 
(2) about an axis through its middle point perpendicular to 
its plane, (3) about the diameter which bisects the are. ; 

sin « Sin 2e\ a 
Ans. (1) ma; (2) am i= ) a; (3) m m (1— oe ie 

3. The moment of inertia of the arc of a complete 
eycloid whose length is @ with respect to its base. 

Ans. yma’. 


4, The moment of inertia of an equilateral triangle, of 
side a, relative to a line in its plane, parallel to a side, at 
the distance d from its centre of gravity. _ 


Ans. m(: oe, 


J 
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5. Given a triangle whose sides are a, b, c, and whose 
perpendiculars on these sides, from the opposite vertices 
are p, g, 7, respectively ; find the moment of inertia of the 
triangle about a line drawn through each vertex and 
parallel respectively, (1) to the side a, (2) to the side 0, (3) 
to the side ¢. Ans. (1) 4mp?; (2) 4mq?; (3) 4mr?. 


6. Find the moment of inertia of the triangle in the last 
example relative to the three lines drawn through the 
centre of gravity of the triangle and parallel respectively 
to the sides a, 0, ¢. Ans. zgmp?; Jymq?; pymi?. 


7. Find the moment of inertia of the triangle in Ex. 5, 
relative to the three sides a, b, c, respectively. 
Ans. Amp*; 4mg?; 4mr’. 


8. The moment of inertia of a right angled triangle, of 
hypothenuse c, relative to a perpendicular to its plane 
passing through the right angle. Ans. 4me. 


9; The moment of inertia of a ring whose outer and 
inner radii are a and 6 respectively, (1) with respect to a 
polar axis through its centre, and (2) with respect to a 
diameter. | Ans. (1) 4m (a + 0?) 5 (2) 4m (a? + B&). 


10. The moment of inertia of an ellipse, (1) with respect 
to its major axis, (2) with respect to its minor axis, and (8) 
with respect to an axis through its centre and perpendicular 
to its plane. 

Ans. (1) 4mb?; (2) dma*; (3) 4m (a? + B). 


11. The moment of inertia of the surface of a sphere of 
radius a about its diameter. Ans. &ma*. 


12. The moment of inertia of a right prism whose base 
is a right angled triangle, with respect to an axis passing 
through the centres of gravity of the ends, the sides con- 
taining the right angle of the triangular base being @ and 4 
and the height of the prism ec. Ans. ym (a? +8). 
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13. The moment of inertia of a right prism whose height 
is-¢, about an axis passing through the centres of gravity‘of 
the ends, the base of the prism being an isosceles triangle 

a ht 2. ‘i 
whose base is a and height 3 I ae (¢ fi 2) oH 


14. The moment of inertia of a sphere of radius a, (1) 
relative to a diameter, and (2) relative to a tangent. 
Ans. (1) 3ma?; (2) 4ma’. 


15. The moment of inertia, about its axis of rotation, (1) 
of a prolate spheroid, and (2) of an oblate spheroid. 
Ans. (1) 3mb?; (2) ma’. 


16. The moment of inertia of a cylinder, relative to an 
axis perpendicular to its own axis and intersecting it, (1) at 
a distance ¢ from its end, (2) at the end of the axis, and (3) 
at the middle point of the-axis, the altitude of the cylinder 
being / and radius of its base a. 

Ans. (1) 4ma? + 4m (h? — 3he 4+ 3c); 
(2) ym (3a? + 4h?); (3) pgm (A? + 38a). 


17. The moment of inertia of an ellipse about a central 
radius vector 7, making an angle e& with the major-axis, 


2 
Ans. ym 2. 


18. The moment of inertia of the area of a parabola cut 
off by any ordinate at a distance z, from the vertex, (1) 
about the tangent at the vertex, and (2) about the axis of 
the parabola. 

Ans. 3mz?; (2) 4my? where y is the ordinate correspond- 
ing to 2. 


19. The moment of inertia of the area of the lemniscate, 
#2 — a? cos 26, about a line through the origin in its plane 
and perpendicular to its axis. Ans. gym (37.4 8) a’, 
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20. The moment of inertia of the ellipsoid, 
x? ¥ ge 
pre uN le 


about the axis a, 3, c, respectively. 
Ans. (1) 4m (2 + 0); (2) 4m (2 + a); 
(3) 4m (@ + &). 


CHAPTER VII. 
ROTATORY MOTION. 


234. Impressed and Effective Forces.—<All forces 
acting on a body other than the mutual actions of the 
particles, are called the Jmpressed Forces that act on the 
body. 

Thus, when a ball is thrown in yacuo, the impressed 
force is gravity; if a ball is rotating about a vertical axis, 
the impressed forces are gravity and the reaction of the 
axis. 

The impressed or external forces are the cause of the motion and of 
all the other forces. Which are the impressed forces depends upon 
the particular system which is under consideration. The same force 
may be external to one system and internal to another.. Thus, the 
pressure between the foot of a man and the deck of a ship on which 
he is, is external to the ship and also to the man and is the cause of 
his own forward motion and of a slight backward motion of the ship ;. 
but if the man and ship are considered as parts of one system the 
pressure is internal. 


When a particle is moving as part of a rigid body, it is 
acted on by the external impressed forces and also by the 
molecular reactions of the other particles. Now if this 
particle were considered as separated from the rest of the 
body, and all the forces removed, there is some one force 
which, singly, would move it in the same way as before. 
This force is called the Effective Force on the particle; it is 
evidently the resultant of the impressed and moleculaz 
forces on the particle. 

Thus, the effective force is that part of the impressed force which 


is effective in causing actual motion, It is the force which is required 
for producing the deviation from the straight line and the change of 
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velocity. If a particle is revolving with constant velocity round a 
fixed axis, the effective force is the centripetal force (Art. 198). if a 
heavy body falls without rotation, the whole force of gravity is 
effective ; but if it is rotating about a horizontal axis the weight goes 
partly to balance the pressure on the axis. 


If we suppose the particle of mass m to be at the point 
(x, y, 2) at any time, ¢, and resolve the forces acting on it 
into the three axial components, XY, Y, Z, the motion may 
be found [Art. 168 (2)]| by solving the simultaneous equa-~ 
tions 


# az 
ma = i ae = Z. (1) 


If we regard a rigid body as one in which the particles 
retain invariable positions with respect to one another, so 
that no external force can alter them (Art. 43), we might 
write down the equations of the several particles in accord- 
ance with (1), if all the forces were known. Such, how- 
ever, is not the case. We know nothing of the mutual 
actions of the particles, and consequently cannot determine 
the motion of the body by calculating the motion of its 
particles separately. When there are several rigid bodies’ 


which mutually act and react on one another the problem 
becomes still more complicated. 


235. D’Alembert’s Principle.*—By D’Alembert’s 
Principle, however, all the necessary equations may be 
obtained without writing down the equations of motion of 
the several particles, and without any assumption as to the. 
nature of the mutual actions except the following, which 
may be regarded as a natural consequence of the laws of: 
motion. 


The internal actions and reactions of any system of rigid 
ee in motion are in ee vum among themselves. . 


* Introduced by D’Alembert in 1742. Re 
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Ihe axial accelerations of the particle of mass m, which 
Ge ty de 
dP? de? de® 
Let f be their resultant, then the effective force is measured 
by mf. Let “and £# be the resultants of the impressed and 
molecular forces, respectively, on the particle. Then mf 
is the resultant of and R. Hence if mf be reversed, the 
three forces, #, &, and mf, are in equilibrium. 

The same reasoning may be applied to every particle of 
each body of the system, thus furnishing three groups of | 
forces, similar, respectively, to #, 2, and mf; and these 
three groups will form a system of forces in equilibrium. 
Now by D’Alembert’s principle the group F will itself 
form a systein of forces in equilibrium. Whence it follows 
that the group / will be in equilibrium with the group mf. 
Hence, ; 


is moving as part of a rigid body, are 


_ Lf forces equal and exactly opposite to the effective forces 
were applied at each purticle of the system, they would be 
in equilibrium with the impressed forces. 


That is, D’ Alembert’s principle asserts that the whole 
effective forces of a system are together equivalent to the 
impressed forces. 


Scu.—By this principle the solution of a problem in 
Kinetics is reduced to a problem in Statics as follows: We 
first choose the co-ordinates by means of which the position 
of the system in space may be fixed. We then express the 
effective forces on each element in terms of its co-ordinates. 
These effective forces, reversed, will be in equilibrium 
with the given impressed forces. Lastly, the equations of 
motion for each body may be formed, as is usually done in 
Statics, by resolving in three directions and taking mo- 
ments about three straight lines. (See Routh’s Rigid 
Dynamics, Pirie’s Rigid Dynamics, Pratt’s Mech’s, Price’s 
Anal. Mech’s, Vol. IL.) 
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236. Rotation of a Rigid Body about a Fixed 
Axis under the Action of any Forces.—Let any 
plane passing through the axis of rotation and fixed in 
space be taken as a plane of reference. Let m be the mass 
of any element of the body, 7 its distance from the axis, 
and @ the angle which a plane through the axis and the 
element makes with the plane of reference. 

Then the velocity of m in a direction perpendicular to 
sare ee 
the plane containing the element and the axis is ere 
The moment of the momentum* of this particle about 
the axis is m7? Hence the moment of the momenta of 
all the particles is 

do 


2 
= mr aE: (1) 


Since the particles of the body are rigidly connected, 
it is clear that : is the same for every particle, and is the 
angular velocity of the body. Hence the moment of the 
momenta of all the particles of the body about the axis is the 
moment of inertia of the body about the axis multiplied by 
the angular velocity. 

. The acceleration of m perpendicular to the direction in 


2, 
which 7 is measured is 7 ee and therefore the moment of 


2 - 
the moving forces of m about the axis is mr? a Hence, 
the moment of the effective forces of all the particles of the 
body about the axis is 
ae » #6 

= mr TP? (2) 
which is the moment of inertia of the body about the ais 
multiplied by the angular acceleration. 


== es 


=: Called also aman Momentum. (See Pirie’ 8 Rigid Dynamics, p. “) . 
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(1) Let the forces be impulsive (Art. 202) ; let @, w’, be 
the angular velocities just before and just after the action 
of the forces, and N the moment of the impressed forces 
about, the axis of rotation, by which the motion is pro- 
duced. 

Then, since by D’Alembert’s principle the effective 
forces when reversed are in equilibrium with the impressed 
forces, we have from (1) 


ow Imr’—wimr= N; 
oe eee 
~ Emr? 


moment of impulse about axis, 
“™ moment of inertia about axis’ 


(3) 


that is, the change in the angular velocity of a body, pro- 
duced by an impulse, is equal to the moment of the impulse 
divided by the moment of inertia of the body. 

(2) Let the forces be finite. Then taking moments 
about the axis as before, we have from (2) 


iis es 

dt? ~ “mr 
__ moment of forces about axis” 
= moment of inertia about axis’ 


(4) 


that is, the angular acceleration of a body, produced by a 
force, is equal to the moment of the force divided by the 
moment of inertia of the body. 

By integrating (4) we shall know the angle through 
which the body has revolved in a given time. ‘Two arbi 
trary constants will appear in the integrations, whose 
yalnes are to be determined from the given initial values 


of 6 and a Thus the whole motion can be found, and 
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we’shall consequently be able to determine the position of 
the body at any instant. 


Scu.—It appears from (3) and (4) that the motion 
of a rigid body round a fixed axis, under the action of any 
forces, depends on (1) the moment of the forces about 
that axis, and (2) the moment of inertia of the body about 
the axis. Ifthe whole mass of the body were concentrated 
into its centre of gyration (Art. 226), and attached to the 
fixed axis of rotation by a rod without mass, whose length 
is the radius of gyration, and if this system were acted on 
by forces having the same moment as before, and were set 
in motion with the same initial values of 6 and the angular 
velocity, then the whole subsequent angular motion of the 
rod would be the same as that of the body. Hence, we may 
say briefly, that a body turning about a fixed axis is 
kinetically given when its mass and radius of gyration are 
known. 


EXAMPLE. 


A rough circular horizontal board is capable of revolving 
freely round a vertical axis through its centre. A man 
_ walks on and round at the edge of the board; when he 
has completed the circuit what will be his position in 
space ? 

Let a be the radius of the board, M@ and UM’ the masses 
of the board and man respectively; 6 and 6’ the angles 
described by the board and man, and /’the action between 
the feet of the man and the board. 

The equation of motion of the board by (4) is 

ao 
Fa= M k;? ade 

Since the action between the man and the board is con- 
tinually tangent to the path described by the man, the 
equation of motion of the man is, by (5) of Art. 20, 
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Eliminating / and integrating twice, the constant being 
zero in both cases, because the man and board start from 
rest, we get 

Mk?0 = M'a6'. (1) 


When the man has completed the circuit we have 0 + 4 


2 
= 27; also k? = 5 Substituting these in (1) we get 


oe a7 M 
~ 2M’ + M’ 
which gives the angle in space described by the man. 

If M = M"', this becomes j 


6’ = ar; 
and 6 = $7, 


which is the angle in space described by the board. (See 
Routh’s Rigid Dynamics, p. 67.) 


237. The Compound Pendulum.— 4 body moves about 
a fixed horizontal axis acted on by gravity only, to determine 
the motion. 


“Let ABO be a section of the body made by 
the plane of the paper passing through G, 
the centre of gravity, and cutting the axis 
of rotation perpendicularly at O. Let 6 = 
the angle which OG makes with the vertical 
OY; and let h = OG, &, = the principal 
radius of gyration, and Jf = the mass of 
the body. Then by (4) of Art. 236, we 
have 


20 
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HO Mghsin@ _ _ Mgh sin 9 
de = Sr eae 


mei oe sin 0 [by (2) of Art. 226], (1) 
the negative sign being taken because @ is a decreasing 
function of the time. 

This equation cannot be integrated in finite terms, but 
if the oscillations be small, we may develop sin @ and reject 
all powers above the first, and (1) will become 


ao gh 3 
a eee @) 


Multiplying by 2 d6 and integrating, and supposing that 


the body began to move when 6 was equal to a, (2) 
becomes 
de gh ‘ 
So ees ee ae — €), 
bane as oh 
_. Hence denoting the time of a complete oscillation by 7, 
we have 


1? + ke 
es J" gh ) (3) 
which gives the time in seconds, when h and #, are meas- 
ured in feet and g = 32.18. 


When a heavy body vibrates about a horizontal axis, by 
the force of gravity, it is called a compound pendulumn. 


Cor. 1.—If we suppose the whole mass of the compound 
pendulum to be concentrated into a single point, and this 
point connected with the axis by a medium without weight, 
it becomes a simple pendulum (Art. 194). Denoting the 
distance of the point of concentration from the axis by J, 
we have for the time of an oscillation, by (1) of Art. 194, 
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7 Vas If the point be so chosen that the simple pendu- 


lum will perform an oscillation in the same time as the 
compound pendulum, these two expressions for the time of 
an oscillation must be equal to each other, and we shall 
have 

_ +k? 


; h 


2 
=h + _ ='00’, (4) 


(O’ being the point of concentration). 


Cor. 2.—This length is called the length of the simple 
equivalent pendulum ; the point O is called the centre of 
suspension ; the point O’, into which the mass of the com- 
pound pendulum must be concentrated so that it will 
oscillate in the same. time as before, is called the centre of 
oscillation ; and a line through the centre of oscillation 
and parallel to the axis of suspension is called an axis of 
oscillation. 

From (4) we have 


(Z = h) — E47; 
or . GO’. GO = ey (5) 


Now (5) would not be altered if the place of O and O’ 
were interchanged; hence if O’ be made the centre of 
suspension, then O will be the centre of oscillation. Thus 
the centres of oscillation and of suspension are convertibl., 
and the time of oscillation about each is the same. 


Cor. 3.—Putting the derivative of 7 with respect to h in 
(4) equal to zero, and solving for h, we get 


h suhgs 
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which makes 7 a minimum, and therefore makes ¢ a mini- 
mum. Hence, when the axis of suspension passes through 
the principal centre of gyration the time of oscillation is a 
minimum. 


Rem.—The problem of determining the law under which a heavy 
body swings about a horizontal axis is one of the most important in 
the history of science. A simple pendulum is a thing of theory ; our 
accurate knowledge of the acceleration of gravity depends therefore 
on our understanding the rigid or compound pendulum. ‘This was 
the first problem to which D’Alembert applied his principle. 

The problem was called in the days of D’Alembert, the “centre of 
oscillation.” It was required to find if there were a point at which 
the whole mass of the body might be concentrated, so as to form a 
simple pendulum whose law of oscillation was the same. 

The position of the centre of oscillation of a body was first correctly 
determined by, Huyghens and published at Paris in 1678. As 
D’Alembert’s principle was not known at that time, Huyghens had to 
discover some principle for himself.* 


EXAMPLES. 


1. A material straight line oscillates about an axis per- 
pendicular to its length; find the length of the equivalent 
simple pendulum. 

Let 2a = the length of the line, and / the distance of its 
centre gravity from the point of suspension. Then since 


a , we have from (4) 


2 
Iahtae (1) 


Cor. 1.—If the point of Srey be at the extremity 
of the line (1) becomes 


l= 4a; 


* Routh’s Rigid Dynamics, p. 69. 
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that is, the length of the equivalent simple pendulum is 
two-thirds of the length of the rod. 


Cor. 2.—Let h = 4a; then (1) becomes 
1 = 4a. 


Hence, the time of an oscillation is the same, whether the 
line be suspended from one extremity, or from a point one- 
third of its length from the extremity. This also illustrates 
the convertibility of the centres of oscillation and of sus- 
pension (See Cor. 2). 


Cor. 3.—If h = 10a, then (1) becomes 
1 = 30a. 


2. A circular arc oscillates about an axis through its 
middle point perpendicular to the plane of the arc. Prove 
that the length of the simple equivalent pendulum is 
independent of the length of the arc, and is equal to twice 
the radius. j ; 

From Ex. 2, Art..233, we have 


sin @ 
Bak + he =2(1— 5 ) a, 


From Ex. 1, Art. 78, we have 


sin « 


h=a—a 


Therefore (4) becomes 


a 2 —#¢) a(1-S — e 
1 = 2at(1 ~ -a(l "} Qa 


462 LENGTH OF THE (SECOND’S PENDULOM. 


3. A right cone oscillates about an axis passing through 
its vertex and perpendicular to its own axis; it is required 
to find the length of the simple equivalent pendulum, (1) 
when / is the altitude of the cone and 0 the radius of the 
base, and (2) when the altitude = the radius oe a base = h. 


4h? 
vo Ovi 


That is, in the second cone, the centre of eat oe is in 
the centre of the base; so that the times of oscillation are 
equal for axes through the vertex and the centre of the 
base perpendicular to the axis of the cone. 


4, A sphere, radius a, oscillates about an axis; find the | 
length of the simple equivalent pendulum, (1) when the 
axis is tangent to the sphere, (2) when it is distant 10a 
from the centre of the sphere, and (3) when it is distant 


; from the centre of the sphere. 
Ans. (1) 4a; (2) Aa; (3) Aha 


238. The Length of the Second’s Pendulum 
Determined Experimentally.—The time of oscillation 
of a compound pendulum depends on fh + ak by (4) of 
Art. 237. But there are difficulties in the way of determin- 
ing h and k,. The centre, G, can not be got at, and, as 
every body is more or less irregular and variable in density, 
k, cannot be calculated with sufficient accuracy. These 
quantities must therefore be determined from experiments. 
Bessel observed the times of oscillation about different 
axes, the distances between which were very accurately 
known. Captain Kater employed the property of the 
convertibility of the centres of suspension and oscillation 
(Art. 237, Cor. 2), as follows: 

Let the pendulum consist of an ordinary straight bar, CO, and a 


small weight, m, which may be clamped to it. by means of a screw, 
and shifted from one position to another on the pendulum. At the 
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poirts C and O in two triangular aper- 

tures, at the distance 7 apart, let two knife C 

edges of hard steel be placed parallel to fe) 
each other, and at right angles to the ; 
penduium, so that it may vibrate on either 

of them, as in Fig. 94. Let m be shifted 

till it 1s found that the times of oscillation 0 me 
about JU and O are exactly the same. It 

remaias only to measure CO, and observe 

the time of oscillation. The distance be- Fig.94 
tween che two points C and O is the length 

of the simple equivalent pendulum. This distance between the knifa 
edges was measured by Captain Kater with the greatest care. The 
mean of three measurements differed by less than a ten-thousendth 
of an inch from each of the separate measurements. 

The time of a single vibration cannot be observed directly, because 
this would require the fraction of a second of time as shown by the 
clock, to be estimated either by the eye or ear. The difficulty may 
be overcome by observing the time, say of a thousand vibrations, and 
thus the error of the time of a single vibration is divided by a 
thonsand. The labor of so much counting may however be avoided 
by the use of ‘‘the method of coincidences.” The pendulum is placed 
in front of a clock pendulum whose time of vibration is slightly 
different. Certain marks made on the two pendulums are observed 
by a telescone at the lowest point of their arcs of vibration. The field 
of view is limited by a diaphragm to a narrow aperture across which 
the marks are seen to pass, At each succeeding vibration one 
pendulum follows the other more closely, and at last its mark,is 
completely covered by the other during their passage across the field 
of view of the telescope. After a few vibrations it appears again 
preceding the other. In the interval from one disappearance to the 
next, one pendulum has made, as nearly as possible, one complete 
oscillation more than the other. In this manner 530 half-vibrations of 
a clock pendulum, each equal to a second, were found to correspond to 
582 of Captain Kater’s pendulum, The ratio of the times of vibra~ . 
tion of the pendulum and the clock pendulum may thus be calculated 
with extreme accuracy. The rate of going of the clock must then be 
found by astronomical means. 

The time of vibration thus found will require several corrections 
which are called ‘‘ reductions.” For instance, if the oscillation be 
not so small that we can put sin 0 = 0 in Art. 237, we must make a 
reduction to infinitely small arcs. Another reduction is necessary if 
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we wish to reduce the result to what it would have been at the level” 
of the.sea, The attraction of the intervening land may be allowed: 
for by Dr. Young’s rule, (Phil. Trans., 1819), We may thus obtain . 
the force of gravity at the level of the sea, supposing all the land 
suove this level were cut off and the sea constrained to keep its 
oresent level. As the level of the sea is altered by the attraction of: 
che land, further corrections are still necessary if we wish to reduce. 
the result to the surface of that spheroid which most nearly repre- 
sents the earth. See Routh’s Rigid Dynamics, p. 77. For the details 
of this experiment the student is referred to the Phil. Trans. for 1818, 
and to Vol, X. 


:239. Motion of a Body when Unconstrained.—lIf 
an impulse be communicated to any point of a free body 
in a direction not passing through the centre of gravity, it 
will produce both translation and rotation. 

Let P be the impulse imparted to 
the body at A. At B, on the opposite 
side of the centre G, 2 distance GB 
= AG, let two opposite impulses be 
applied, each. equal to 4P3 they will 
not alter the effect. Now if 3P 
applied at A is combined with the 4P ries 
at B which acts in the same direction, their resultant is P, 
acting at G and in the same direction, and this produces 
translation only. The remaining +P at A combined with 
the remaining 4P at B, which acts in the opposite direc- 
tion, form a couple which produces rotation about the 
centre G. 

‘Hence, when a body receives an impulse in a direction 
which does nat pass through the centre of gravity, that centre 
will assume a motion of translation as though the impulse 
were applied immediately to it; and the body will have a 
motion of rotation about the centre of gravity, as though 
that point were fixed. 


:240. Centre of Percussion.— Axis of Spontaneous. 
Rotation.— Let Mv represent the impulse impressed upon: 
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the body (Fig. 96) whose mass is M, and 
h the perpendicular distance, GO, from 
the centre of gravity, G, to the line of 
action, OP, of the impulse. The centre 
of gravity will assume a motion of trans- 
lation with the velocity v, in a direction 
parallel to that of the impulsive force. 
Then from (3) of Art. 236, we have for the angular 
velocity 


Fig.96 


_ Moh _ vh 
— Mh? ke 


The absolute velocity of each point of the body will be 
compounded of the two velocities of translation and rota- 
tion. The point O, for example, to which the impulse is 
applied, has a velocity of translation, Oa, equal to that of 
the centre of gravity, and a velocity of rotation, ab, about 
the centre of gravity; so that the velocity of any point at 
a distance a from the centre, G, will be expressed by 
v + aw; the upper or lower sign being taken according as 
the point is, or is not, on the same side of the centre of 
gravity as the point O. Thus, if we consider the motion of 
the body for a very short interval of time, the line OGC 
will assume the position 0G'’C, the point C remaining at 
rest during this interval; that is, while the point C would 
be carried forward over the line Ce by the motion of trans- 
_lJation, it would be carried backward through the same 

distance by the motion of rotation. Hence, since the abso- 
lute velocity of Cis zero, we have 


y—aw = 03 
oe Sait Reet | OF, (1) 


and hence denoting OC by / we have 
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2 

Now if there had been a fixed axis through C’ perpen- 
dicular to the plane of motion, the initial motion would 
have been precisely the same, and this fixed axis evidently 
would not have received any pressure from the impulse. 

When a rigid body rotates about a fixed axis, and the 

body can be so struck that there is no pressure on the axis, 
any point in the line of action of the force is called a centre 
of percussion. 

When the line of action of the blow is given and the 
body is free from all constraint, so that it-is capable of 
translation as well as of rotation, the axis about which the 
body begins to turn is called the axis of spontaneous rota- 
tion. It obviously coincides with the position of the fixed 
axis in the first case. ° 


Cor. 1.—From (1) we have 
dh=1G CEG O =e s 
hence the points O and C are convertible, that is, if the 
axis of rotation be supposed to pass through the point O, 


the centre of spontaneous rotation will coincide with the cen- 
tre of percussion. 


Cor. 2.—From (2) it follows, by comparison with (4) of 
Art. 237, that if the axis of spontaneous rotation coincides 
with the axis of suspension, the centre of percussion coin- 
cides with the centre of oscillation. 


Scu.—It is evident that if there be a fixed obstacle at O, 
and it be struck by the body OC rotating about a fixed 
axis through C, the obstacle will receive the whole force 
of the moving body, and the axis will not receive any. 
Hence the centre of percussion also determines the position 
in which a fixed obstacle must be placed, on which if the 
rotating body impinges and is brought to rest, the axis: of 
rotation will suffer no pressure. 
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An axis through the centre of gravity, parallel to the 
axis of spontaneous rotation, is called the axis of instantane- 
ous rotation. A free body rotates about this axis (Art. 239). 


EXAMPLES, 


1, Find the centre of percussion of a circular plate of 
radius @ capable of rotating about an axis which touches it. 


2 
Here £? = 7 and h =a. Hence from (2) we have 
l=a+4 : = 44: 


2. A cylinder is capable of rotating about the diameter 
of one of its circular ends; find the centre of percussion. 
Let a = its length, and 6 = the radius of its base. 


Ans. | = —— 


Hence if 32? = 2a’, the centre of percussion will be at 
the end of the cylinder. If 6 is very small compared with 
a, l = 2a; thus if a straight rod of small transverse section 
is held by one end in the hand, 7 gives the point at which 
it may be struck so that the hand will receive no jar. 


241. The Principal Radius of Gyration Deter- 
mined Practically.—Mount the body upon an axis not 
passing through the centre of gravity, and cause it to 
oscillate ; from the number of oscillations performed in a 
given time, say an hour, the time of one oscillation is 
known. Then to find #, which is the distance from the 
axis to the centre of gravity, attach a spring balance to the 
lower end, and bring the centre of gravity to a horizontal 
plane through the axis, which position will be indicated by 
the maximum reading of the balance. Knowing the maxi- 
mum reading, R, of the balance, the weight, W, of the 
body, and the distance, a, from the axis of suspension ta 
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the point of attachment, we have from the principle ot 
moments, Ra = Wh, from which h is found. Substitut- 
ing in (3) of Art. 237, this value of 4, and for 7’ the time 
of an oscillation, &, becomes known. 


242. The Ballistic Pendulum.—An interesting ap- 
plication of the principles of the compound pendulum is 
the old way of determining the velocity of a bullet or can- 
non-ball. It is a matter of considerable importance in the 
Theory of Gunnery to determine the velocity of a bullet as 
it issues from the mouth of a gun. It was to determine 
this initial velocity that Mr. Robims about 1743 invented 
the Ballistic Pendulum. This consists of a large thick 
heavy mass of wood, suspended from a horizontal axis in 
the shape of a knife-edge, after the manner of a compound 
pendulum. The gun is so placed that a ball projected 
from it horizontally strikes this pendulum at rest at a cer- 
tain point, and gives it a certain angular velocity about its 
axis. The velocity of the ball is itself too great to be 
measured directly, but the angular velocity communicated 
to the pendulum may be made as small as we please by 
increasing its bulk. The arc of oscillation being meas- 
ured, the velocity of the bullet can be found by calcu- 
lation, 

The time, which the bullet takes to penetrate, is so short 

that we may suppose it completed before the pendulum has 
sensibly moved from its initial position. 

Let MZ be the mass of the pendulum and ball; m 
that of the ball; v the velocity of the ball at the instant of 
impact ; 4 the distance of the centre of gravity of the pen- 
dulum and ball from the axis of suspension ; a the distance 
of the point of impact from the axis of suspension ; » the 
angular velocity due to the blow of the ball, and & the 
radius of gyration of the pendulum and ball. Then since 
the initial velocity of the bullet is v, its impulse is measured 
by mv, and therefore from (3) of Art. 236 we have for the 
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initial angular velocity generated in the pendulum by this 
impulse, 
mova 
= ie @) 


and from (1) of Art. 237 we have for the subsequent 


motion 
@0 Wea 
ae "5 sin 0. (2) 


Integrating, and observing that, if « be the angle through 


: 10 
which the pendulum moves, we have pease = ow when 6 = 0, 


at 
dé 
and i> 0 when 6 = a, (2) becomes 
2gh 
= ar (1 — cos a). (3) 


Eliminating » between (1) and (3) we have 


v= ils _ vgh sin 5, (4) 


from which v becomes known, since all the quantities in 
the second member may be observed, or are known. 

We may determine « as follows: At a point in the pen- 
dulum at a distance / from the axis of suspension, attach 
the end of a tape, and let the rest of the tape be wound 
tightly round a reel; as the pendulum ascends, let a length 
e be unwound from the reel; then ¢ is the chord of the 


angle « to the radius h, so that ¢ = 2h sin a which in (4) 


gives 
Mke 
ee st . (5) 


The values of & and h may be determimed as in Art. 241. 
If the mouth of the gun is placed near to the pendulum, 
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the value of v, given by (5), must be nearly the velocity of 
projection. 

The velocity may also be determined in the following 
manner: Let the gun be attached to a heavy pendulum ; 
when the gun is discharged the recoil causes the pendulum 
to turn round its axis and to oscillate through an are 
which can be measured ; and the velocity of the bullet can 
be deduced from the magnitude of this arc. (See Price’s 
Anal. Mech’s, Vol. II, p. 231.) 


Before the invention of the ballistic pendulum by Mr. Robins in 
1748, but little progress had been made in the true theory of military 
projectiles. Robins’ New Principles of Gunnery was soon translated 
into several languages, and Euler added to his translation of it into 
German an extensive commentary ; the work of Huler’s being again 
translated into English in 1784. The experiments of Robins were 
all conducted with musket balls of about an ounce weight, but they 
were afterwards continued during several years by Dr. Hutton, who 
used cannon-balls of from one to nearly three pounds in weight. 
Hutton used to suspend his cannon as a pendulum, and measure the 
angle through which it was raised by the discharge. His experi- 
ments are still regarded as some of the most trustworthy on smooth. 
bore guns. See Routh’s Rigid Dynamics, p. 94, also Facyclopedia 
Britannica, Art. Gunnery. 


243. Motion of a Heavy Body about a Horizon- 
tal Axle through its Centre.—Let the body be a sphere 
whose radius is #, and weight W, and let a weight P be 
attached to a cord wound round the circumference of-a 
wheel on the same axle, the radius of the wheel being 7; 
required the distance passed over by P in ¢ seconds. 

From (4) of Art. 236 we have 


EO ee re 
d? ~ Wk? + Pr 


Multiplying by dé and integrating twice, we have 


uy Prot? 
o = 2( Wei + Pay tl) 


| cp aie} 
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the constants being zero in both integrations, since the body 
starts from rest when ¢ = 0. The space will be 6: 


EXAMPLES. 


1. Let the body be a sphere whose radius is 3 ft. and 
weight 500 Ibs.; let P be 50 Ibs., and the radius of the 
wheel 6 ins.; required the time in which the weight P will 
descend through 50 ft. (Take g = 382.) 

Ans. 21 seconds. 


2. Let the body be a sphere whose radius is 14 ins. and 
weight 800 lIbs.; let it be moved by a weight of 200 lbs, 
attached to a cord wound round a wheel the radius of 
which is one foot; find the number of revolutions of the 
sphere in eight seconds. (Take g = 382.) Ans. 51.3. 


244. Motion of a Wheel and 
Azle when a Given Weight P - 
Raises a Given Weight W.—Let 
the weights P and W be attached to 
cords wound round the wheel and axle, 
respectively, (Fig. 97) ; let R and r be 
be the radii of the wheel and axle, and 
wand w’ their weights; required the 
angular distance passed over in ¢ 
seconds. 
From (4) of Art. 236, we have 


a0 PR —Wr 


dF ~ PR Wr + fuk + hur? (1) 
noe Me ieee Aid i as 
2a 0 —_— PR + Wr we tw? “ Fur B- (2) 


EXAMPLE, 


Let the weight P = 30 lbs, W = 80 lbs, w = 8 lbs., 
and w = 4 lbs.; and let R and r be 10 ins. and 4 ins.; 


2 0. B25 vadsand/ oq = 
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réquired (1) the space passed over by P in 12 seconds if it 
starts from rest, and (2) the tensions 7'and 7” of the cords, 
supporting Pand W. (Take g = 82.) 

Ans. (1) 97.79 ft.; (2) 7’ = 31.28 lbs.; 7” = 78.64 lbs. 


245. Motion of a Rigid Body A 
about a Vertical Azxis.—Let AB 
be a vertical axis about which the D 


body ©, on the horizontal arm ED, \ 
revolves, under the action of a con- 

stant horizontal force /, applied at Fig.98 
the extremity E, perpendicular to 

ED. Let IM be the mass of the body whose centre is O, 
and 7 and h the distances ED and CD, respectively. Then 
from (4) of Art. 236, we have 


a0 55 Fr 
d@ — M(k,? +i) 


Multiplying by d¢ and integrating twice, observing that 
the constants of both integrations are zero, we have 


Fr? 
°= STE + o 
which is the angular space passed over in ¢ seconds. 


EXAMPLE. 


Let the bedy be a sphere whose radius is 2 ft., whose 
weight is 600 Ibs., and the distance of whose centre from 
the axis is 8 ft., and let #’ be a force of 40 lbs. acting at the 
end of an arm 10 ft. long; find (1) the number of revolu- 
tions which the body will make about the axis in 10 
minutes, and (2) the time of one revolution. (Take 
g = 32.) . “Ans: (1) 9316.3 ; (2) 6.2 sees. 


BODY ROLLING DOWN AN INCLINED PLANE. 473 


»246. Body Rolling down an Inclined Plane.—/A 
homogeneous sphere rolls directly down a rough inclined 
plane under the action of gravity. Find the motion. 


Let Fig. 99 represent a section 
of the sphere and plane made by a 
vertical plane passing through ©, 
the centre of the sphere. Let « be 
the inclination of the plane to the 
horizon, a the radius of the sphere, 
O the point of the plane which 3 Fig.99 
was initially touched by the sphere 
at the point A, P the point of contact at the time ¢, 
ACP = 6, which is the angle turned through by the 
sphere, m = the mass of the sphere, #” = the friction 
acting upwards, & = the pressure of the sphere on the 
plane. Then it is convenient to choose O for origin and 
OB for the axis of 7; hence OP = 2. 

The forces which act on the sphere are (1) the reaction, 
Rk, perpendicular to OB at P, (2) the friction, /, acting at 
P along PO, and (3) its weight, mg, acting vertically at C 
the centre. Now C evidently moves along a straight line 
parallel to the plane; so that for its motion of translation 
we have, by resolving along the plane, 


moa = mg sin a — fF, (1) 

The sphere evidently rotates about its point of contact 
with the plane; but it may be considered as rotating at 
any instant about its centre C as fixed ; and the angular 
velocity of C at that instant in reference to P is the same 
as that of P in reference to C.. From (4) of Art. 236, we 
have for the motion of rotation 


#6 
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and since the plane is perfectly rough, so that the sphere 
does not slide, we have 
n= ad. 6) 


Multiplying (1) by a and adding the result to (2), we get 


2 2 
ma oe + mk? oe = mag sin @. (4) 
Differentiating (3) twice we get es =e a which 
united to (4) gives 
dx a : 
eee ©) 


Since the sphere is homogeneous, 4,* = 2a’, and (5) 
becomes 


ax : 
‘ch $g sin @ (6) 


which gives the acceleration down the plane. 

If the sphere had been sliding down a smooth plane, the 
acceleration would have been g sin « (Art. 144); so that 
two-sevenths of gravity is used in turning the sphere, and 
five-sevenths in urging the sphere down the plane. 

Integrating (6) twice, and supposing the sphere to start 
from rest, we have 


x= fg-sine:- 


which gives the space passed over in the time t. 
Resolving perpendicular to the plane, we have 


Rk = mg cos «. 


Cor.—If the rolling body were a circular cylinder with 
its axis horizontal, then &,? = 4a, and (5) becomes 


EE ay, ie 
77 ae 49 sin a; (7) 
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so that one-third of gravity is used in turning the cylinder, 
and two-thirds in urging it down the plane. 
From (7) we have 


x=tgsine-? (8) 
which gives the space passed over in the time t from rest. 


247. Motion of a Falling Body under the Action 
of an Impulsive Force not Directly through its 
Centre.— 4 string is wound round the circumference of a 
reel, and the free end is attached to a fixed point. The reel 
is then lifted up and let fall so that at the moment when 
the string becomes tight tt ts vertical, and tangent to the reel. 
The whole motion being supposed to take place in one plane, 
determine the effect of the impulse. 


The reel at first will fall vertically without rotation. 
Let v be the velocity of the centre at the moment when the 
string becomes tight; v’, w the velocity of the centre and 
the angular velocity just after the impulse; 7’ the impul- 
sive tension; mm the mass of the reel, and a its radius, 

Just after the impact the part of the reel in contact with 
the string has no velocity, and at this instant the reel 
rotates about this part; but it may be considered as 
rotating about its axis as fixed, and the angular velocity of 
its axis, at this instant, in reference to the part in contact 
is the same as that of the latter in reference to the former. 
The impulsive tension is 


Te (0 (1) 


Hence from (3) of Art. 236, we have for the motion of 
rotation 


mk Wo = m(v — v')a. (2) 
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“Since the part of the reel in contact with the saa has 
no velocity at the instant of impact, we have 


y' = aw. (3) 
Solving (2) and (3) we have 


av 
2 
If the reel be a homogeneous cylinder, £,? = 5 and we 
have from (3) and (4) 


w= ¥e, at 8 (5) 


~ and from (1) we have for the impulsive tension, 
T = 4mv. 


Cor—To find the subsequent motion. The centre of the 
reel begins to descend vertically; and as there is no hori- 
zontal force on it, it will continue to descend in a vertical 
straight line, and throughout all its subsequent motion the 
string will be vertical. The motion may therefore be 
easily investigated, as in Art. 246, since it is similar to the 
- case of a body rollimg down an inclined plane which is 
vertical, the tension of the string taking the place of the 


friction along the plane. Hence putting « = 5 and 


letting the friction /” = the finite tension of the string, we 
have, from (1) and (7) of Art. 246, 


da 
F=4mg, and 7p 29:5 


" that is, the finite tension of the string is one-third of the 
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weight, wud the reel descends with a uniform acceleration 
of 39. 

Since the initial velocity of the reel from (5) is 4v, we 
have, for the space descended in the time ¢ after the impact, 
from (8) of Art. 246, 


z = 3vt+ 4g. (See Routh’s Rigid Dynamics, p. 131.) 


Foes WE PUES: 


1. A thin rod of steel 10 ft. long, oscillates about an axis 
passing through one end of it; find (1) the time of an 
oscillation, and (2) the number of oscillations it makes in a 
day. Ans. (1) 1.434 sec.; (2) 60254. 


2. A pendulum oscillates about an axis passing through 
its end; it consists of a steel rod 60 ins. long, with a rect- 
angular section 4 by } of an inch; on this rod is a steel 
eylinder 2 in. in diameter and 4 in. long; when the ends of 
the rod and cylinder are set square, find the time of an 
oscillation. Ans. 1.174 secs. 


3. Determine the radius of gyration with reference to 
the axis of suspension of a body that makes 73 oscillations 
in 2 minutes, the distance of the centre of gravity from the 
axis being 3 ft. 2 in. Ans. 5.267 ft. 


4. Determine the distance between the centres of suspen- 
sion and oscillation of a body that oscillates in 24 sec. 
. Ans. 20.264 ft. 


5. A thin circular plate oscillates about an axis passing 
through the circumference ; find the length of the simple 
equivalent pendulum, (1) when the axis touches the circle 
and is in its plane, and (2) when it is at right angles to 
the plane of the circle. Ans. (1) $a; (2) $a. 


6. A cube oscillates about one of its edges; find the 
length of the simple equivalent pendulum, the edge being 


a Ans. 4a V2. 
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7. A prism, whose cross section is a square, each. side 
being = 2a, and whose length is J, oscillates about one of 


its upper edges; find the length of the simple equivalent ; 


pendulum. Ans. %/4a? + P. 


8. An elliptic lamina is such that when it swings about 
one latus rectum as a horizontal axis, the other latus 
rectum passes through the centre of oscillation; prove 
that the eccentricity is 4. 


9. The density of a rod varies as the distance from one 
end; find the axis perpendicular to it about which the 
ia of oscillation is a minimum, / being the length of the 
rod. 

Ans. The distance of the axis from the centre of Eh 


ist V2. 


10. Find the axis about which an elliptic lamina must 
oscillate that the time of oscillation may be a minimum. 

Ans. The axis must be parallel to the major axis, and 
bisect the semi-minor axis. 


11. Find the centre of percussion of a cube which rotates 
about an axis parallel to the four parallel edges of the cube, 
and equidistant from the two nearer, as well as from the 
two'further edges. Let 2a be a side of the cube, and let ¢ 
be the distance of the rotation-axis from its centre of 
gravity. 

2a? : 

Ans. | =¢+ = where / is the distance from the rota- 

tion-axis to the centre of percussion. 


‘12. Find the centre of percussion of a sphere which 
rotates about an axis tangent to its surface. 


Ans. tice ha. 
13. Let the body in Art. 248, be a sphere whose radius is 


17 ins. and weight 1200 lbs.; let it be moved by a weight 
of 250 lbs. attached to a cord wound round a wheel whose 


K= oO, BG, 4 
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radius is 15 ins.; find the number of revolutions of the 
sphere in 10 seconds. (g = 32.) Ans. 58.77. 


14, Let the body in Art. 243 be a sphere of radius 8 ins. 
and weight 500 Ibs.; let it be moved by a weight of 100 lbs. 
attached to a cord wound round a wheel whose radius is 
6 in.; find the number of revolutions of the sphere in 
5 seconds. (y = 324.) Ans. 28.09. 


15. In Art. 244, let the weight P = 40 lbs, W = 100 
lbs., w = 12 lbs., and w' = 6 lbs.; and let R and r be 
12 ins. and 7 ins.; required (1) the space passed over by P 
in 16 secs. if it starts from rest, and (2) the tensions 7’ and. 
T’ of the cords supporting P and W. (g = 382). 

Ans. (1) 926.5; (2) 7’ = 49:04 lbs., 7” — 86.81 Ibs. 

16.In Art. 244, let the weight P = 25 lbs, W = 60 
lbs., w= 6 lbs., and w’ = 21bs.; and let A and r be 
8 in. and 3 in.; required (1) the space passed over by P in 
10 secs. if it starts from rest, and (2) the tensions 7’ and 
T" of the cords supporting Pand IW. (g = 321.) 

Ans. (1) 109.92 ft.; (2) T = 23.29 lbs.; T’= 61.54 Ibs, 


17. In Art. 245, let the body be a sphere whose radiua 
is 3 ft., whose weight is 800 Ibs., and the distance of whose 
centre from the axis is 9 ft.; and let #’ be a force of 60 lbs. 
acting at the end of an arm 12 ft. long; find (1) the num- 
ber of revolutions which the body will make about the 
axis in 12 min., and (2) the time of one revolution. 
(g = 82.) Ans. (1) 14043.6 ; (2) 6.07 secs. 


18. In Ex. 17, let the radius = one foot, the weight = 
100 lbs., the distance of centre from axis = 5 ft., and 


"~F\ = 25 Ibs. acting at end of arm 8 ft. long; find (1) the 


number of revolutions which the body will make about the 
axis in 5 min., and (2) the time of one revolution. 
(g = 324.) Ans. (1) 18139.09 ; (2) 2.23 sees. 
19. If the body in Art. 247 be a homogeneous sphere, 
the string being round the circumference of a great circle, 
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find (1) the angular velocity just after the impulse, and (2) 
the impulsive tension. eal bu (8) te: 
ta § 


20. A bar, J feet long, falls vertically, retaining its hori- 
zontal position till it strikes a fixed obstacle at one-quarter 
the length of the bar from the centre; find (1) the angu- 
lar velocity of the bar, (2) the linear velocity of its centre 
just after the impulse, and (3) the impulsive force, the 
velocity at the instant of ee being v. 


Ans. (1) 2? 5 (2) 405 (8) 4mv. 


21. A bar, 40 ft. long, falls through a vertical height of 
50 ft., retaining its horizontal position till one end strikes 
a fixed obstacle 60 ft. above the ground ; find (1) its angu- 
lar velocity, (2) the linear velocity of its centre just after 
the impulse; (8) the number of revolutions it will make 
before reaching the ground, (4) the whole time of falling 
to the ground, and (5) its linear velocity on reaching the 
ground. 

Ans, (1) 2.12; (2) 42.48; (3) 0.845; (4) 2.79; (5) 
75.10. 


Gilg bt ROVE 
MOTION OF A SYSTEM OF RIGID BODIES IN SPACE 


248. The Equations of Motion of a System of 
Rigid Bodies obtained by D’Alembert’s Principle.— 
Let (2, y, z) be the position of the particle m at the time ¢ 
referred to any set of rectangular axes fixed in space, and 
X, Y, Z, the axial components of the impressed accelera- 
ting forces acting on the same particle. Then a A a oe 
are the axial components of the accelerations of the parti- 
cle; and by D’Alembert’s Principle (Art. 235) the forces, 


Pa ( - why ( az 
m (x- aR m\{Y¥ — RP m({Z— a 
acting on m together with similar forces acting on every 
particle of the system, are in equilibrium. Hence by the 
principles of Statics (Art. 65) we have the following six 
equations of motion : 


zm (x — 53) = A 


zm (¥— a! aga (1) 


az a 
Em (yZ— 2¥) — 3m (yo — 2H) = 0, 


Pa ae 

Em (2X —2Z)—%m(25e—ers) = 0) (2) 
dy Px 

xm (xY¥ — yX) —3m(x aioe yf) all 


21 
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By means of these six equations the motion of a rigid 
body acted on by any finite forces, may be determined. 
They lead immediately to two important propositions, one 
of which enables us to calculate the motion of translation 
of the body in space; and the other the motion of rotation, 


249. Independence of the Motion of Translation 
of the Centre of Gravity, and of Rotation about an 
Axis Passing through it.—Let (2, y, z) be the position 
of the centre of gravity of the body at the time ¢, referred 
to fixed axes, (x, y, 2) the position of the particle m referred 
to the same axes, (a’, y’, z') the position of m referred to a 
system of axes passing through the centre of gravity and 
parallel to the fixed axes, and M the whole mass. Then 


aL eae+n, yoyty, ¢=24 2. (1) 


Since the origin of the movable system is at the centre of 
gravity, we have (Art. 59) 


Lmae = my = mz = 0; (2) 
C2 <— 5 OY ee ee eee « 


Also ime = Mz, my = My, =mz = Me; 


ax Px dy dy dz ,,d*e 
tn ee a ee ie 


Substituting these values in (1) of Art. 248, we have 


Maa == SomA 

Pi 
Uy = d-mY; (43 
jee = 1-mZ. 
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These three equations do not contain the co-ordinates of 
the point of application of the forces, and are the same as 
those which would be obtained for the motion of the 
centre of gravity supposing the forces all applied at that 
point. Hence 


The motion of the centre of gravity of a system acted on 
by any forces is the same as Uf all the mass were collected at 
the centre of gravity and all the forces were applied at that 
point parallel to their former directions. 


2. Differentiating (1) twice we have 


Pe Pe a Py ay, ey 


‘ d@ dé" d®’ d® ~ dt" dt’ 


Substituting these values in the first of equations (2) of 
Art. 248, we have 


im[y+y)4Z—@+27)¥) 
= 1 (Ge. OF ns » (dy, & 
—=m| @+ 9) (G+ ze) Sieh d) (Fa sf oY) |= hs 
Performing the operations indicated we get 


Zz z dz dz 
em (2 — Fp) — 7-m Fe + 2m (2 — Fe) 


Es ie: Pi. 25 FY. 
— Fa tm — 2m (vy — 2) + 22m de 


; Ig A a ea 
— ©mz (y-—) Miah ead = 0. 
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Omitting the 1st, 2d, 4th, 5th, 6th, and 8th terms which 
vanish by reason of (2), (3), and (4), we have 


, Pz! ey / tyr 
=m (y +7 ae x) = im(y’Z—2'Y), 


similarly from the other two equations of (2) we have 


5) 
! ae y Pz eye: y ! ( 
=m (: W. =) = im (2X — z'Z), 


72 , py Aid 
=m (2 a —y oe = im (a ¥ — y'X). 

These three equations do not contain the co-ordinates of . 
the centre of gravity, and are exactly the equations we 
would have obtained if we had regarded the centre of 
gravity as a fixed point, and taken it as the origin of 
moments. Hence 


The motion of a body, acted on by any forces, about ats 
centre of gravity is the same as if the centre of gravity were 
fixed and the same forces acted on the body. That is, from 
(4) the motion of translation of the centre of gravity of the 
body is independent of its rotation ; and from (5) the rota- 
tion of the body is independent of the translation of its 
centre. 


These two important propositions are called respectively, 
the principles of the conservation of the motions of transla- 
tion and rotation. 


Scu.—By the first principle the problem of finding the 
motion of the centre of gravity of a system, however com- 
plex the system may be, is reduced to the problem of 
finding the motion of a single particle. By the second 
principle the problem of finding the angular motion of a 
free body in space is reduced to that of determining the 
motion of that body about a fixed point. 
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Rem.—In using the first principle it should be noticed 
that the impressed forces are to be applied at the centre of 
gravity parallel to their former directions. Thus, if a rigid 
body be moving under the influence of a central force, the 
motion of the centre of gravity is not generally the same 
as if the whole mass were collected at the centre of gravity 
and it were ¢hen acted on by the same central force. What 
the principle asserts is, that, if the attraction of the central 
force on each element of the body be found, the motion of 
the centre of gravity is the same as if these forces were 
applied at the centre of gravity parallel to their original 
directions. 


250. The Principle of the Conservation of the 
Centre of Gravity.—Suppose that a material system is 
acted on by no other forces than the mutual attractions of 
its parts; then the impressed accelerating forces are zero, 
which give 

2A Ge ea eZ 


therefore from (4) of Art. 249, we get 


de ay a 
Wea” Ge UF 


where v, is the velocity of the centre of gravity when 
. (= 0, and a, B, y, are the angles which its direction makes 
with the axes. Therefore, calling v the velocity of the 
centre of gravity at the time /, we have 


de + dy + d# : 
pa (Sein 0) 


which is evidently constant. 
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If vg = 0, the centre of gravity remains at rest. 
Integrating (1) we get 


a=v,tcosa+a, y= v,tcosB+ 8, 
2=v,t cosy + ¢3 


a—a@ y—b_2—¢ 
cos@  cosG cosy 


(3) 


(a, 6, c) being the place of the centre of gravity of the 
system when ¢ = 0. As (3) are the equations of a straight 
line it follows that the motion of the centre of gravity is 
rectilinear. 

Hence when a material system is in motion under the 
action of forces, none of which are external to the system, 
then the centre of gravity moves uniformly in a straight line 
or remains at rest. 


Rem.—Thus the motion of the centre of gravity of a 
system of particles is not altered by their mutual collision, 
whatever degree of elasticity they may have, because a 
reaction always exists equal and opposite to the action. If 
an explosion occurs in a moving body, whereby it is broken 
into pieces, the line of motion and the velocity of the 
centre of gravity of the body are not changed by the 
explosion ; thus the motion of the centre of gravity of the 
-earth is unaltered by earthquakes ; volcanic explosions on 
the moon will not change its motion in space. The motion 
of the centre of gravity of the solar system is not affected 
by the mutual and reciprocal action of its several members; 
it is changed only by the action of forces external to the 
system. 


251. The Principle of the Conservation of Areas.— 
If z, y be the rectangular, and 7, @ the polar co-ordinates 
of a particle, we have 
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oy 5 = 25(¥) 


= 1° cos? of _ 7 (tan ae ne (1) 


Now $7°d@ is the elementary area described round the 
origin in the time dé by the projection of the radius vector 
of the particle on the plane of zy, (Art. 182.) If twice 
this polar area be multiplied by the mass of the particle, 
it is called the area conserved by the particle in the time dé 
round the axis of z. Hence 


ne — 9) 


is called the area conserved by the system. 

Let dAz, dAy, dAz be twice the areas described by the 
projections of the radius vector of the particle m on the 
planes of yz, zz, xy, respectively ; then from (1) we have 


ain (op — 9 Ge) = 2 Gs 


and differentiating we get 


(ey ea, “ay 


If. the impressed accelerating forces are zero the first 


member of (2) is zero, from (5) of Art. 249; therefore the 
second member is zero. Hence 


CA 
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ae tek PA, _ mos = ? 
similarly =m Se 0, a 0; 
and therefore by integration 
dAy dAy ’ dAz pee ” 
zm = hs =m — oe =, Die di a 


h, h’, h" being constants. 
imA, = ht, smAy= ht, SmAZ=h EF; 


the limits of integration being such that the areas and the 
time begin simultaneously. Thus, the sum of the products 
of the mass of every particle, and the projection of the area 
described by its radius vector on each co-ordinate plane, 
varies as the time. This theorem is called the principle of 
the conservation of areas. That is, 


When a material system is in motion under the action 
of forces, none of which are external to the system, then the 
sum of the products of the mass of each particle by the pro- 
jection, on any plane, of the area described by the radius 
vector of this particle measured from any fixed point, varies 
as the time of motion. 


252. Conservation of Vis Viva or Energy.*—Lcet 
(x, y, z) be the place of the particle m at the time ¢, and 
let X, Y, Z be the axial components of the impressed 
accelerating forces acting on the particle, as in Art. 248. 
The axial components of the effective forces acting on the 
same particle at any time ¢ are 


nee mF mF : 
dt?’ dt?’ at? 


lf the effective forces on all the particles be reversed, 


~ 


* See Art. 189. 
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they will be in equilibrium with the whole group of im- 
pressed forces (Art. 235). Hence, by the principle of 
~irtual velocities (Art. 104), we have 


D7) cS a ox + (y— 2 dy + (Ze wt) 82 |=0, (1) 


where dz, dy, dz are any small arbitrary displacements of 
the particle m parallel to the axes, consistent with the con- 
nection of the parts of the system with one another at the 
time 7. 

Now the spaces actually described by the particle m dur- 
ing the instant after the time ¢ parallel to the axes are 
consistent with the connection of the parts of the system 
with each other, and hence we may take the arbitrary dis- 
placements, dz, dy, dz, to be respectively equal to the 


dis, az ee 
> 7g Ot Gy Ot of the particle, 


Making this substitution, (1) becomes 


actual displacements, = ot 


id da. dy dy. d% e) 
EN a deg dk AB at 
dz 


= 3m(xF + Vo + Zo). 


Integrating, we get 
Ime? — Lmv,? = Xm f (Xdz + Vdy + Zdz), (2) 


where v and v, are the velocities of the particle m at the 
times ¢ and ¢). 

The first member of (2) is twice the vis viva or kinetic 
energy of the system acquired in its motion from the time 
t, to the time #, under the action of the given forces, 


* That is, although éa is not equal to dz, yet the ratio of Sx to dx is equal to the 
ratio of dt to dé. : 
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The second member expresses twice the work done by 
these forces in the same time (Art. 189). 

If the second member of (2) be an exact differential of a 
function of 2, y, z, so that it equals df (z, y, 2); then tak- 
ing the definite integral between the limits 2, y, z and 25, 
Yo, 29; corresponding to ¢ and f,, (2) becomes 


=mv? — =mv,? = 2f (2, Ys 2) — 2f (€esYo> 2%). (3) 


Now the second member of (2) is an exact differential so 
far us any particle m is acted on by a central force whose 
centre is fixed at (a, 0, ¢), and which is a function of the 
distance 7 between the centre and (a, y, z) the place of m. 
Thus, let P be the central force = f(r), say; then 


i pi 
, 


a 
Ue 


Me ay, vat" Fy Ze 


= (oa + y P+ 9 
rdr = (x — a) dx + (y — b) dy + («—e) dz; 
m (Xdx + Ydy + Zdz) = mf (r) adr; 


which is an exact differential; substituting this in the 
second member of (2), it 


= 2m ST) dr, 


where the limits r and 79 correspond to ¢ and f,. 

Also, the second member of (2) is an exact differential, 
so far as any two particles of the system are attracted 
towards or repelled from each other by a force which varies 
as the mass of each, and is a function of the distance 
between them. Let m and m!’ be any two particles ; let 
(x, y, 2), (z', y’', 2’) be their places at the time ¢; r their 
distance apart; P = f(r), the mutual action of the unit 
mass of each particle. Then the whole attractive force of 
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mon m' is Pm, and the whole attractive force of m’ on m 
is Pm'; and we have 


U 


= Ee Y=m2— p, Z=™m 


ee ip Yr 


2— 2! 


xA=m =P; 


Ped, , ae 1] Tey 
X'=—m=— eae Y'=—m* 2 Bs Z'=—m=— P. 


Also r= («—2’')P? + (y—y'P + (2-2) 
Therefore for these two particles, we have 


m (Xdz + Ydy + Zdz) + m' (X'dz' + Y'dy' + Z'd2’) 


= = P ((@ — 2’) (dz = dz') + (y — y') (dy — dy’) 
+ (2 — 2’) (dz — dz’) 
= mm f(r) dr; 


which is an exact differential. The same reasoning applied 
to every two particles in the system must lead to a similar 
result ; so that finally the second member of (2) 


= 2mm SFO) dr, 


where the limits 7 and r, correspond to ¢ and ¢,, so that 
the integral will be a function solely of the initial and final 
co-ordinates of the particles of the system. 

Hence, when a material system is in motion under the 
action of forces, none of which are external to the system, 
then the change of the vis viva of the system, in passing 
from one position to anotier, depends only on the two posi-~ 
tions of the system, and is independent of the path described 
by each particle of the system. 

This theorem is'called the principle of the conservation of 
vis viva or energy. 
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Cor. 1.—If a system be under the action of no external 
forces, we have X = Y = Z = 0, and hence the vis viva 
of the system is constant. 


Cor. 2.—Let gravity be the only force acting on the 
system. Let the axis of z be vertical and positive down- 
wards, then we have XY = 0, Y=0, Z=g. Hence (2) 
becomes 

ymv? — Lmv,? = %m (z — Zp). 


But if 2 and z, are the distances from the plane of zy to the 
centre of gravity of the system at the times ¢ and ¢,, and if 
M is the mass of the system, we have 


Mz = Xmz, Me, = =mz,; 
2 Sme? — Imv,? = 2Mg (2 — 2). (4) 


That is, the increase of vis viva of the system depends only 
on the vertical distance over which the centre of gravity 
passes ; and therefore the vis viva is the same whenever the 
centre of gravity passes through a given horizontal plane. 


ReM.—The principle of vis viva was first used by Huyghens in 
his determination of the centre of oscillation of a body (Art. 237, 
Rem.). 

The advantage of this principle is that it gives at once a relation 
between the velocities of the bodies considered and the co-ordinates 
which determine their positions in space, so that when, from the 
nature of the problem, the position of all the bodies may be made to 
depend on one variable, the equation of vis viva is sufficient to deter- 
mine the motion. : 

Suppose a weight mg to be placed at any height above the sur- 
face of the earth. As it falls through a height z, the force of gravity 
does work which is measured by mgz. The weight has acquired a 
velocity v, and therefore its vis viva is }mv? which is equal to mgz 
(Art. 217), Ifthe weight falls through the remainder of the height 
h, gravity does more work which is measured by mg (hk — 2). Whien 
the weight has reached the ground, it has fallen as far as the circum: 
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stances of the case permit, aud gravity has Jone work which is meas 
ured by mgh, and can do no more work until the weight has been 
lifted up again. Hence, throughout the motion when the weight has. 
descended through any space 2, its vis viva, 4mv?(= mgz), together 
with the work that can be done during the rest of the descent, 
mg (% — 2), is constant and equal to mgh, the work done by gravity 
during the whole descent h. 


If we complicate the motion by making the weight work some 
machine during its descent, the same theorem is still true. The vis 
viva of the weight, when it has descended any space 2, is equal to the 
work mgz which has been done by gravity during this descent, dimin- 
ished by the work done on the machine. Hence, as before, the vis 
viva together with the difference between the work done by gravity 
and that done on the machine during the remainder of the descent is 
constant and equal to the excess, of the work done by gravity over 
that done on the machine during the whole descent. (See Routh’s 
Rigid Dynamics, p. 270.) 


253. Composition of Rotations.—It is often neces- 
sary to compound rotations about axes which meet at a 
point. When a body is said to have angular velocities 
about three different axes at the same time, it is only meant 
that the motion may be determined as follows: Divide the 
whole time into a number of infinitesimal intervals each 
equal to dt. During each of these, turn the body round 
the three axes successively, through angles ,d/, @.dt, wd. 
The result will be the same in whatever order the rotations 
take place. The final displacement of the body is the 
diagonal of the parallelopiped described on these three lines 
ag sides, and is therefore independent of the order of the 
rotations. Since then the three successive rotations are 
quite independent, they may be said to take place simul- 
taneously. 


Hence we infer that angular velocities and angular accel- 
erations may be compounded and resolved by the same 
rules and in the same way as if they were linear. Thus, an 
angular velocity » about any given axis may be resolved 
into two, w cos «¢ and sin a, about axes at right angles te 
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each other and making angles @ and 5 — a with the given 


axis. 

Also, if a body have angular velocities o,, w,, #, about 
three axes at right angles, they are together equivalent to 
a single angular velocity w, where = VO,2+ Wo? +W5%, 
about an axis inclined to the given axes at angles whose 


: : w 
cosines are respectively a 5c 


254. Motion of a Rigid Body referred to Fixed 
Axes.—Let us suppose that one point in the body is fixed. 
Let this point be taken as the origin of co-ordinates, and 
let the axes OX, OY, OZ be any directions fixed in space 
and at right angles to one another. The body at the time 
t is turning about some axis of instantaneous rotation 
(Art. 240). Let its angular velocity about this axis be , 
and let this be resolved into the angular velocities ,, Ws, 
w, about the co-ordinate axes. It is required to find the 

da dy dz 
? dé’ dt * dt’ 
co-ordinates, of a particle m at the point P, (2, y, z), in 
terms of the angular velocities about the axes. 

These angular velocities are sup- 
posed positive when they tend the 
same way round the axes that 
positive couples tend in Statics 
(Art. 65). Thus the positive 
directions of @,, @,, w, are re- 
spectively from y to z about 2, 
from z to # about y, and from 2 
to y about z; and those negative 
which act in the opposite direc- 
tions. Fig.100 
. Let us determine the velocity 
of P parallel to the axis of z. Let PN be the ordinate 2, 


resolved linear velocities parallel to the axes of 
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and draw PM perpendicular to the axis of x The velocity 
of P due to rotation about OX is »,PM. Resolving this 
parallel to the axes of y and z, and reckoning those linear 
velocities positive which tend from the origin, and vice 
versa, we have the velocity 


along MN = — »,PM cos NPM = — 0,23 
and along WNP =o,PMsin NPM = oyy. 


Similarly the velocity due to the rotation about OY par- 
allel to OX is wz, and parallel to OZ is — o,2. And that 
due to the re about OZ parallel to O.Y is — sy, and. 
parallel to OY is 3. 

Adding together those velocities which are parallel to 
the same axes, we have for the velocities of P parallel to 
the axes of z, y, and z, respectively, 


du 

FT Wo% — W3Y, 

Z 

ov = OP — 02%, (1) 
dz 


at — QsYy a Dok. 


255. Axis of Instantaneous Rotation.—Every par- 
ticle in the axis of instantaneous rotation is at rest relative 
to the origin; hence, for these particles each of the first 
members of (1) in Art. 254, will reduce to zero, and we 
have - 


Woz — Wy = 0, 
0% — 0,2 = 0, (1) 


0,y —,2 = 0, 
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which are the equations of the axis of instantaneous rota 
tion, the third equation being a necessary consequence of 
the first two ; hence, 


Zee y= —2; (2) 


that is, the instantaneous axis is a straight line passing 
through the origin which is at rest at the instant con- 
sidered ; and the whole body must; for the instant, rotate 
about this line. 


Cor.—Denote by «, B, y the angles which this axis 
makes with the co-ordinate axes 2, y, 2, respectively, 
then (Anal. Geom., Art. 175) we have 


O74 
COR = eee 


Sy en 


@ 

cos B — Ft 
® 

cos y = 3 


———S—— ee 
V0? + Wo” + 3” 


which gives the position of .the instantaneous axis in terms 
of the angular velocities about the co-ordinate axes. 


256. The Angular Velocity of the Body about the 
Axis of Instantaneous Rotation.—The angular veloc- 
ity of the body about this axis will be the same as that of 
any single particle chosen at pleasure. Let the particle be 
taken on the axis of x; if from it we draw a perpendicular, 
p, to the instantaneous axis, then the distance of the par- 
ticle from the origin being 2, we have . 
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is ————<—$— ee cre Su 
parsing = evita = 2y/ Phas Mabe 


2 2 : 
De ae W_* + @* 


Since, for this particle, y = 0, = 0, we have from (1) 
of Art. 254, for the absolute velocity, 


vide + dy + d# 


i dt 


= 2 
= VWs + W5%, 


and hence, for the angular velocity v, we have 


= Vw? + Wy? + W5% 


which is the angular velocity required. 


257. Buler’s Equations.—T7o determine the genera 
equations of motion of a body about a fixed point. 


Let the fixed point O be taken as origin ; let (a, y, z) be 
the place of any particle m, at the time ¢, referred to any 
rectangular axes fixed in space, and let Or,, Oy,, Oz, be 
the principal axes of the body (Art. 231). Differentiating 
(1) of Art. 254 with respect to ¢, we have 


Ga dee eyoes = yh (@,y — 2) — wo (w,%—w,2), 
dP dt dt : i! 

C dw dw 

7 = ae a tera + 3 (2% — ©3Y) — 0, (1Y — 22), 


Pz dw dw. 
Ba dh 2 qh £01 (Ost — 12) — Os (2% — O59) 


Denoting by LZ, VM, N, the first terms respectively of (2), 
2 
(Art. 248), and substituting the above values of = and ae 


in the last of these equations, we get 
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dw. dw, 
=m (at apy = —Imyz - “at. — Liman 


—Emay (0,—0,!) +m (@—y) 0,0, (=O) 


—LUMYZW 03 + LNLZW 20, 


The other two equations may be treated in the same way. 
The coefficients in this equation are the moments and 
products of inertia of the body with regard to axes fixed in 
space (Art. 224), and are therefore variable as the body 
movesabout. Let wz, wy, w, be the angular velocities about 
the principal axes. Since the axes fixed in space are per- 
fectly arbitrary, let them be so chosen that the principal 
axes are coinciding with them at the moment under con- 
sideration. Then at this moment we have (Art. 232), 


Lmzy = 0, imyz=—90, Smee = 0; 


dw, dw, 
also W, = Wz, Ws = Wy, W; = w,; and likewise —+ ere = 
etc.* Hence, denoting by 4, B, C, the moments of inertia 
about the principal axes (Art. 231), (1) becomes 


-_ (A — B) ogo, = Ny, 


jn which al! the coefficients are constants; and similarly 
for the other two equations. 

Hence, uniting them in order, and retaining the letters 
W1, 2, 3, since they are equal to w,, Wy, wz, the three 


* dw, _ Gwe 
“at ae 
given small time after the axis of #, coincides with the axis of a, will differ only by 
& quantity which depends upon the angle passed through by the axis of 2, during 
that given small time; the difference between w, and wa will therefore be an. 
infinitesimal of the second order and therefore their derivatives will be equal. (See 
Pratt’s Mech., p. 428, For further demonstration of this equality, ie es ¥ 
referred to Routh’s Rigid Dynamics, pp. 188 and 189.) 


for the changes in the two angular velocities, w, and wz, during a 
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equations of motion of the body referred to the principal 
axes at the fixed point are 


i (B— C)o,0, = ZL, 
dw, 

Bay —(C— A) oso, = M, (2) 
dws 

ea = (A = B) @,@>o = N, 


These are called Euler’s Equations. 


Scu.—If the body is moving so there is no point in it 
which is fixed in space, the motion of the body about its 
centre of gravity is the same as if that point were fixed. 

It is clear that, instead of referring the motion of the 
body to the principal axes at the fixed point, as Euler has 
done, we may use any axes fixed in the body. But these 
are in general so complicated as to be nearly useless. 


258. Motion of a Body about a Principal Axis 
through its Centre of Gravity.—J/f a body rotate about 
one of its principal axes passing through the centre of 
gravity, this axis will suffer no pressure from the centrifu- 
gal force. : 

Let the body rotate about the axis of z; then if » be its 
angular velocity, the centrifugal force of any particle m 
will be (Art. 198, Cor. 1) 


morp = mor r/x + ¥?, 


which gives for the 2- and y-components mw*x and mw*y; 
and the moments of these forces with respect to the axes of 
y and # are for the whole body 


imwez, and Lmw*yz. 
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But these are each equal to zero when the axis of rotation - 
is a principal axis (Art. 232); hence, the centrifugal force 
will have no tendency to incline the axis of z towards the 
plane of zy. In this case the only effect of the forces mw*z 
and mo?y on the axis is to move it parallel to itself, or to 
translate the body in the directions of # and y. But the 
sum of all these forces is 


ime*z and Lmw*y, 


each of which is equal to zero when the axis of rotation 
passes through the centre of gravity ; hence we conclude 
that, when a body rotates about one of tts principal axes 
passing through its centre of gravity, the rotation causes no 
pressure upon the axis. 

If the body rotates about this axis it will continue to 
rotate about it if the axis be removed. On this account a 
principal axis through the centre of gravity is called an 
axis of permanent rotation.* 


Scou.—lf the body be free, and it begins to rotate about 
an axis very near to a principal axis, the centrifugal force 
will cause the axis of rotation to change continually, inas- 
much as the foregoing conditions cannot obtain, and this 
axis of rotation will either continually oscillate about the 
principal axis, always remaining very near to it, or else it 
will remove itself indefinitely from the principal axis. 
Tlence, whenever we observe a free body rotating about an 
axis during any time, however short, we may infer that it 
has continued to rotate about that axis from the beginning 
of the motion, and that it will continue to rotate about it 
for ever, unless checked by some extraneous obstacle. - (See 
Young’s Mechs., p. 230, also Venturoli, pp. 135 and 160.) 


* Pratt’s Mechs., p. 422. Called also a natural axis of rotation, see Young's 
Mechs., p. 230; also an invariable axis, see Price’s Mechs., Vol. IT, p. 257. 
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259. Velocity about a Principal Axis when there 
are no Accelerating Forces.—In this case 1 = M= 
N = 0 in (2) of Art. 257; also A, B, C are constant for 
the same body; and if we put 


B= C C—A A— B 
oS Siew —A~— = H, 


(2) of Art. 257 becomes 
do, = Fw,0,dt, dw, = Gw,w,dt, 
dw, = Hw, dt. 
Put ©,0,0,d¢t = dd, and we haye (1) 
@,dwo, = Fdd, o,do, = Gdb, o,dw, = Hdd; 
and integrating, we get 
1? = 276 + @, 0,7? = 2664 8, w,? = 2Hb+ Ce. (2) 


where a, 6, ¢ ure the initial values of ©,, w,, 3; hence 
from (1) and (2) 

dp 
QO + @) 269 + BP) (2HG + 2) 
Suppose now the body begins to turn about only one of 


the principal axes, say the axis of z, with the angular 
velocity a, then d = 0, ¢ = 0, and (3) becomes 


dt = (3) 


1 dod 
2VGH ovV2ho+@ 


a 


Replacing 2/4 + @ by its value w,?, and d@ by its value 


Be we haye 
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and integrating, we get 


an. 1 ie Ay 

OO VAG H ieee aes 
oe. geal peak VOR ao eae 4 
é é oped (4) 


The constant C must be determined so that when ¢ = 0, 
a, is the initial velocity a; hence 4° = 0 or C= — aw, 
which makes the first member of (4) zero for every value 
vof ¢. Hence, at any time ¢, we must nave w, = a; and 
therefore from (2) ¢=0, and w=, =0. Conse- 
quently the impressed velocity about one of the principal 
axes of rotation continues perpetual and uniform, as before 
shown (Art. 258). 


260. The Integral of Euler’s Equations.—A body 
revolves about its centre of gravity acted on by no forces but 
such as pass through that point ; lo integrate the equations 
of motion. 


As the only forces acting on the body are those which 
pass through its centre of gravity, they create no moment 
of rotation about an axis passing through that centre; and 
therefore (2) of Art. 257 become 


s (B— 0) oso, = 0: 
dw 
Bas (C— A) O30, = 0, (1) 
- de) 
Cy — (A — B) 0,0, = 0; 


+he principal axes being drawn through the centre of 
gravity. 
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z 


Multiply these equations severally (1) by @,, 5, 0; ; 
and (2) by 4w,, Bwo,, Cw,, and add; then we have 


Ao, Gt + Bo a 400, “e ae 
2 dw, dw, dw, ®) 
ie PeRng erp seee Oper Aen 
integrating, we have 
Aw,*? + Bo,? + Co,? = fh’; 
Aw,? + Bw? + 0%? = ke; (3) 
where /? and k? are the constants of integration. 
Eliminating »,? from (3), we have 
A(A — C)o,2+ B(B—C)oZ2 =F — Mr; 
fee FELD [@ — Cl? — A(A — C) @,2]5 (4) 


aoe — Br e. 2 
and w,? = ae B) [2 — Bh? — A(A — B)w,?]. (5) 
Substituting these values of w, and w, in the first of equa- 
tions (1), we have 


oe —o,) nates (6) 


which is generally an elliptic transcendent, and so does not 
admit of integration in finite terms. In certain particular 
cases it may be integrated, which will give the value of a, 
in terms of ¢, and if this value be substituted in (4) and (5), 
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the values of w, and , in terms of ¢ will be known, and 
thus, in these cases, the problem admits of complete solu- 
tion. 


Cor.—Let wz, @y, wz be the axial components of the 
initial angular velocity. about the principal axes when 
¢ = 0; then integrating the first of (2), and taking the 
limits corresponding to ¢ and 0, we have 


Ao,? + Bo,? + Cw,? = Aw? + Bo? + Co? . (7%): 


Let «, B, y be the direction-angles of the instantaneous 
axis at the time ¢ relative to the principal axes; so that, if 
w is the instantaneous angular velocity, and Zr? is the 
moment of inertia relative to that axis, we have (Art. 253), 
W, = © COS & 0, = w cos B, ©, = w cosy, which sub- 
stituted in (7), gives 


Aw,? + Bo, + Cw? = wo (A cos? a+ B cos? B + C cos* y) 
= wim (Art. 232, Cor.) 
= Ime" 
= We vis viva of the body ; 


from which it appears that the vis viva of the body is con- 
stant throughout the whole motion. 


Rem.—An application of the general equations of rotatory 
motion (Art. 257), which is of great interest and impor- 
tance, is that of the rotatory phenomena of the earth under 
the action of the attracting forces of the sun and the moon, 
the rotation being considered relative to the centre of 
gravity and an axis passing through it, just as if the centre 
of gravity was a fixed point (Art. 249, Sch.); and the 
problem treated as purely a mathematical one. Also, in 
addition to the sun and the. moon, the problem may be 
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“Oe 


extended so as,to include the action of all the other bodies 
whose influence affects the motion of the earth’s rotation. 
In fact the investigation of the motion of a system of bodies 
in space might be continued at great length; but such 
investigations would be clearly beyond the limits proposed 
in this treatise. The student who desires to continue this 
interesting subject, is referred to more extended works.* 


EAM Peles. 


1. A hollow spherical shell is filled with fluid, and rolls, 
down a rough inclined plane; determine its motion. 

Let M and M' be the masses of the shell and fluid 
respectively, & and &’ their radii of gyration respectively 
about a diameter, and a and a’ the radii of the exterior and 
interior surfaces of the shell; then using the same nota- 
tion as in Art. 246, we have 


da 


(M+ MS 


= (M + Mg sin « — F, (1) 
As the spherical shell rotates in its descent down the plane, 
the fluid has only motion of translation; so that the equa- 

tion of rotation is 
Oo 


Mike TP 


=a: (2) 
Multiplying (1) by @ and (2) by a, and adding, we have 
ees Px : 
(44+ M') @ + Mh} ore (M+ M') dg sin « (3) 


If the interior were solid, and rigidly joined to the shell, 
the equation of motion would be 


* See Price’s Mech’s, Vol. IL, ratte Mech’s, Eo Rigid Dynamics, La Place’s 
Mééanique Céleste, ete. x alee 40 
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[((M+M') 24+ MP+M'k?| = = (M+ M') a’g sin a, (4). 


Integrating (3) and (4) twice, and denoting by s and s’ the 
spaces through which the centre moves during the time ¢ 
in these two cases respectively, we have 


8 (M+ M') @ + Mi? + Mk? (5) 
8 (M+ M') a? +- Me 


so that a greater space is described by the sphere which has 
the fluid than by that which has the solid in its interior. 

If the densities of the solid and the fluid are the same, 
we have from (5), by Art. 233, Ex. 14, 


5 = a oa (Price’s Anal. Mechs., Vol. II, p. 368). 

2. A homogeneous sphere rolls down within a rough 
spherical bowl; it is required to determine the motion. 

Let @ be the radius of the sphere, and 0 the radius of the 
bowl; and let us suppose the sphere to be placed in the 
bowl at rest. Let OCQ = 4, 
OPA =-6; BCO Se00)= 
the angular velocity of the 
ball about an axis through its 
centre P, & = the correspond- 
ing radius of gyration; OM = 
2, UP — ys = the masa or 
the ball. Then 


D 
ne Rang eee (1) 


de — & 0s o + Fsing — mg; (2), 
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mk? — = af. (3) 


Also z= (6—a)sing; y= b—(b—a) cos¢, 


he ap 2 ; 
z= = (b—a) cos 9 TP — (6 —a) sin o(4 a (4) 
& Pare do\2 
Fe = a sin oF + (0—a) cos o(), (6) 
Px ay 
Fe O89 + TEIN = (0— a) oe i (6) 
m (b — pe za = F— mg sin ¢. (7) 


Now to determine the angular velocity of the ball, we must 
estimate the angle described by a fixed line in it, as PA, 
from a line fixed in direction, as PM, and the ratio of the 
mfinitesimal increase of this angle to that of the time will 
be the angular velocity of the ball. 


oo — UMPA _ do, a8. 
ee Poy 


Since the sphere does not slide, a0 = b (a — $)3 


’ _a—b do, 
- bias a BR Ba 
dw a—b do 
Se ar ae de? (8) 


from (3), (7), and (8) we get 


(Ue ne = — fg sin $; (9) 
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2 
(b=) (FP) = 2 (cos — cosa) = (10) 


Substituting (9) in (7) we have 
F = 3mqg sin ¢. (11) 


Substituting (4), (9), (10), (11) in (1) we have 
R = "F (17 cos $ — 10 cos a) 5 

- therefore the pressure at the lowest point 

= oy (lt — 10 cos «); 


and the pressure of the ball on the bowl vanishes when. 
cos @ = fH cosa 


.Cor.—If the ball rolls over a small are at the lowest part 

of the bowl, so that « and 9 are always small, cos a, and 
2 2 

cos @ may be replaced by 1 — = and 1 — . respectively ; 

and from (10) we have : 


- = dp 5g Le. 
(a — gt [rea oe 


@ = « cos Goan 


thus the ball comes to rest at points whose angular distance 
is «& on both sides of 0, the lowest point of the bow! ; and 
the periodic time is i 


T ie S ay, 
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therefore the oscillations are performed in the same time as 
those of a simple pendulum whose length is 3 (b — a), 
(Art. 194). (Price’s Anal. Mech’s, Vol. I, p. 369.) 


3. A homogeneous sphere has an angular velocity 
about its diameter, and gradually contracts, remaining 
constantly homogeneous, till it has half the original 
diameter; required the final angular velocity. Ans. 40. 


4. If the earth were a homogeneous sphere, at what point 
must it be struck, that it may receive its present velocity 
of translation and of rotation, the former being 68000 miles 
per hour nearly? Ams. 24 miles nearly from the centre. 


5. A homogeneous sphere rolls down a rough inclined 
plane; the inclined plane rests on a smooth horizontal 
plane, along which it slides by reason of the pressure of the 
sphere; required the motions of the inclined plane and of 
the centre of the sphere. 


Let m = the mass of the sphere, R 
M = tthe mass of the inclined 
plane, @ = the radius of the sphere, od P 
« = the angle of the inclined Way 


plane, Q its apex; O the place of Q 

when ¢ = 0; O’ the point on the 

plane which was in contact with O06 
the point A of the sphere when Fig.t02 ne 

# = 0, at which time we may sup- 

pose all to be at rest; ACP = 6, the angle through which 
the sphere has revolved in the time ¢. 

Let O be the origin, and let the horizontal and vertical 
lines through it be the axes of x and y; OQ = a’; and let 
(x, y) (h, &) be the places of the centre of the sphere at the 
times f = ¢ and ¢ = 0 respectively. Then the equations 
of motion of the sphere are 


moe 
dt? 


= Fooxsa — Rk sin «, 
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mo = fF’ sine + & cosa — mg, 
2 
gna = oF; 


and the equation of motion of the plane is 


ag! ies 
Ua = — Fose+ Rsin a. 


From the geometry we have 
S ch + 2. —‘a0-cos a, 


y=k—adsina, 


From these equations we obtain 


= ee 


is 5m sin @ Cos & £. 
~ Y(m+ M)—d5meoeva 2? 


5M sin «@ cos « gf 
T(m + M) —5m cor a 2? 


one Z=h— 


wipes 5(m + I) sin? « gt? 
oie V(m + M) —5m cova 2 


which give the values of x and y in terms of ¢. 
Also we obtain: 


(m + M) (@& —h) sine — M(y—k) cosa =0; 


which is the equation of the path described by the centre 
of the sphere ; and therefore this path is a straight line. 


6. A heavy solid wheel in the form of a right circular 
cylinder, is composed of two substances, whose volumes: are 
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equal, and whose densities are p and p’; these substances 
are arranged in two different forms; in one case, that whose 
density is p occupies the central part of the wheel, and the 
other is placed as a ring round it; in the second case, the 
places of the substances are interchanged ; ¢ and ¢’ are the 
times in which the wheels roll down a given rough inclined 
plane from rest; show that 


Bz 3: 5p + Up: dp’ + %p. 


7. A homogeneous sphere moves down a rough inclined 
plane, whose angle of inclination « to the horizon is greater 
than that of the angle of friction; it is required to show (1) 
that the sphere will roll without sliding when p is equal to 
or greater than 2 tan «, and (2) that it will slide and roll 
when pv is less than 2 tan a, where p is the coefficient of 
friction. 


8. In the last example show that the angular velocity of 
pug COS & F 


the sphere at the time ¢ from rest = a 


9. If the body moving down the plane is a circular 
cylinder of radius = a, with its axis horizontal, show that 
the body will slide and roll, or roll only, according as « is 
greater or not greater than tan~! du. 


LL! 
= 
a 
= 
< 
ra 
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